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r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s s✐♠♣❧ét✐❝♦s✳
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❆❜str❛❝t

❚❤✐s ❞✐ss❡rt❛t✐♦♥ ❛✐♠s t♦ st✉❞② ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ st❛❜❧❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ ❛ ♣❛rt✐❛❧❧②

❤②♣❡r❜♦❧✐❝ Cr−❞✐✛❡♦♠♦r♣❤✐s♠✳ ❲❡ ✇✐❧❧ st✉❞② ❤♦✇ t❤✐s ♣r♦♣❡rt② ✐♠♣❧✐❡s ❡r❣♦❞✐❝✐t② ❛♥❞

♠♦r❡✱ ❡r❣♦❞✐❝ st❛❜✐❧✐t②✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ❡①✐st ❛♥ ♦♣❡♥ ❛♥❞ ❞❡♥s❡ s❡t ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠

❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ s♣❛❝❡ ♦❢ t❤❡ ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ Cr−❞✐✛❡♦♠♦r♣❤✐s♠ ✇✐t❤ r ≥ 1✳ ❲❡ ✇✐❧❧

❛❧s♦ s❡❡ t❤❛t t❤❡ s❛♠❡ r❡s✉❧t ✐s ✈❛❧✐❞ ❢♦r ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ❞✐✛❡♦♠♦r♣❤✐s♠ s②♠♣❧❡❝t✐❝✳

❑❡②✇♦r❞s✿ P❛rt✐❛❧❧② ❍✐♣❡r❜♦❧✐❝ ❉✐❢❡♦♠♦r♣❤✐s♠✳ ❙t❛❜❧❡ ❆❝❝❡ss✐❜✐❧✐t②✳ ❊r❣♦❞✐❝ st❛❜✐❧✐t②✳



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ❖r❜✐t❛ ❞❡ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✷ ❈♦♥❥✉❣❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✸ λ✲▲❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✹ ❈♦♥str✉çã♦ ❞❛ ❢❡rr❛❞✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✶✳✺ ❋❡rr❛❞✉r❛ ❡♠ t♦r♥♦ ❞❡ ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✻ ❈♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❢♦r♠❛❞♦ ♣❡❧❛ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ ✉♥✐ã♦

❝♦♠ p ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✼ ❋♦❧❤❡❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✽ ❆♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✶ ❯♠ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ ♦s ♣♦♥t♦s p ❡ q ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✷ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ Ur(xi) ❛ M \ ∪Ur(xi) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✸ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ q1 ❛ q2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✹ ❯♠ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ 1
2
Di ❛ 1

2
Dj ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✷✳✺ ❢ é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ D = {D1, · · · , D4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✷✳✻ ❢ é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ D = {D1, · · · , D4} ❝❛s♦ q /∈ Ar ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✷✳✼ ❆ ❋♦❧❤❡❛çã♦ F2 ❡stá ǫ (C0−) ♣ró①✐♠♦ ❞❡ F1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✷✳✽ ■♥t❡rs❡çã♦ ❞❡ gn(V ) ❝♦♠ Ws
g (g

n(p)) ✉s❛♥❞♦ ❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❡s Kcu(p) ✳ ✳ ✳ ✻✻

✷✳✾ ❍♦❧♦♥♦♠✐❛ ❞❡ W cs(p) ❡♠ W cs(q) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✷✳✶✵ θ− ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✷✳✶✶ ❆r❣✉♠❡♥t♦ q✉❛❞r✐❧❛t❡r❛❧ ❞❡ ❇r✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✷✳✶✷ ❍♦♠♦t♦♣✐❛ ❞❡ q ❛ H i(1, q) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷



✐✐



✐✐✐

◆♦t❛çõ❡s

W ✲ ❋♦❧❤❡❛çã♦ ❞❡ M ✳

W ✲ ❋♦❧❤❛ ❞❛ ❢♦❧❤❡❛çã♦ W

Ws ✲ ❋♦❧❤❡❛çã♦ ❡stá✈❡❧✳

Wu ✲ ❋♦❧❤❡❛çã♦ ✐♥stá✈❡❧✳

W σ ✲ ❋♦❧❤❛ ❞❛ ❢♦❧❤❡❛çã♦ Wσ✱ ❝♦♠ σ = s, u✳

W s
x ✲ ❱❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❣❧♦❜❛❧ ❞❡ x✳

W u
x ✲ ❱❛r✐❡❞❛❞❡ ■♥stá✈❡❧ ❣❧♦❜❛❧ ❞❡ x✳

W s
loc(p) ✲ ❈♦♥❥✉♥t♦ ❡stá✈❡❧ ❧♦❝❛❧ ❞❡ p✳

W u
loc(p) ✲ ❈♦♥❥✉♥t♦ ✐♥stá✈❡❧ ❧♦❝❛❧ ❞❡ p✳

W̃s
p ✲ ❋♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ C∞ t❛♥❣❡♥t❡ ❛♦ ❡s♣❛ç♦ ❡stá✈❡❧ Ẽs

W̃u
p ✲ ❋♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ C∞ t❛♥❣❡♥t❡ ❛♦ ❡s♣❛ç♦ ✐♥stá✈❡❧ Ẽu

W̃cs
p ✲ ❋♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ C∞ t❛♥❣❡♥t❡ ❛♦ ❡s♣❛ç♦ Ẽc ⊕ Ẽs

W̃cu
p ✲ ❋♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ C∞ t❛♥❣❡♥t❡ ❛♦ ❡s♣❛ç♦ Ẽc ⊕ Ẽu

TW ✲ ❋✐❜r❛❞♦ t❛♥❣❡♥t❡ ❞❛ ❢♦❧❤❡❛çã♦ W ✳

Es ✲ ❊s♣❛ç♦ ❡stá✈❡❧✳

Ẽs ✲ ❊s♣❛ç♦ ❡stá✈❡❧ ❞❛ C∞✲❞❡❝♦♠♣♦s✐çã♦ Tϕp(Rs ⊕ R
c ⊕ R

u)✳

Eu ✲ ❊s♣❛ç♦ ✐♥stá✈❡❧✳

Ẽu ✲ ❊s♣❛ç♦ ✐♥stá✈❡❧ ❞❛ C∞✲❞❡❝♦♠♣♦s✐çã♦ Tϕp(Rs ⊕ R
c ⊕ R

u)✳

Ec ✲ ❊s♣❛ç♦ ❝❡♥tr❛❧✳

Ẽc ✲ ❊s♣❛ç♦ ❝❡♥tr❛❧ ❞❛ C∞✲❞❡❝♦♠♣♦s✐çã♦ Tϕp(Rs ⊕ R
c ⊕ R

u)✳

Ω(f) ✲ ❈♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦✲❡rr❛♥t❡s✳

P❡r(f) ✲ ❈♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f ✳



ωf (x) ✲ ❈♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ {x0, x1, . . .}✳

O+(x) ✲ Ór❜✐t❛ ❢✉t✉r❛ ❞❡ x✳

O−(x) ✲ Ór❜✐t❛ ♣❛ss❛❞❛ ❞❡ x✳

Diff r ✲ ❈♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❝❧❛ss❡ Cr ❞❡ M ✳

M ✲ ❱❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

TpM ✲ ❊s♣❛ç♦ t❛♥❣❡♥t❡✳

T ∗
pM ✲ ❊s♣❛ç♦ ❝♦t❛❣❡♥t❡✳

C(p) ✲ ❋❛♠í❧✐❛ ❞❡ ❝✉r✈❛s c : I →M ✱ ❝♦♠ I ⊂ R✳

[c] ✲ ❈❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ ❝✉r✈❛ c ∈ C(p)✳

ϕα ✲ ❈❛rt❛ ❧♦❝❛❧✳

Tϕα(p) ✲ ❉✐❢❡r❡♥❝✐❛❧ ❞❛ ❝❛rt❛ ❧♦❝❛❧ ♥♦ ♣♦♥t♦ p✳

TM ✲ ❋✐❜r❛❞♦ t❛♥❣❡♥t❡ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳

T ∗M ✲ ❋✐❜r❛❞♦ ❝♦t❛♥❣❡♥t❡ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳

ξ ✲ ❋✉♥❝✐♦♥❛❧ ❧✐♥❡❛r

ξit ✲ ❋❧✉①♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡ ❞❡ ❝❧❛ss❡ C∞ ❝♦♠ i = 1, . . . , c✳

Λ ✲ ❈♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✳

τut ✲ ❆♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛ ❡♥✈✐❛♥❞♦ ❢♦❧❤❛s ❞❡ W̃cs ❡♠ ❢♦❧❤❛s ❞❡ W̃cs✳

τ st ✲ ❆♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛ ❡♥✈✐❛♥❞♦ ❢♦❧❤❛s ❞❡ W̃cu ❡♠ ❢♦❧❤❛s ❞❡ W̃cu✳

ζ it ✲ ❋❧✉①♦s ♣❛r❝✐❛✐s t❛♥❣❡♥t❡s ❛s ❢♦❧❤❛s ❞❡ W̃c✱ ♣❛r❛ i = 1, . . . , c✳

⋔ ✲ ■♥t❡rs❡çã♦ tr❛♥s✈❡rs❛❧

PHr ✲ ❈♦♥❥✉♥t♦ ❞♦s Cr ✲ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s

PHr
µ ✲ ❈♦♥❥✉♥t♦ ❞♦s Cr ✲ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s q✉❡ ♣r❡s❡r✈❛♠

❛ ♠❡❞✐❞❛ µ✳

P(M) ✲ ❈♦♥❥✉♥t♦ ❞❛s ♣❛rt❡s ❞❡ M ✳

X ✲ ❙✉❜❝♦♥❥✉♥t♦ ❞❡ P(M)✳

D ✲ ❉✐s❝♦ ❝✲❛❞♠✐ssí✈❡❧✳

✐✈



D ✲ ❋❛♠í❧✐❛ ❞❡ ❞✐s❝♦s ❝✲❛❞♠✐ssí✈❡✐s✳

K(x) ✲ ❋❛♠í❧✐❛ ❞❡ ✈❛r✐❡❞❛❞❡s ❧♦❝❛✐s t❛✐s q✉❡ x ∈ B(x, r)

Vρ(p) ✲ ■♠❛❣❡♠ ❞❛ ❜♦❧❛ Bc(0, ρ) ♣♦r ϕα

m(Tf) ✲ ■♥✈❡rs♦ ❞❛ ♥♦r♠❛ ❞❡ T−1f

ap(r) ✲ ▼á①✐♠♦ ❞❛ ♥♦r♠❛ ❞❡ Tqf |Es(q)✱ ❝♦♠ q ∈ Br(p)✳

bp(r) ✲ ▼í♥✐♠♦ ❞❡ m(Tqf |Es(q))✱ ❝♦♠ q ∈ Br(p)✳

Bp(r) ✲ ▼á①✐♠♦ ❞❛ ♥♦r♠❛ ❞❡ Tqf |Ec(q)✱ ❝♦♠ q ∈ Br(p)✳

Ap(r) ✲ ▼í♥✐♠♦ ❞❡ m(Tqf |Eu(q))✱ ❝♦♠ q ∈ Br(p)✳

Kcu ✲ ❋❛♠í❧✐❛ ❞❡ ❝♦♥❡s ❡♠ t♦r♥♦ ❞❡ Eu ⊕ Ec✳

dp ✲ ▼étr✐❝❛ ❞❡ ❝❛♠✐♥❤♦s✳

Nr(D) ✲ ❱✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❞♦ ❞✐s❝♦ ❝✲❛❞♠✐ssí✈❡❧ D✳

∠q ✲ ❋✉♥çã♦ â♥❣✉❧♦ ♥♦ ♣♦♥t♦ q✳

ω ✲ ❋♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧

G ✲ ❙✐♠♣❧❡❝t♦♠♦r✜s♠♦✳

∧ ✲ Pr♦❞✉t♦ ✇❡❞❣❡✳

X i,Y i ✲ ❈❛♠♣♦s ❞❡ ✈❡t♦r❡s ❍❛♠✐❧t♦♥✐❛♥♦s✳

✈



❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ✐✐

❘❡s✉♠♦ ✐✈

❆❜str❛❝t ✈

▲✐st❛ ❞❡ ❋✐❣✉r❛s ✐

■♥tr♦❞✉çã♦ ✶✹

✶ Pr❡❧✐♠✐♥❛r❡s ✶✽
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✶✳✶✳✶ ❊s♣❛ç♦ t❛♥❣❡♥t❡ ❡ ❛♣❧✐❝❛çã♦ ❞❡r✐✈❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✶✳✷ ❊s♣❛ç♦ ❝♦t❛♥❣❡♥t❡ ❡ ❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✶✳✸ ❱❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
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✶✳✹ ❉✐♥â♠✐❝❛ P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
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✷ ❆❝❡ss✐❜✐❧✐❞❛❞❡ ✹✻

✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
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✷✳✸✳✶ ❯♠ ❝r✐tér✐♦ ♣❛r❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✷✳✸✳✷ ❈♦♥str✉çã♦ ❞❛ P❡rt✉r❜❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✷✳✹ ❈❛s♦ s✐♠♣❧ét✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸ ❊r❣♦❞✐❝✐❞❛❞❡ ❊stá✈❡❧ ✽✾

✹ ❈♦♥❝❧✉sõ❡s ✾✺

❇✐❜❧✐♦❣r❛✜❛ ✾✻



■♥tr♦❞✉çã♦

❯♠❛ ❞✐♥â♠✐❝❛ é ❤✐♣❡r❜ó❧✐❝❛ s❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ s❡ ❞❡❝♦♠♣õ❡ ❡♠ ❞♦✐s s✉❜❡s♣❛✲

ç♦s✿ ❯♠ q✉❡ ❝♦♥tr❛✐ ❡ ♦✉tr♦ q✉❡ ❡①♣❛♥❞❡ ♦s ✈❡t♦r❡s✱ ❝❤❛♠❛❞♦s ❡s♣❛ç♦ ❡stá✈❡❧ ❡ ❡s♣❛ç♦

✐♥stá✈❡❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊ss❛ ❞✐ss❡rt❛çã♦ s❡ ♣r♦♣õ❡ ❛ ❡st✉❞❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐✲

❜✐❧✐❞❛❞❡ ♥♦ ❡s♣❛ç♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✿ ❤á ❢♦rt❡s ❞✐r❡çõ❡s ✐♥✈❛✲

r✐❛♥t❡s ❞❡ ❝♦♥tr❛çã♦ ❡ ❢♦rt❡ ❡①♣❛♥sã♦✱ ♠❛s ✉♠❛ ❞✐r❡çã♦ ❝❡♥tr❛❧ ✭❝❤❛♠❛❞❛ ❡s♣❛ç♦ ❝❡♥tr❛❧✮

t❛♠❜é♠ ❛♣❛r❡❝❡✳ ❉❡s❞❡ ❡♥tã♦✱ ❛ ár❡❛ t♦r♥♦✉✲s❡ ❜❛st❛♥t❡ ❛t✐✈❛ ❡ ♠✉✐t♦s ❡①❡♠♣❧♦s ❡r❣ó✲

❞✐❝♦s ❞❡ ❢♦r♠❛ ❡stá✈❡❧ ❛♣❛r❡❝❡r❛♠✳ ❋❛r❡♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ s♦❜r❡ ♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦ ❡♠

r❡❧❛çã♦ à ❛❝❡ss✐❜✐❧✐❞❛❞❡✱ q✉❛✐s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ❡stá r❡❧❛❝✐♦♥❛❞❛✱ q✉❛✐s ❝♦♥s❡q✉ê♥❝✐❛s

❡ ♦ q✉❡ ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦✳ ❆❧é♠ ❞✐ss♦✱ ✈❡r❡♠♦s ♥❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ✉♠

❡st✉❞♦ s♦❜r❡ ❝♦♠♦ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❖s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s sã♦ s❡♠❡❧❤❛♥t❡s ❛♦s ❞✐❢❡♦♠♦r✜s♠♦s

❞❡ ❆♥♦s♦✈ ♥♦ s❡♥t✐❞♦ ❞❡ ♣♦ss✉ír❡♠ ❛s ❞✐r❡çõ❡s ❤✐♣❡r❜ó❧✐❝❛s ✐♥✈❛r✐❛♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ♦s

❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ♣♦❞❡♠ ♣♦ss✉✐r ❞✐r❡çõ❡s ♥ã♦✲❤✐♣❡r❜ó❧✐❝❛s ✐♥✈❛✲

r✐❛♥t❡s✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ✉♠ ❞✐❢❡♦✲

♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✿ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❞❛ ✈❛r✐❡❞❛❞❡ ♣♦❞❡ s❡r ❝♦♥❡❝✲

t❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦ ❢♦r♠❛❞♦ ♣♦r ❛r❝♦s q✉❡ s❡ ✐♥t❡rs❡❝t❛♠✱ ♦♥❞❡ ❝❛❞❛ ❛r❝♦ ♣❡rt❡♥❝❡ ❛

✉♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧ ❛❧t❡r♥❛❞❛♠❡♥t❡✳

❆ ❛❝❡ss✐❜✐❧✐❞❛❞❡ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ q✉❡ ♣❡r♠✐t❡ ❞✐③❡r q✉❛♥❞♦ ✉♠ s✐st❡♠❛

❞✐♥â♠✐❝♦ é ❡r❣♦❞✐❝❛♠❡♥t❡ ❡stá✈❡❧✿ q✉❛❧q✉❡r ❞✐❢❡♦♠♦r✜s♠♦ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ❡r❣ó❞✐❝♦

❛✐♥❞❛ é ❡r❣ó❞✐❝♦✳ ❈♦♠ ❡r❣♦❞✐❝✐❞❛❞❡ ♥♦s r❡❢❡r✐♠♦s ❛♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s r❡❧❛t✐✈❛♠❡♥t❡

❛ ♠❡❞✐❞❛s q✉❡ ♣❡r♠❛♥❡❝❡♠ ✐♥✈❛r✐❛♥t❡s s♦❜ ❛ ❛çã♦ ❞❛ ❞✐♥â♠✐❝❛✳ ❆ ❛♥á❧✐s❡ é ❢❡✐t❛ ✉s❛♥❞♦

❝♦♠♦ ❜❛s❡s ♣❡rt✉r❜❛çõ❡s ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❡ ❡st✉❞❛♥❞♦ ❝♦♠♦ s❡ ❝♦♠✲

♣♦rt❛♠ t❛✐s ♣❡rt✉r❜❛çõ❡s ♥♦s ❡s♣❛ç♦s ❡stá✈❡❧✱ ✐♥stá✈❡❧ ❡ ❝❡♥tr❛❧✳ ❆♦ ✜♥❛❧ ❝♦♥❝❧✉✐r❡♠♦s

q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ✈❛❧❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ C1 ❛❜❡rt♦ ❡ ❞❡♥s♦ ♥♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s

♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ r❡s♦❧✈❡♥❞♦ ❛ss✐♠ ❛ ✈❡rsã♦ C1 ❞❡ ✉♠❛ ❝♦♥✲

❥❡❝t✉r❛ ❞❡ P✉❣❤ ❡ ❙❤✉❜✱ q✉❡ ❞✐③ q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ é Cr−❞❡♥s❛ ♥♦s ♣❛r❝✐❛❧♠❡♥t❡



✶✺

❤✐♣❡r❜ó❧✐❝♦s ✭❱❡r ❝♦♥❥❡❝t✉r❛ ✷✳✶✮✳

❆ s❡❣✉✐r ❢❛r❡♠♦s ✉♠ r❡s✉♠♦ ❞❛ ❤✐stór✐❛ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s

❝♦♠ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ❝♦♠♦ ♠♦t✐✈❛çã♦ ❛♦ ❧❡✐t♦r✳ ❱❡r❡♠♦s ❝♦♠♦ ❝❛❞❛

r❡s✉❧t❛❞♦ ❢♦✐ s❡ ❛♣❡r❢❡✐ç♦❛♥❞♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❡ ❝♦♠♦ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❝❛❞❛ ❛✉t♦r

❢♦r❛♠ ❡♥r✐q✉❡❝❡♥❞♦ ♦s r❡s✉❧t❛❞♦s✳

❍✐st♦r✐❝❛♠❡♥t❡✱ ♦s ♣r✐♠❡✐r♦s ❡①❡♠♣❧♦s ♥ã♦ ❆♥♦s♦✈ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐✲

❜✐❧✐❞❛❞❡ ❢♦r❛♠ ❛q✉❡❧❡s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❙❛❝❦st❡❞❡r✱ ❬✸✵❪✱ ♣❛r❛ ❛❧❣✉♥s ❞✐❢❡♦♠♦r✜s♠♦s ❛✜♥s✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♠❛r❝♦s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛ é ❛ t❡♦r✐❛ ❑♦❧♠♦❣♦✲

r♦✈✕❆r♥♦❧❞✕▼♦s❡r ✭✶✾✺✹✮ ❡ ❛ ❞✐♥â♠✐❝❛ ❤✐♣❡r❜ó❧✐❝❛ ✐♥✐❝✐❛❞❛ ♣♦r ❙t❡✈❡♥ ❙♠❛❧❡✱ ❉♠✐tr②

❆♥♦s♦✈✱ ❨❛❦♦✈ ❙✐♥❛✐✱ ❍♦♣❢ ❡♥tr❡ ♦✉tr♦s ❝♦♠♦ ❛ ❤✐♣ót❡s❡ ❡r❣ó❞✐❝❛ ❞❡ ❇♦❧t③♠❛♥✳

❆té ♦♥❞❡ s❛❜❡♠♦s✱ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❢♦✐ ✉s❛❞❛ ♣❛r❛ ♣r♦✈❛r ❡r❣♦❞✐❝✐❞❛❞❡ ♣❡❧❛ ♣r✐✲

♠❡✐r❛ ✈❡③ ♣♦r ❙❛❝❦st❡❞❡r ❡♠ ✭ ❬✸✵❪✱ ✶✾✻✽✮✳ ❊❧❡ ❜❛s✐❝❛♠❡♥t❡ ♣r♦✈♦✉ q✉❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡

✐♠♣❧✐❝❛ ❡r❣♦❞✐❝✐❞❛❞❡ q✉❛♥❞♦ ❛s ❢♦❧❤❡❛çõ❡s ❢♦rt❡s sã♦ s✉❛✈❡s✳ ▼❛✐s t❛r❞❡✱ ❇r✐♥ ❡ P❡s✐♥

❡♠ ✭ ❬✾❪✱✶✾✼✹✮ ♣r♦✈❛r❛♠ ♥♦✈❛♠❡♥t❡✱ ❞❡st❛ ✈❡③ ♣❛r❛ ✢✉①♦s ❡ s❦❡✇✲♣r♦❞✉❝t✱ ♦♥❞❡ t❛♠❜é♠

❡①❛♠✐♥❛r❛♠ s✉❛ r❡❧❛çã♦ ❝♦♠ ❛ tr❛♥s✐t✐✈✐❞❛❞❡✳ ❋✐♥❛❧♠❡♥t❡✱ P✉❣❤ ❡ ❙❤✉❜✱ ✉s❛r❛♠✲♥♦

s✐st❡♠❛t✐❝❛♠❡♥t❡ ❡♠ ✉♠ ♣❧❛♥♦ ♣❛r❛ ♣r♦✈❛r ❡r❣♦❞✐❝✐❞❛❞❡ ❞❡ s✐st❡♠❛s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲

❜ó❧✐❝♦s✳

◆♦ ❝♦♥t❡①t♦ ❞❡ ❞✐♥â♠✐❝❛ ❤✐♣❡r❜ó❧✐❝❛✱ ❙♠❛❧❡✲❆♥♦s♦✈✲❍♦♣❢✲❙✐♥❛✐ ❢♦r♥❡❝❡✉ ✭❛✐♥❞❛

♥❛ ❞é❝❛❞❛ ❞❡ ✻✵✮ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞❡ s✐st❡♠❛s ❡r❣ó❞✐❝♦s✱ ✉♠ ❢❛t♦ ❞❡s❝♦♥❤❡❝✐❞♦ ❛té ❡♥tã♦✳

❖s s✐st❡♠❛s ❆♥♦s♦✈✱ t❛♠❜é♠ ❝❤❛♠❛❞♦s ❞❡ ❞✐♥â♠✐❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛✱ ❢♦r❛♠

♣♦r ❛❧❣✉♠ t❡♠♣♦ ♦s ú♥✐❝♦s ❡①❡♠♣❧♦s ❝♦♥❤❡❝✐❞♦s ❞❡ s✐st❡♠❛s ❡r❣ó❞✐❝♦s ❡stá✈❡✐s✳

❊♠ ✶✾✾✹✱ ●r❛②s♦♥✱ P✉❣❤ ❡ ❙❤✉❜ ❝❤❡❣❛r❛♠ ❛♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ♥ã♦ ❤✐♣❡r❜ó❧✐❝♦

❞❡ ✉♠ s✐st❡♠❛ ❡r❣ó❞✐❝♦ ❡stá✈❡❧ ♦♥❞❡ ❢♦✐ ♣r♦✈❛❞♦ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡

♣r✐♠❡✐r♦ r❡t♦r♥♦ ❞♦s ✢✉①♦s ❣❡♦❞és✐❝♦s ❡♠ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛✳ ❊❧❡s t❛♠✲

❜é♠ ♣r❡❝✐s❛r❛♠ ❞❛ ❤✐♣ót❡s❡ ❞❡ ❝♦❡rê♥❝✐❛ ❞✐♥â♠✐❝❛✱ q✉❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ s✐❣♥✐✜❝❛ q✉❡ ❛s

❞✐str✐❜✉✐çõ❡s ❝❡♥tr♦✲❡stá✈❡❧ ❡ ❝❡♥tr♦✲✐♥stá✈❡❧ sã♦ ✐♥t❡❣rá✈❡✐s✳ P♦st❡r✐♦r♠❡♥t❡✱ ❛ ❝♦♥❞✐çã♦

❞❡ ❝❡♥t❡r ❜✉♥❝❤❡❞ ❢♦✐ ♠❡❧❤♦r❛❞❛✳ ❊ss❡ ❡①❡♠♣❧♦ tê♠ ✉♠❛ ❞✐♥â♠✐❝❛ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó✲

❧✐❝❛✳ ❱❛♠♦s t❛♠❜é♠ ♠❡♥❝✐♦♥❛r q✉❡ ❥á ❡①✐st❡♠ ❡①❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❡r❣ó❞✐❝♦s ❡stá✈❡✐s

❝♦♥s❡r✈❛t✐✈♦s q✉❡ ♥ã♦ sã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳ ✭❱❡r ❬✶✼❪✮

❊♠ ✶✾✾✼✱ P✉❣❤ ❡ ❙❤✉❜ r❡str✐♥❣✐r❛♠ ♦ ♣r♦❜❧❡♠❛ ❛ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡

❤✐♣❡r❜ó❧✐❝♦s ❡♠ ✈❛r✐❡❞❛❞❡s✱ ♣r❡s❡r✈❛♥❞♦ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡st❛✲



✶✻

❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ♣♦r ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧✳ ❊❧❡s ❝♦♥❥❡t✉r❛r❛♠ q✉❡ ♥♦ ♠✉♥❞♦ ❞♦s Cr✲

❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s q✉❡ ♣r❡s❡r✈❛♠ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ m✱ ❛ ❡r✲

❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ s❡ ♠❛♥té♠ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦✳

❊♠ ✷✵✵✵✱ ♦✉tr♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ❛❜♦r❞❛♠ ❝❧❛ss❡s ♠❛✐s

❡s♣❡❝✐❛✐s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s✱ ❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦ ❞❡ ✢✉①♦s ❆♥♦s♦✈ ✭❱❡r

❬✺❪✮ ❡ s✐st❡♠❛s ♦♥❞❡ Eu ⊕ Es é ✐♥t❡❣rá✈❡❧✳ ✭❱❡r ❬✸✷❪✮

❊♠ ✷✵✵✶✱ ◆✐➭✐❝➔ ❡ ❚örö❦ ✭❱❡r ❬✷✹❪✮ ♣r♦✈❛r❛♠ q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ é

Cr−❞❡♥s❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ ❞✐str✐❜✉✐çã♦

❝❡♥tr❛❧ ✐♥t❡❣rá✈❡❧ ❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡❧❡s ♠♦str❛ q✉❡ ❡♠ ✉♠❛

❝❧❛ss❡ ❛❜❡rt❛ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡

❞❡♥s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❛❝❡ssí✈❡✐s✳

❍♦✉✈❡ t❛♠❜é♠ ✉♠ ❣r❛♥❞❡ ❛✈❛♥ç♦ ♥❛s ♣r✐♥❝✐♣❛✐s ❝♦♥❥❡❝t✉r❛s ❞❛ t♦♣♦❧♦❣✐❛ C1✳

P♦r ❡①❡♠♣❧♦✱ ❍❡rt③✱ ❍❡rt③✱ ❯r❡s ❡ ❚❛❤③✐❜✐ ✭✷✵✵✽✮ ♣r♦✈❛r❛♠ q✉❡✱ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦✱ ❛

❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é C1 ❞❡♥s❛ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❝❡♥tr❛❧ é ❞♦✐s✳

❆♣ós ❡ss❡ ♣❛ss♦✱ ❇✉r♥s ❡ ❲✐❧❦✐♥s♦♥ ✭✷✵✶✵✮ ❞❡r❛♠ ✉♠ s❛❧t♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝❡♥t❡r

❜✉♥❝❤❡❞ ❣❧♦❜❛❧ ♣❛r❛ ✉♠❛ ❝♦♥❞✐çã♦ ♣♦♥t✉❛❧ ❛♣❡r❢❡✐ç♦❛❞❛✱ ❝♦♠ ♦ ❣❛♥❤♦ ❞❡ q✉❡ ❛❣♦r❛ ❛

❝♦♥❞✐çã♦ é tr✐✈✐❛❧♠❡♥t❡ s❛t✐s❢❡✐t❛ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❝❡♥tr❛❧ é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ▼❛s ❛

❝♦❡rê♥❝✐❛ ❞✐♥â♠✐❝❛ ❛✐♥❞❛ ❡r❛ ♥❡❝❡ssár✐❛✳ ❆♣ós ✐ss♦✱ ❡♠ ❬✹❪ ❡❧❡s r❡♠♦✈❡r❛♠ ❛ ❝♦♥❞✐çã♦ ❞❡

❝♦❡rê♥❝✐❛ ❞✐♥â♠✐❝❛ ✉s❛♥❞♦ ❛ ♥♦çã♦ ❞❡ ❢♦❧❤❡❛çõ❡s ❢❛❧s❛s✳ ❆s ❢♦❧❤❡❛çõ❡s ❢❛❧s❛s ❝♦♥s✐st❡♠✱ ❛

❣r♦ss♦ ♠♦❞♦✱ ❡♠ ❢❛♠í❧✐❛s ❞❡ ❢♦❧❤❡❛çõ❡s ❧♦❝❛✐s q✉❡ sã♦ q✉❛s❡ ✐♥✈❛r✐❛♥t❡s ❡ q✉❛s❡ t❛♥❣❡♥t❡s

❛♦s ❡s♣❛ç♦s ✐♥✈❛r✐❛♥t❡s✳

❊♠ ✭✷✵✶✻✮✱ ✉♠ r❡s✉❧t❛❞♦ ❢♦✐ ♦❜t✐❞♦ ♣♦r ❆✳ ❆✈✐❧❛✱ ❙✳ ❈r♦✈✐s✐❡r ❡ ❆✳ ❲✐❧❦✐♥s♦♥ ❬✷❪

♦ q✉❛❧ ❞✐③ q✉❡ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é C1 ❞❡♥s❛ ❡♠ q✉❛❧q✉❡r ❝❛s♦ ✭s❡♠ q✉❛❧q✉❡r ❤✐♣ót❡s❡

s♦❜r❡ ❛ ❞✐♠❡♥sã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❝❡♥tr❛❧✮✳

❊ss❡s r❡s✉❧t❛❞♦s ❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞❛s té❝♥✐❝❛s ❞❡ ♣❡rt✉r❜❛çã♦ ❞✐s♣♦♥í✈❡✐s

♥❛ t♦♣♦❧♦❣✐❛ C1 ❡ ♥ã♦ sã♦ ❝♦♥❤❡❝✐❞❛s té❝♥✐❝❛s ❡♠ t♦♣♦❧♦❣✐❛s s✉♣❡r✐♦r❡s✳ ❆ Cr−❞❡♥s✐❞❛❞❡

❞❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧✱ ♣❛r❛ r > 2✱ é ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✳ P♦✉❝♦ s❡

s❛❜❡ ♥❡st❡ ❝❛s♦ q✉❛♥❞♦ ♦ ❞✐str✐❜✉✐çã♦ ❝❡♥tr❛❧ t❡♠ ❞✐♠❡♥sã♦ ♠❛✐♦r q✉❡ ✉♠✳ ❊♠ ❬✹❪✱ ♦s

❛✉t♦r❡s ♣r♦✈❛♠ ❛ Cr−❞❡♥s✐❞❛❞❡ ❞❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❡①t❡♥sõ❡s ❞❡ ❣r✉♣♦ s♦❜r❡

❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦s♦✈✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ❬✸✷❪ sã♦ ❞❛❞♦s ❞♦✐s ❡①❡♠♣❧♦s q✉❡ ♣♦❞❡♠ s❡r

Cr✱ r > 2✱ ❛♣r♦①✐♠❛❞♦s ♣♦r ❡①❡♠♣❧♦s ❡r❣ó❞✐❝♦s ❡stá✈❡✐s✳ ❊ ♠✉✐t♦ r❡❝❡♥t❡♠❡♥t❡ ❩✳ ❩❤❛♥❣
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❬✸✺❪ ♦❜t❡✈❡ Cr−❞❡♥s✐❞❛❞❡ ❞❡ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ♦

✈♦❧✉♠❡✱ s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♠♣r❡ssã♦ ❡ ✉♠ ❝❡rt♦ t✐♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦

❞♦♠✐♥❛❞❛✳ ❆✳ ❆✈✐❧❛ ❡ ▼✳ ❱✐❛♥❛ ❛♥✉♥❝✐❛r❛♠ ❛❜❡rt✉r❛ ❡♠ C1 ❡ ❞❡♥s✐❞❛❞❡ ❡♠ Cr ♣❛r❛

❝❡rt♦s s❦❡✇✲♣r♦❞✉❝ts ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ s✉♣❡r❢í❝✐❡s ❛♦ ❧♦♥❣♦ ❞❡ ❆♥♦s♦✈ ❡ ♦ tr❛❜❛❧❤♦ ❞❡

▼✳ ❙❛♠❜❛r✐♥♦ ❡ ❱✳ ❍♦r✐t❛ ♣♦❞❡ t❡r ❛❧❣✉♠❛ s♦❜r❡♣♦s✐çã♦ ❝♦♠ ♦s ❞❡❧❡s✱ ❡♠❜♦r❛ ♦s ♠ét♦❞♦s

s❡❥❛♠ ❞✐❢❡r❡♥t❡s✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ ▼✳ ❙❛♠❜❛r✐♥♦ ❡ ❱✳ ❍♦r✐t❛ é ❝♦♥tr✐❜✉✐r ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡

❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧✱ ❡♠ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❝❡♥tr❛❧ é ❞♦✐s✳ Pr♦✈❛✲s❡ q✉❡ ♣❛r❛

❣r❛♥❞❡s ❝❧❛ss❡s ❞❡ Cr−❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡

❝♦♠ ❝❡♥tr❛❧ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é ♠❛♥t✐❞❛ ❡♠ s✉❜❝♦♥❥✉♥t♦s Cr−❞❡♥s♦s✳

❖ tr❛❜❛❧❤♦ ❡stá ❡str✉t✉r❛❞♦ ❡♠ ✸ ❝❛♣ít✉❧♦s✳

◆♦ Pr✐♠❡✐r♦ ❈❛♣ít✉❧♦ s❡rá ❢❡✐t♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❛ss✉♥t♦s ♣r❡❧✐♠✐♥❛r❡s✱ ❢✉♥❞❛✲

♠❡♥t❛✐s ❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ❝❛♣ít✉❧♦s ✷ ❡ ✸✳ ◆❡❧❡ ❢❛❧❛r❡♠♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✲

✈❡✐s ❡ ❝♦♠♦ s❡rá ♦ ❛♠❜✐❡♥t❡ ❛ s❡r❡♠ ❞❡✜♥✐❞♦s ♦s ❞✐❢❡♦♠♦r✜s♠♦s✳ ❆❞✐❛♥t❡✱ ❝♦♥str✉✐r❡♠♦s

❛ ✐❞❡✐❛ ♣♦r trás ❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❡♥t❡♥❞❡r ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞✐❢❡✲

♦♠♦r✜s♠♦s s✐♠♣❧ét✐❝♦s✳ ❆✐♥❞❛ ♥❡ss❡ ❈❛♣ít✉❧♦✱ ❛❜♦r❞❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ❞✐♥â♠✐❝❛

❤✐♣❡r❜ó❧✐❝❛ ❡ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛ ❜❡♠ ❝♦♠♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❡ t❡♦✲

r❡♠❛s ❡①tr❡♠❛♠❡♥t❡ út❡✐s ♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s ♣r♦✈❛s q✉❡ ✈✐rã♦✳ P♦r ✉❧t✐♠♦ ❢❛❧❛♠♦s ✉♠

♣♦✉❝♦ ❞❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛✱ ♣❛ss❛♥❞♦ ♣❡❧♦s s❡✉s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡ ❢♦r♠❛ ❛ ❡♠❜❛s❛r ♦

q✉❡ ❢❛❧❛r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳

◆♦ ❙❡❣✉♥❞♦ ❈❛♣ít✉❧♦ ❡stá ❛ ♣❛rt❡ ❝❡♥tr❛❧ ❞❡ss❛ ❞✐ss❡rt❛çã♦✱ ♦♥❞❡ ❡st✉❞❛♠♦s ♦

❛rt✐❣♦ ❞❡ ❉♦❧❣♦♣②❛rt✲❲✐❧❦✐♥s♦♥ ✭❱❡r ❬✶✸❪✮ ♣❛r❛ tr❛③❡r ❛ t♦♥❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❡ ❣r❛♥❞❡

✉t✐❧✐❞❛❞❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ❡♠ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲

❜ó❧✐❝♦s✳ ◆❡st❡ ❛rt✐❣♦ ♣r♦✈♦✉✲s❡ q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ✈❛❧❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ C1−❛❜❡rt♦

❡ Cr−❞❡♥s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ ♣r❡s❡r✈❛♥❞♦ ✈♦❧✉♠❡ ♦✉ ♥ã♦✳

❊①♣❧♦r❛♠♦s ❛s ❝♦♥❥❡❝t✉r❛s q✉❡ ❞❡r❛♠ ♦r✐❣❡♠ ❛ ❡st❡ tr❛❜❛❧❤♦✱ s❡✉s ❝♦r♦❧ár✐♦s ❡ ❧❡♠❛s

♣r✐♥❝✐♣❛✐s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ♣r♦✈❛✳ ❙✉❛s ♣r✐♥❝✐♣❛✐s ❛♣❧✐❝❛çõ❡s é ❞❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✸✳

◆♦ ❈❛♣ít✉❧♦ ✸ ✈❡r❡♠♦s ❝♦♠♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá ✐♥t✐♠❛♠❡♥t❡

✐♥t❡r❧✐❣❛❞❛ ❝♦♠ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧✳ ❋❛r❡♠♦s ✉♠ ❛♣❛♥❤❛❞♦ ❣❡r❛❧ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛✲

❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦ t❡♠❛✳ ❱❡r❡♠♦s q✉❛✐s ❞❡st❡s ❛✐♥❞❛ ♣♦❞❡♠ s❡r ♠❡❧❤♦r❛❞♦s ❡ ❝♦♠♦

❛s t♦♣♦❧♦❣✐❛s sã♦ r✐❣♦r♦s❛♠❡♥t❡ ✐♥✢✉❡♥❝✐❛❞♦r❛s ♥♦ ❛♠❜✐❡♥t❡ ❡♠ q✉❡ s❡ ❞❡s❡❥❛ tr❛❜❛❧❤❛r✳
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✶ Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠✲s❡ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❡ss❡♥❝✐❛✐s ❛♦ ❡♥t❡♥❞✐♠❡♥t♦

❞❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s✳ ■♥tr♦❞✉③✲s❡ ✉♠❛ ♥♦çã♦ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥✲

❝✐á✈❡❧✱ ❢♦r♠❛s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❞✐❢❡♦♠♦r✜s♠♦s s✐♠♣❧ét✐❝♦s✱ ❢♦❧❤❡❛çõ❡s✱ ❞✐♥â♠✐❝❛ ❤✐♣❡r❜ó❧✐❝❛

❡ ❞✐♥â♠✐❝❛ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛✳ ❋❛❧❛r❡♠♦s ❛✐♥❞❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡s♣❡❝✐❛✐s ❝♦♠♦ ❛

❤♦❧♦♥♦♠✐❛✱ ♥❡❝❡ssár✐♦ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳

✶✳✶ ❱❛r✐❡❞❛❞❡ ❉✐❢❡r❡♥❝✐á✈❡❧

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠❛ ❱❛r✐❡❞❛❞❡ ❉✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ d é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M

♠✉♥✐❞♦ ❞❡ ✉♠ ❛t❧❛s ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ d✱ ♦✉ s❡❥❛✱ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s

ϕα : Uα → Xα t❛✐s q✉❡

✐✮ ❈❛❞❛ Uα é ✉♠ ❛❜❡rt♦ ❞❡ M ❡ ❝❛❞❛ Xα é ✉♠ ❛❜❡rt♦ ❞❡ R
d ❡ M =

⋃
α Uα❀

✐✐✮ ❆ ❛♣❧✐❝❛çã♦ ϕβ ◦ϕ−1
α : ϕα(Uα ∩Uβ) → ϕβ(Uα ∩Uβ) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ q✉❛✐sq✉❡r α

❡ β t❛✐s q✉❡ Uα ∩ Uβ 6= ∅

❖s ❤♦♠❡♦♠♦r✜s♠♦s ϕα sã♦ ❝❤❛♠❛❞♦s ❝❛rt❛s ❧♦❝❛✐s ❡ ❛s tr❛♥s❢♦r♠❛çõ❡s ϕβ ◦ ϕ−1
α

sã♦ ❝❤❛♠❛❞❛s ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❆♦ ✐♥✈❡rt❡r t❛✐s tr❛♥s❢♦r♠❛çõ❡s ✈❡♠♦s q✉❡ ❛

❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ (ϕβ ◦ϕ−1
α )−1 = ϕα ◦ϕ−1

β t❛♠❜é♠ é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ■ss♦ ♥♦s ❞✐③ q✉❡ ❛ ❞❡✜✲

♥✐çã♦ ❞❡ ✈❛r✐❡❞❛❞❡ t❛♠❜é♠ r❡q✉❡r q✉❡ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s s❡❥❛♠ ❞✐❢❡♦♠♦r✜s♠♦s

❛❜❡rt♦s ❞♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✳

❙❡❥❛ r ∈ N ∪ {∞}✳ ❙❡ t♦❞❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ❞❡ ❝❧❛ss❡ Cr ✭✐st♦ é✱

s❡ t♦❞❛s ❛s s✉❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ ♦r❞❡♠ r ❡①✐st❡♠ ❡ sã♦ ❝♦♥tí♥✉❛s✮ ❞✐③❡♠♦s q✉❡ ❛

✈❛r✐❡❞❛❞❡ M é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❊①❡♠♣❧♦ ✶✳✶✳ ❖ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ R
d é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♥✲

s✐❞❡r❡ ♦ ❛t❧❛s ❢♦r♠❛❞♦ ♣♦r ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦✱ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ R
d → R

d✳



✶✾

❊①❡♠♣❧♦ ✶✳✷✳ ❖ t♦r♦ T
d = R

d/Zd é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ❝♦♥✲

s✐❞❡r❛r ♦ ❛t❧❛s ❢♦r♠❛❞♦ ♣❡❧❛ ✐♥✈❡rs❛ ❞❛s ❛♣❧✐❝❛çõ❡s gz : (0, 1)d → T
d✱ ❞❡✜♥✐❞❛s ♣♦r

gz(x) = z + x(♠♦❞ Z
d) ♣❛r❛ ❝❛❞❛ z ∈ R

d✳

✶✳✶✳✶ ❊s♣❛ç♦ t❛♥❣❡♥t❡ ❡ ❛♣❧✐❝❛çã♦ ❞❡r✐✈❛❞❛

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡✳ P❛r❛ ❝❛❞❛ p ∈ M ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ C(p) ❞❡ t♦❞❛s ❛s

❝✉r✈❛s c : I → M ✱ ♦♥❞❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❝♦♥t❡♥❞♦ 0 ∈ R✱ t❛✐s q✉❡ c(0) = p ❡

c é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ 0✱ ♦✉ s❡❥❛✱ ❛ ❛♣❧✐❝❛çã♦ ϕα ◦ c é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ 0✱ ♣❛r❛

t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ϕα : Uα → Xα ❝♦♠ p ∈ Uα✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ❝✉r✈❛s c1, c2 ∈ C(p) sã♦

❡q✉✐✈❛❧❡♥t❡s s❡ (ϕα ◦ c1)′(0) = (ϕα ◦ c2)′(0) ♣❛r❛ t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ϕα : Uα → Xα ❝♦♠

p ∈ Uα✳ ❉❡♥♦t❛♠♦s ♣♦r [c] ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ q✉❛❧q✉❡r ❝✉r✈❛ c ∈ C(p)

❖ ❊s♣❛ç♦ t❛♥❣❡♥t❡ à ✈❛r✐❡❞❛❞❡ M ♥♦ ♣♦♥t♦ p é ♦ ❝♦♥❥✉♥t♦✱ q✉❡ r❡♣r❡s❡♥t❛♠♦s

♣♦r TpM ✱ ❞❡ t❛✐s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❛❞❛ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ϕα : Uα → Xα q✉❛❧q✉❡r

❝♦♠ p ∈ Uα✱ ❛ ❛♣❧✐❝❛çã♦

Tϕα(p) : TpM → R
d

[c] 7→ (ϕα ◦ c)′(0)

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠❛ ❜✐❥❡çã♦✳ P♦❞❡♠♦s ✉s❛r ❡st❛ ❜✐❥❡çã♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛r TpM ❝♦♠ R
d✳

❉❡st❛ ❢♦r♠❛✱ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛❞q✉✐r❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ tr❛♥s♣♦rt❛❞❛

❞❡ R
d ♣♦r Tϕα(p)✳

❙❡ f : M → N é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❛ s✉❛ ❞❡r✐✈❛❞❛ ♥✉♠ ♣♦♥t♦ p ∈ M

é ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Tf(p) : TpM → Tf(p)N ❞❡✜♥✐❞❛ ♣♦r

Tf(p) = Tψβ(f(p))
−1 ◦ T (ψβ ◦ f ◦ ϕ−1

α )(ϕα(p)) ◦ Tϕα(p)

♦♥❞❡ ϕα : Uα → Xα é ❝❛rt❛ ❧♦❝❛❧ ❞❡ M ❝♦♠ p ∈ Uα ❡ ψβ : Vβ → Yβ é ❝❛rt❛ ❧♦❝❛❧ ❞❡ N

❝♦♠ f(p) ∈ Vβ✳ ◆♦t❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛s ❝❛rt❛s✳

❖ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❛M é TM =
⋃
p∈M TpM = {(p, v) ∈M × R

d/p ∈M, v ∈ TpM}
❞❡ t♦❞♦s ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❛ M ✳ ❱❡❥❛ q✉❡ ❡ss❛ ✉♥✐ã♦ é ❞✐s❥✉♥t❛✳ P❛r❛ ❝❛❞❛ ❝❛rt❛ ❧♦❝❛❧

ϕα : Uα → Xα✱ ❝♦♥s✐❞❡r❡ TUα
M =

⋃
p∈Uα

TαM ❡ ❛ ❛♣❧✐❝❛çã♦

Tϕα : TUα
M → Xα × R

d



✷✵

q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ [c] ∈ TUα
M ♦ ♣❛r ((ϕα ◦ c)(0), (ϕα ◦ c)′(0)) ∈ Xα × R

d✳ ❈♦♥s✐❞❡r❡♠♦s

❡♠ TM ❛ t♦♣♦❧♦❣✐❛ q✉❡ ❢❛③ ❞❡ ❝❛❞❛ Tϕα ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❙✉♣♦♥❞♦ q✉❡ ♦ ❛t❧❛s

{ϕα : Uα → Xα} ❞❡ M é ❞❡ ❝❧❛ss❡ Cr✱ ❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

Tϕβ ◦ Tϕ−1
α : ϕα(Uα ∩ Uβ)× R

d → ϕβ(Uα ∩ Uβ)× R
d

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr−1 ♣❛r❛ q✉❛✐sq✉❡r α ❡ β t❛✐s q✉❡ Uα ∩ Uβ 6= ∅✳ P♦rt❛♥t♦✱ ♦

✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ❡stá ♠✉♥✐❞♦ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ Cr−1 ❡ ❞✐♠❡♥sã♦

2d✳

❆ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f : M → N é ❛ ❛♣❧✐❝❛çã♦

Tf : TM → TN ❝✉❥❛ r❡str✐çã♦ ❛ ❝❛❞❛ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❡stá ❞❛❞❛ ♣♦r Tf(p)✳ ❱❡❥❛

q✉❡ s❡ f ❢♦r ❞❡ ❝❧❛ss❡ Cr ❡♥tã♦ Tf s❡rá ❞❡ ❝❧❛ss❡ Cr−1✳ ✭❱❡r ❬✸✹❪✮

✶✳✶✳✷ ❊s♣❛ç♦ ❝♦t❛♥❣❡♥t❡ ❡ ❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s

❖ ❡s♣❛ç♦ ❝♦t❛❣❡♥t❡ T ∗
p (M) ❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ♥✉♠ ♣♦♥t♦ p é ♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦

t❛♥❣❡♥t❡ TpM ✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❛ç♦ ❞♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ξ : TpM → R✳ ❉❛❞❛ q✉❛❧q✉❡r

❝❛rt❛ ❧♦❝❛❧ ϕα : Uα → Xα ❝♦♠ p ∈ Uα t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦

Tϕ∗
α(p) : T

∗
pM → R

d

✐♥❞✉③✐❞♦ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ Tϕα(p) : TpM → R
d ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ ❝❛❞❛ i = 1, . . . , d✱

❝♦♥s✐❞❡r❡ dxi = πi ◦Tϕα(p)✱ ♦♥❞❡ πi : Rd → R é ❛ ♣r♦❥❡çã♦ ♥❛ i✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛✳ ❊♥tã♦

dxi ∈ T ∗
p (M) ❡ ❛ ❢❛♠í❧✐❛ {dx1, . . . , dxd} é ✉♠❛ ❜❛s❡ ❞❡ T ∗

p (M)✳ P❛r❛ ❝❛❞❛ ξ ∈ T ∗
p (M)✱

❞❡✜♥❛

Tϕ∗
α(p)ξ = (ξ1, . . . , ξd) ⇔ ξ =

d∑

i=1

ξidxi

❖ ✜❜r❛❞♦ ❝♦t❛❣❡♥t❡ ❞❡ M é ❛ ✉♥✐ã♦ ✭❞✐s❥✉♥t❛✮ T ∗M =
⋃
p∈M T ∗

pM ❞❡ t♦❞♦s ♦s

❡s♣❛ç♦s ❝♦t❛❣❡♥t❡s ❛ M ✳ ❉❛❞❛ q✉❛❧q✉❡r ❝❛rt❛ ❧♦❝❛❧ ϕα : Uα → Xα✱ ❝♦♥s✐❞❡r❡ ❛ ✉♥✐ã♦

T ∗
Uα
M =

⋃
p∈Uα

T ∗
pM é ❛ ❛♣❧✐❝❛çã♦

Tϕ∗
α : T ∗

Uα
M → Xα × R

d

❞❡✜♥✐❞❛ ♣♦r Tϕ∗
αξ = (ϕα(p), Tϕ

∗
α(p)ξ) s❡ ξ ∈ T ∗

p (M)✳ ❱❡❥❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ s❡ tr❛t❛ ❞❡ ✉♠❛

❜✐❥❡çã♦✳ ❈♦♥s✐❞❡r❡ ❡♠ T ∗M ❛ t♦♣♦❧♦❣✐❛ s❡❣✉♥❞♦ ❛ q✉❛❧ t♦❞♦s ♦s Tϕ∗ sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳
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❙❡ {ϕα : Uα → Xα} é ✉♠ ❛t❧❛s ❞❡ ❝❧❛ss❡ Cr ♣❛r❛ ❛ ✈❛r✐❡❞❛❞❡ M ✱ ❡♥tã♦

{Tϕ∗
α : T ∗

Uα
M → Xα × R

d}

é ✉♠ ❛t❧❛s ❞❡ ❝❧❛ss❡ Cr−1 ♣❛r❛ T ∗M ✳ ■ss♦ ♥♦s ❞✐③ q✉❡ ♦ ✜❜r❛❞♦ ❝♦t❛❣❡♥t❡ T ∗Mt❛♠❜é♠

❡stá ♠✉♥✐❞♦ ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ Cr−1 ❡ ❞✐♠❡♥sã♦ 2d✳ ✭❱❡r ❬✸✹❪✮

❉❡✜♥✐çã♦ ✶✳✷✳ ❈❤❛♠❛♠♦s ✶✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ M t♦❞❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ θ : M → T ∗M t❛❧ q✉❡ π ◦ θ = id✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ θ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M

✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r θp : TpM → R q✉❡ ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ ♣♦♥t♦✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣❛r❛ q✉❛❧q✉❡r 0 6 k 6 d✱ ✉♠❛ ❢♦r♠❛ ❦✲❧✐♥❡❛r ❛❧t❡r♥❛❞❛ ❡♠

TpM é ✉♠❛ ❛♣❧✐❝❛çã♦

θp : (TpM)k → R, (v1, . . . , vk) 7→ θp(v1, . . . , vk)

♦♥❞❡ ❝❛❞❛ θp é ❧✐♥❡❛r ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ vi ❡

θp(v1, . . . , vi, vi+1, . . . , vk) = −θp(v1, . . . , vi+1, vi, . . . , vk)

♣❛r❛ t♦❞♦ 1 6 i < k ❡ t♦❞♦ (v1, . . . , vk) ∈ (TpM)k✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ k−❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ M é ✉♠❛ ❛♣❧✐❝❛çã♦ θ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛

♣♦♥t♦ p ∈M ✉♠❛ ❢♦r♠❛ ❦✲❧✐♥❡❛r ❛❧t❡r♥❛❞❛ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱ ❞❡♣❡♥❞❡♥❞♦ ❞✐❢❡r❡♥✲

❝✐❛✈❡❧♠❡♥t❡ ❞♦ ♣♦♥t♦✳

❊♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ♣♦❞❡♠♦s ❡s❝r❡✈❡r

θp =
∑

16i1<···<ik6d

ai1,··· ,ik(p)dxi1 ∧ · · · ∧ dxik

❆ ❝♦♥❞✐çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ai1 , · · · , aik(p) ❞❡✲

♣❡♥❞❡♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ ♣♦♥t♦ p✳

❙✉♣♦♥❞♦ q✉❡ k < d✱ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❞❡ θ é ❛ (k + 1)− ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ dθ

❞❡t❡r♠✐♥❛❞❛ ♣♦r

dθp =
∑

16i1<···<ik6d

∑

j

∂ai1,··· ,ik
∂xj

(p)dxj ∧ dxi1 ∧ · · · ∧ dxik

♦♥❞❡ ❛ s❡❣✉♥❞❛ s♦♠❛ é s♦❜r❡ t♦❞♦s ♦s j /∈ {i1, · · · ik}✳ ❱❡❥❛ q✉❡ ❛ ❡①♣r❡ssã♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦

♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛ ❧♦❝❛❧✳ ❆❧é♠ ❞✐ss♦ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❦✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧

é ❢❡❝❤❛❞❛ s❡ dθ ≡ 0 ✭♦✉ k = d✮ ❡ é ❡①❛t❛ s❡ ❡①✐st❡ ❛❧❣✉♠❛ (k− 1)−❢♦r♠❛ η t❛❧ q✉❡ dη = θ

✭♦✉ ❡♥tã♦ k = 0✮✳ ❚♦❞❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❡①❛t❛ é ❢❡❝❤❛❞❛✳



✷✷

✶✳✶✳✸ ❱❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s

❯♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ♥✉♠❛ ✈❛r✐❡❞❛❞❡M é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛

♣♦♥t♦ p ∈M ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱ ✐st♦ é✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛

·p : TpM × TpM → R

t❛❧ q✉❡ v ·p v > 0 ♣❛r❛ t♦❞♦ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ∈ TpM ✳ ✭❱❡r ❬✸✹❪✮

P♦r ❞❡✜♥✐çã♦✱ ·p ✈❛r✐❛ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❝♦♠ ♦ ♣♦♥t♦ p ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿

❈♦♥s✐❞❡r❡ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ q✉❛❧q✉❡r ϕα : Uα → Xα ❞❡ M ✳ ❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ p ∈ Uα

♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r TpM ❝♦♠ R
d✱ ✈✐❛ ❛ ❞✐❢❡r❡♥❝✐❛❧ Tϕα(p) ♣❛r❛ ❛ss✐♠ ♣♦❞❡r♠♦s tr❛❜❛❧❤❛r

❝♦♠ ·p ❝♦♠♦ s❡♥❞♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✳

❙❡❥❛ e1, . . . , ed ✉♠❛ ❜❛s❡ ❞❡Rd✳ ❊♥tã♦ ♣❡❞✐♠♦s ♣❛r❛ q✉❡ ❛s ❢✉♥çõ❡s gα,i,j(p) = ei ·p ej
s❡❥❛♠ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣❛r❛ t♦❞♦ ♣❛r (i, j) ❡ ♣❛r❛ q✉❛❧q✉❡r ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛ ❧♦❝❛❧ ❡ ❞❛ ❜❛s❡✳

❉✐③❡♠♦s q✉❡M é ✉♠❛ ❱❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ s❡M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ♠✉♥✐❞❛

❞❡ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛✳ ❚♦❞❛ s✉❜✈❛r✐❡❞❛❞❡ S ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ M

❤❡r❞❛ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❞❛❞❛ ♣❡❧❛ r❡str✐çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ·p
❞❡ M ❛♦ s✉❜❡s♣❛ç♦ t❛♥❣❡♥t❡ TpS ❞❡ ❝❛❞❛ ♣♦♥t♦ p ∈ S✳

✶✳✷ ❉✐♥â♠✐❝❛ ❍✐♣❡r❜ó❧✐❝❛

❆ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ❛❧é♠ ❞❡ s❡r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❜❡♠ ❝♦♠♣r❡❡♥❞✐❞❛✳ ◆❡st❛

s❡çã♦ ❞✐s❝✉t✐♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s✳

■ss♦ é ❡ss❡♥❝✐❛❧ à ❝♦♠♣r❡❡♥sã♦ ❞❛s s❡çõ❡s s❡❣✉✐♥t❡s ❡ ❞♦ r❡st❛♥t❡ ❞♦ t❡①t♦✳ P❛r❛ t❛♥t♦✱

✐♥✐❝✐❛✲s❡ ❞❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ✳

❉✐③❡♠♦s q✉❡ p ∈ M é ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ f s❡ Tfp : TpM → TpM é t❛❧

q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ Tfp ♥ã♦ ✐♥t❡rs❡❝t❛ ❛ ❜♦❧❛ ❞❡ r❛✐♦ ✶✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s

❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞❡ f sã♦ t♦❞♦s ❞✐❢❡r❡♥t❡s ❞❡ ✶✳

❖ ❝♦♥❥✉♥t♦ ❞❡ss❡s ♣♦♥t♦s ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✱ q✉❡

❞❡s❝r❡✈❡♠♦s ❛ s❡❣✉✐r✳
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❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ Λ ⊂ U é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ f s❡✱ ♣❛r❛

❝❛❞❛ p ∈ Λ t❡♠♦s q✉❡✿

✶✮ TpM = Es
p ⊕ Eu

p

✷✮ Tfp(Es
p) = Es

f(p) Tfp(E
u
p ) = Eu

f(p)

✭♦✉ s❡❥❛✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❛ ❞❡r✐✈❛❞❛✮

✸✮ Es
p ❡ Eu

p ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❝♦♠ p

✹✮ ❊①✐st❡♠ C > 0 ❡ 0 < λ < 1 t❛✐s q✉❡

‖Tfnp (v)‖ ≤ Cλn‖v‖, ∀n ≥ 0, v ∈ Es

❡

‖Tf−n
p (v)‖ ≤ Cλn‖v‖, ∀n ≥ 0, v ∈ Eu

❖ ❡s♣❛ç♦ Es
p(A) é ❝❤❛♠❛❞♦ s✉❜❡s♣❛ç♦ ❡stá✈❡❧ ❞❡ p ❡ ♦ ❡s♣❛ç♦ Eu

p (A) é ❝❤❛♠❛❞♦ s✉✲

❜❡s♣❛ç♦ ✐♥stá✈❡❧ ❞❡ p✳

❖❜s❡r✈❛çã♦ ✶✳✶✳ ❯♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ p ❞❡ ♣❡r✐ó❞♦ ❦ é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ p é ✜①♦ ❤✐♣❡r✲

❜ó❧✐❝♦ ♣❛r❛ fk ❝♦♠ k ≥ 1

❆✐♥❞❛ ♥❡ss❡ s❡♥t✐❞♦✱ ❞❡✜♥✐♠♦s✿

❉❡✜♥✐çã♦ ✶✳✻✳ ❯♠ ♣♦♥t♦ x0 é ❞✐t♦ ♥ã♦✲❡rr❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛ ✈✐③✐♥❤❛♥ç❛

N ❞❡ x0✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ k ≥ 1 t❛❧ q✉❡

N ∩ fk(N) 6= ∅

■ss♦ ♥♦s ❞✐③ q✉❡ ❞❡✈❡♠ ❤❛✈❡r ♣♦♥t♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣ró①✐♠♦s ❞❡ x0 q✉❡ r❡t♦r♥❛♠

♣❛r❛ ♣♦♥t♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣ró①✐♠♦s ❞❡ x0 s♦❜ ❛ ✐t❡r❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦✳ ❉❡♥♦t❛♠♦s ♣♦r

Ω(f) ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦✲❡rr❛♥t❡s ❞❡ f ❡ Per(f) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s

♣❡r✐ó❞✐❝♦s ❞❡ f ✳

❊①❡♠♣❧♦ ✶✳✸ ✭❆♥♦s♦✈ ▲✐♥❡❛r ♥♦ ❚♦r♦✮✳ ❙❡❥❛ A =


 2 1

1 1


 ❡ T

2 = R2

Z2 ✳

❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r

A : T2 → T
2



✷✹

v 7→ Av

❚❡♠♦s q✉❡

det(A− λI) = 0 ⇔ (2− λ)(1− λ)− 1 = 0

⇔ λ+ =
3 +

√
5

2
> 1 ❡ λ− =

3−
√
5

2
< 1

❆ss✐♠✱ t❡♠♦s q✉❡ ❛s ✐♥❝❧✐♥❛çõ❡s λ+ ❡ λ− ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦s ❛✉t♦✈❡t♦r❡s

❞♦s s✉❜❡s♣❛ç♦s Eu ❡ Es ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ q ∈ Z
∗ ❝♦♥s✐❞❡r❡

Cq =

{(
m

q
,
n

q

)
,m, n ∈ Z

}

❚❡♠♦s q✉❡

A




m
q

n
q


=


 2 1

1 1






m
q

n
q


 =

(
2m+n
q
, m+n

q

)
∈ Cq

■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ACq ⊂ Cq✳ ▼❛✐s ❛✐♥❞❛✱ ❞❛❞♦
(
l
q
, r
q

)
❡①✐st❡♠ m,n t❛✐s q✉❡

A
(
m
q
, r
q

)
=
(
l
q
, r
q

)
⇒ A(Cq) = Cq✳ ▼❛s Cq é ✜♥✐t❛ ⇒ Cq ⊂ Per(A)✳ ❯♠❛ ✈❡③ q✉❡

⋃
q∈ZCq é ❞❡♥s♦ ❡♠ R

2 t❡♠♦s q✉❡
⋃
q∈ZCq ⊆ Per(A) = T

2

❊♠ ♣❛rt✐❝✉❧❛r✱ Ω(A) = Per(A) = T
2 ❡ Per(A) sã♦ ❤✐♣❡r❜ó❧✐❝♦s✳

❉❡♥♦t❛♠♦s ❛✐♥❞❛ ❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ x ❝♦♠♦ O+(x) := {fn(x)/n ∈ N}✳ ❙❡

f ❢♦r ✐♥✈❡rtí✈❡❧✱ t❛♠❜é♠ ♣♦❞❡♠♦s t❡r ❛ ór❜✐t❛ ♥❡❣❛t✐✈❛ q✉❡ é ❞❡♥♦t❛❞❛ ♣♦r O−(x) :=

{fn(x)/n < 0}✳ ❈♦♠ ✐ss♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✼✳ P❛r❛ q✉❛❧q✉❡r x0 ∈ X ❛ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛

ór❜✐t❛ ♣♦s✐t✐✈❛ {x0, x1, . . . , } é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ω−❧✐♠✐t❡ ❡ ❞❡♥♦t❛♠♦s ♣♦r ωf (x) ♦ q✉❛❧

é s✉❜❝♦♥❥✉♥t♦ ❞❡ X✱ ♦✉ s❡❥❛✱

ωf (x) = {y ∈M ; ∃nk → +∞/fnk(x) → y}

❖s ♣♦♥t♦s y ∈ ωf (x) sã♦ ❞✐t♦s r❡❝♦rr❡♥t❡s✳

❙❡ f ❢♦r ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ✐♥✈❡rtí✈❡❧ ❞❡✜♥✐♠♦s ❛♥❛❧♦❣❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦

α−❧✐♠✐t❡ ❞❡♥♦t❛❞♦ ♣♦r

αf (x) = {y ∈M ; ∃nk → −∞/fnk(x) → y}
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❉❡✜♥✐♠♦s ❛✐♥❞❛ ♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❡ ❞❡ f ♣♦r

L(f) :=
⋃

x∈M

ωf (x) ∪
⋃

x∈M

αf (x)

♦✉ s❡❥❛✱ L(f) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ t♦❞❛s ❛s ór❜✐t❛s

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡❥❛ f, g : R → R ❞❡✜♥✐❞❛ ♣♦r f(x) = 2x(1 − x) ❡ g(x) = id✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❈♦♥str✉✐r❡♠♦s ♦ ❣rá✜❝♦ ❝♦❜✇❡❜ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ór❜✐t❛ ❞❡ ✉♠

♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ♣❡❧❛ f ✳ Pr✐♠❡✐r♦ ❡♥❝♦♥tr❛♠♦s ❛ ✐♠❛❣❡♠ ❞❡ x0 ♣❡❧❛ f q✉❡ t❡♠ ❝♦♦r❞❡♥❛❞❛

(x0, f(x0)✳ ❊♠ s❡❣✉✐❞❛✱ ❢❛③❡♠♦s f ✈❛r✐❛r ❤♦r✐③♦♥t❛❧♠❡♥t❡ ❛té t♦❝❛r ❛ ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡

g✳ ❊st❡ ♣♦♥t♦ t❡♠ ❝♦♦r❞❡♥❛❞❛ (f(x0, f(x0)✳ ❖ ♣❛ss♦ s❡❣✉✐♥t❡ é ♣❧♦t❛r ✈❡rt✐❝❛❧♠❡♥t❡ ❛

♣❛rt✐r ❞♦ ♣♦♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ❡♠ q✉❡ f t♦❝♦✉ ❛ ✐❞❡♥t✐❞❛❞❡✳ ❊st❡ ♣♦♥t♦ t❡♠ ❝♦♦r❞❡♥❛❞❛

(f(x0, f(f(x0)))✳ ❊♥tã♦ ♦ ❣rá✜❝♦ ❝♦❜✇❡❜ ❞❡ f é ❞❡s❝r✐t❛ ♥❛ ✜❣✉r❛ ✶✳✶ ❛❜❛✐①♦ ❡ ❢♦✐ ❢❡✐t♦

♣❡❧♦ s♦❢t✇❛r❡ ▼❛①✐♠❛ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 = 0.01 ❡ 25 ✐t❡r❛çõ❡s ✳

❋✐❣✉r❛ ✶✳✶✿ ❖r❜✐t❛ ❞❡ f

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❆ s❡❣✉✐r ✈❡r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥ ❡ ●r♦❜♠❛♥ s❡❣✉♥❞♦ ♦ q✉❛❧ ✉♠ ❞✐❢❡♦✲

♠♦r✜s♠♦ f é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ à s✉❛ ♣❛rt❡ ❧✐♥❡❛r ❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦✳

❚❡♦r❡♠❛ ✶✳✶✳ ❬❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥❪ ❙❡❥❛♠ f ∈ Diff r(M) ❡ p ∈M ✉♠ ♣♦♥t♦

✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ f ✳ ❙❡❥❛ Tfp : TpM → TpM ✳ ❊♥tã♦ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s V (p) ⊂ M ❡

U(0) ⊂ TpM ❡ h : U → V ❤♦♠❡♦♠♦r✜s♠♦ t❛❧ q✉❡

h ◦ Tfp = f ◦ h



✷✻

❋✐❣✉r❛ ✶✳✷✿ ❈♦♥❥✉❣❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥

❋♦♥t❡✿ ❬✶✶❪

◆♦ ❝♦♥t❡①t♦ ❞♦ ❚❡♦r❡♠❛ ❍❛rt❛♥✲●r♦❜♠❛♥ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó✲

❞✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ ❞❡❝♦♠♣õ❡ ❡♠ s✉❜❡s♣❛ç♦s q✉❡ ❝♦♥tr❛❡♠ ❡ ❡①♣❛♥❞❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡

s♦❜ ❛çã♦ ❞❛ ❞✐❢❡r❡♥❝✐❛❧✱ ♦✉ s❡❥❛ é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❛ ✈❛r✐❡❞❛❞❡✳

❆ss✐♠✱ ♦s ❝♦♥❥✉♥t♦s

W u
loc(p) := h(Eu ∩ U),

W s
loc(p) := h(Es ∩ U).

sã♦ ❝❤❛♠❛❞♦s ❈♦♥❥✉♥t♦ ✐♥stá✈❡❧ ❧♦❝❛❧ ❞❡ ♣ ❡ ❈♦♥❥✉♥t♦ ❡stá✈❡❧ ❧♦❝❛❧ ❞❡ ♣

➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥ ❢♦r♥❡❝❡ ❛♣❡♥❛s ✉♠❛

❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ♣❛r❛W s(p)✳ ❊♥tr❡t❛♥t♦ ♦ ❚❡♦r❡♠❛ q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s

❛ s❡❣✉✐r é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥ ❡ ♠♦str❛ q✉❡ ❞❡ ❢❛t♦ W s(p) é

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ✐♠❡rs❛✱ ❞❡ ♠❡s♠❛ ❝❧❛ss❡ q✉❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦✳

❚❡♦r❡♠❛ ✶✳✷ ✭❚❡♦r❡♠❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧✮✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

❞❡ ❝❧❛ss❡ Cr✱ ❝♦♠ M ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ p ∈ M ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦

❤✐♣❡r❜ó❧✐❝♦ ❞❡ ♣❡rí♦❞♦ k ♣❛r❛ ❢✱ ❡♥tã♦ ❡①✐st❡♠ ❞✐s❝♦s Cr− ♠❡r❣✉❧❤❛❞♦s W u
loc(p) ❡ W s

loc(p)

t❛✐s q✉❡

✐✮ p ∈ W u
loc(p) ∩W s

loc(p)

✐✐✮ TpW u
loc(p) = Eu(p)
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✐✐✐✮ TpW s
loc(p) = Es(p)

✐✈✮ fk(W s
loc(p)) ⊂ W s

loc(p)

✈✮ fk(W u
loc(p)) ⊂ W u

loc(p)

❉❡♥♦t❛♠♦s

W s(p) :=
⋃

n∈N

f−nk(W s
loc(p)) : ❱❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❣❧♦❜❛❧,

W u(p) :=
⋃

n∈N

fnk(W u
loc(p)) : ❱❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❣❧♦❜❛❧.

❚❡♦r❡♠❛ ✶✳✸ ✭❚❡♦r❡♠❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❝♦♥❥✉♥t♦s ❤✐♣❡r❜ó❧✐❝♦s✮✳ ❙❡❥❛ f :M →
M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ❝❧❛ss❡ Cr✱ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥✲

♥✐❛♥❛ ❝♦♠♣❛❝t❛✱ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ x ∈ Λ✱ ∃ε > 0 t❛❧ q✉❡

♦s ❝♦♥❥✉♥t♦s W s
ε (x) ❡ W u

ε (x) ❡①✐st❡♠ ❡

✭✐✮ f(W s
ε (x)) ⊂ W s

ε (f(x)) ❡ f−1(W u
ε (x)) ⊂ W u

ε (f
−1(x))

✭✐✐✮ TxW s
ε (x)) = Es(x) ❡ TxW

u
ε (x) = Eu(x)

✭✐✐✐✮

W s
ε (x) = {y ∈M/d(fn(x), fn(y)) 6 ε ∀n > 0, d(fn(x), fn(y))

n→∞−→ 0}

W u
ε (x) = {y ∈M/d(f−n(x), f−n(y)) 6 ε ∀n > 0, d(f−n(x), f−n(y))

n→∞−→ 0}

✭✐✈✮ W s
ε (x) ❡ W s

ε (x) sã♦ ✈❛r✐❡❞❛❞❡s Cr−♠❡r❣✉❧❤❛❞❛s✳

✭✈✮ ❆ ❛♣❧✐❝❛çã♦

θs : Λ → Emb(Ds,M)

x 7→ W s
ε (x)

é ❝♦♥tí♥✉❛✱ ♦✉ s❡❥❛✱ ❛s ✈❛r✐❡❞❛❞❡s ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡✳

❆❧é♠ ❞✐ss♦✱ ✈❛❧❡ q✉❡




d(fn(y), fn(x)) 6 λnd(x, y), y ∈ W s
ε (x)

d(f−n(y), f−n(x)) 6 λnd(x, y), y ∈ W u
ε (x)
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❉❡ss❡ ♠♦❞♦✱ s❡ t♦♠❛r♠♦s y ♥❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❞❡ x✱ ❛ ❞✐stâ♥❝✐❛ ❞❛ ór❜✐t❛

♣❛r❛ ❢r❡♥t❡ ❞❡ y à ór❜✐t❛ ❞❡ x ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣♦r ✉♠❛ t❛①❛ ❞❡ ❝♦♥tr❛çã♦ λ✳

❆♥❛❧♦❣❛♠❡♥t❡✱ t♦♠❛♥❞♦ y ♥❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❡ x✱ ❛ ❞✐stâ♥❝✐❛ ❞❛ ór❜✐t❛ ♣❛r❛ trás ❞❡

x ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣♦r ✉♠❛ t❛①❛ ❞❡ ❝♦♥tr❛çã♦ λ✳

❉❡✜♥✐çã♦ ✶✳✽✳ f :M →M é ❞✐t❛ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ♠✐①✐♥❣ s❡ ∀ U, V ❛❜❡rt♦s ∃n0 > 0

t❛❧ q✉❡

fn(U) ∩ V 6= 0 ∀n > n0

❯♠ ❡①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ♠✐①✐♥❣ é ♦ ❆♥♦s♦✈ ❧✐♥❡❛r ♥♦ t♦r♦ ✭❱❡r

❡①❡♠♣❧♦ ✶✳✸✮✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳ ❉✐③❡♠♦s

q✉❡ Λ é ✐s♦❧❛❞♦ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ Λ t❛❧ q✉❡

Λ =
⋂

n∈Z

fn(U)

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Λ é ♦ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❉❡ss❡

♠♦❞♦✱ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ ♦ ❝♦♥té♠ ♣r♦♣r✐❛♠❡♥t❡ ❡ ❡stá

❝♦♥t✐❞♦ ♥❛ ✈✐③✐♥❤❛♥ç❛✳

❆ s❡❣✉✐r t❡♠♦s ✉♠ ❆①✐♦♠❛ ❡s❝r✐t♦ ♣♦r ❙♠❛❧❡ q✉❡ r❡❧❛❝✐♦♥❛ ♣♦♥t♦s ♥ã♦✲❡rr❛♥t❡s

❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❝♦♠ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❉✐③❡♠♦s q✉❡ f é ❆①✐♦♠❛ ❆ s❡ Ω é ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ f ❡ Ω(f) = Per(f)✱

✐st♦ é✱ ♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f sã♦ ❞❡♥s♦s ❡♠ Ω✳ ✭❱❡r ❬✷✺❪✮

❙❡ f s❛t✐s❢❛③ ♦ ❆①✐♦♠❛ A✱ ❙♠❛❧❡ ❞❡♠♦♥str♦✉ ✭❱❡r ❬✸✸❪✱ ✭✶✾✻✼✮✮ q✉❡ Ω = Ω(f)

s❡ ❞❡❝♦♠♣õ❡ ❡♠ ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❡ ❞✐s❥✉♥t❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s✱ ✐♥✈❛r✐❛♥t❡s ❡

tr❛♥s✐t✐✈♦s✱ Ω = Ω1 ∪Ω2 ∪ · · · ∪Ωk✱ ♦♥❞❡ ❝❛❞❛ Ωi é ✉♠❛ ♣❡ç❛ ❜ás✐❝❛✱ ♣❛r❛ i = 1, 2, . . . , k✳

■ss♦ é tr❛❞✉③✐❞♦ ♥♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❚❡♦r❡♠❛ ✶✳✹ ✭❉❡❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧✮✳ ❙❡❥❛ f ❆①✐♦♠❛ ❆ t❛❧ q✉❡ f ∈ Diff 1(M)✱ ♦♥❞❡

M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Per(f) ❡♠ ✜♥✐t♦s

❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s✱ ✐♥✈❛r✐❛♥t❡s✱ tr❛♥s✐t✐✈♦s ❡ ✐s♦❧❛❞♦s Λi✱ ✐st♦ é✱

Per(f) = Λ1 ∪ · · · ∪ Λn
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♦♥❞❡ ❛ ✉♥✐ã♦ é ❞✐s❥✉♥t❛✳

▼❛✐s ❛✐♥❞❛✱ Λi =
⋂ki
j=1 Λi,j✱ ♦♥❞❡ f(Λi,j) = Λi,j+1(mod(ki)) ❡ f |kiΛi,j

é t♦♣♦❧♦❣✐❝❛✲

♠❡♥t❡ ♠✐①✐♥❣✳

❈❛❞❛ Λi ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣❡ç❛ ❜ás✐❝❛ ♣♦✐s é ✉♠

❝♦♠♣♦♥❡♥t❡ ✐♥❞✐✈✐sí✈❡❧✳ ■♥❢♦r♠❛❧♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞✐③ q✉❡ ❞❛❞♦s ♦s ❝♦♥❥✉♥t♦s ♣❡r✐ó❞✐❝♦s✱

❛ ❞✐♥â♠✐❝❛ ♣♦❞❡ s❡r q✉❡❜r❛❞❛ ❡♠ ✜♥✐t♦s ✧♣❡❞❛ç♦s✧✳

❈♦r♦❧ár✐♦ ✶✳✶✳ ❙❡ f é ❆①✐♦♠❛ ❆ ❡♥tã♦ f t❡♠ ❞❡❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧✳

❆ tr❛♥s✐t✐✈✐❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡♠ ór❜✐t❛s ❞❡♥s❛s ❡♠ ❝❛❞❛ Ωi✳ ❊ ❝❛❞❛ Ωi t♦❞❛s

❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s t❡♠ s✉❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❞❡ ♠❡s♠❛ ❞✐♠❡♥sã♦✳ ❚❡♠♦s ❛✐♥❞❛ ♦

❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✷✳ ❙❡ L(f) ❢♦r ❤✐♣❡r❜ó❧✐❝♦ ❡♥tã♦ L(f) = Per(f)

❚❡♦r❡♠❛ ✶✳✺✳ ❙✉♣♦♥❤❛ L(f) ❤✐♣❡r❜ó❧✐❝♦✳ ❊♥tã♦

M =
⋃

x∈L(f)

W s(x) =
⋃

x∈L(f)

W u(x)

⇔ M =
n⋃

i=1

W s(Λi) =
n⋃

i=1

W u(Λi)

❖ ▲❡♠❛ ❛ s❡❣✉✐r é ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ ❛ ❞✐♥â♠✐❝❛ ♣❡rt♦ ❞❡ ✉♠

♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ é ❡①tr❡♠❛♠❡♥t❡ út✐❧ ♣❛r❛ ♦❜t❡r ✐♥t❡rs❡çõ❡s ❡♥tr❡ ❛s ✈❛r✐❡❞❛❞❡s

❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ♣♦r ❛r❣✉♠❡♥t♦s ❣❡♦♠étr✐❝♦s s✐♠♣❧❡s✱ ✐ss♦ ♦ t♦r♥❛ r❡❧❡✈❛♥t❡ ♣❛r❛ ✈ár✐♦s

r❡s✉❧t❛❞♦s ❡♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳

❙❡❥❛ Bs ⊂ Es ✉♠❛ ❜♦❧❛ ❝♦♥t✐❞❛ ❡♠ W s
loc(0)✱ B

u ⊂ Eu ✉♠❛ ❜♦❧❛ ❝♦♥t✐❞❛ ❡♠

W u
loc(0) ❡ V = Bs × Bu✳ ❈♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦ q ∈ W s

loc(0) ❡ ✉♠ ❞✐s❝♦ Du ❞❡ ❞✐♠❡♥sã♦

u = dimEu✱ tr❛♥s✈❡rs❛❧ ❛ W s
loc(0) ❡♠ q✳

▲❡♠❛ ✶✳✶ ✭λ✲▲❡♠❛✮✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❊♥tã♦ ∀q ∈ W s(p)✱ ♣❛r❛ t♦❞♦

u−❞✐s❝♦ ❉ ✭♦♥❞❡ D é ✉♠ ❞✐s❝♦ ❞❡ ❞✐♠❡♥sã♦ ✉✱ ❝♦♠ u = dim(W u)✮ tr❛♥s✈❡rs❛❧ ❛ W s(p)

❡♠ q✱ ❡ ♣❛r❛ t♦❞♦ u−❞✐s❝♦ Bu ❡♠ W u(p) ❡①✐st❡ ✉♠ ❞✐s❝♦ Du ⊂ D q✉❡ ❝♦♥t❡♠ q t❛❧ q✉❡

∃n0 > 0 t❛❧ q✉❡ fn(Du) ❡stá ε− C1−♣ró①✐♠♦ ❞❡ Bu✳ ✭❱❡r ❋✐❣✉r❛ ✶✳✸✮

❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞♦ λ− Lema✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦
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❋✐❣✉r❛ ✶✳✸✿ λ✲▲❡♠❛

❋♦♥t❡✿ ❆✉t♦r✐❛ Pró♣r✐❛

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ f ∈ Diff r(M) s❛t✐s❢❛③❡♥❞♦ ♦ ❆①✐♦♠❛ ❆✳ ❉✐③❡♠♦s q✉❡ f s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦ ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡ s❡ ❛s ✈❛r✐❡❞❛❞❡s W s(p) ❡ W u(q) sã♦ tr❛♥s✈❡rs❛✐s ♣❛r❛

q✉❛✐sq✉❡r p, q ∈ Ω(f)✳

❊ss❛ ❝♦♥❞✐çã♦ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣♦♥t♦s ❤♦♠♦❝❧✐♥✐❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✳

❈♦♠♦ ❡ss❛ ❝♦♥❞✐çã♦ ✈❛❧❡ ♣❛r❛ t♦❞♦ ♣♦♥t♦ ❡♥tã♦ t❡♠♦s ❛s r❡❧❛çõ❡s




W u(p) ⋔ W s(q)

W s(p) ⋔ W u(q)

❯♠ ❝❛s♦ r❡❧❛❝✐♦♥❛❞♦ ❛ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ♠❛s ❞✐❢❡r❡♥t❡ sã♦ ♦s ♣♦♥t♦s ❤♦♠♦❝❧í♥✐❝♦s✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❉❛❞♦ ✉♠ ♣♦♥t♦ q ∈ M ✱ ❞✐③❡♠♦s q✉❡ q é ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ s❡

q ∈ W u(p) ⋔ W s(p)✱ ♦♥❞❡ p ∈M ✳

❆ s❡❣✉✐r ✐r❡♠♦s ❝♦♥str✉✐r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f ❞❡ S2✱ q✉❡ é ❆①✐♦♠❛ ❆ ❡ s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦ ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡✳ ❆♥t❡s ❞✐ss♦✱ ✈❡r❡♠♦s ❝♦♠♦ s❡✉ ❝r✐❛❞♦r ✭❙♠❛❧❡✮ t❡✈❡ t❛✐s

✐❞❡✐❛s✳ ❱❡❥❛ q✉❡ ❛ ❢♦r♠❛ ♠❛✐s tr❛❞✐❝✐♦♥❛❧ ❞❡ s❡ ❞❡s❝r❡✈❡r ❝♦♠♦ ♦s ❡st❛❞♦s ❞❡ ✉♠ s✐st❡♠❛

❢ís✐❝♦ ❡✈♦❧✉❡♠ ❝♦♠ ♦ t❡♠♣♦ é ✉s❛♥❞♦ ❡①♣r❡ssõ❡s ❛❧❣é❜r✐❝❛s✳ ▼❛s✱ ♠✉✐t❛s ✈❡③❡s✱ ❛ ❞❡s❝r✐çã♦

❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❛tr❛✈és ❞❡ ❢ór♠✉❧❛s é ❝♦♠♣❧✐❝❛❞❛✱ ❞❛❞❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠✉✐t♦s

❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s✳ ❊♠ ✈❡③ ❞❡ ✉♠❛ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛✱ ❙t❡✈❡ ❙♠❛❧❡ ✉s♦✉ ♥❡st❡ ❝❛s♦ ✉♠❛

♠❛✐s ❣❡♦♠étr✐❝❛✱ ❝♦♠♦ s❡ ✈❡rá ❛ s❡❣✉✐r✳
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❊①❡♠♣❧♦ ✶✳✺✳ ❬❋❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡❪ ❖ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❝♦♥s✐st❡ ❡♠ três ❝♦♥❥✉♥t♦s✿

Ω1 é ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r✱ Ω3 é ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ❡ Ω2 é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♥t♦s ❡♠ q✉❡

❛s s❡❧❛s ♣❡r✐ó❞✐❝❛s ✭♣♦♥t♦s q✉❡ t❡♠ ❝♦♥tr❛çã♦ ❡ ❡①♣❛♥sã♦✮ sã♦ ❞❡♥s❛s✳ ◆♦ ♣♦❧♦ ♥♦rt❡

❞❛ ❡s❢❡r❛ ❝♦❧♦❝❛♠♦s ✉♠❛ ❢♦♥t❡ ❤✐♣❡r❜ó❧✐❝❛ Ω1 ✱ ❡ t♦❞♦ ♦ ❤❡♠✐s❢ér✐♦ ♥♦rt❡ H+✱ ✐♥❝❧✉s✐✈❡ ♦

❡q✉❛❞♦r✱ ♣❡rt❡♥❝❡ ❛ s✉❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ W u(Ω1)✳ P♦rt❛♥t♦✱ H− ✐♥❞✐❝❛ ♦ ❤❡♠✐s❢ér✐♦ s✉❧✱

f(H−) ⊂ Int(H−)✳ ■r❡♠♦s ❝♦♠❡ç❛r ❞❡s❝r❡✈❡♥❞♦ f ❡♠ H−✳ ❆ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r l é ❧✐♥❡❛r

❡ ❝♦♠♣r✐♠❡ ❛s ❤♦r✐③♦♥t❛✐s ❝♦♠ ✉♠ ❢❛t♦r ❞❡ ❝♦♠♣r❡ssã♦ 0 < λ < 1
4
❡ ❡①♣❛♥❞❡ ❛s ✈❡rt✐❝❛✐s

❝♦♠ ✉♠ ❢❛t♦r ❞❡ ❡①♣❛♥sã♦ µ > 4✳ ❆ ❛♣❧✐❝❛çã♦ g ❡♥t♦rt❛ ♦ q✉❛❞r❛❞♦ ❝❡♥tr❛❧ ❞♦ r❡tâ♥❣✉❧♦

l(Q) ❢♦r♠❛♥❞♦ ❛ss✐♠ ✉♠❛ ❢❡rr❛❞✉r❛ F ❡ ❛ tr❛♥s❧❛❞❛ ♣❛r❛ ❛ ♣♦s✐çã♦✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✹

❛❜❛✐①♦✳ ❆ss✐♠✱ Q ∩ f(Q) t❡♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s r❡t❛♥❣✉❧❛r❡s R̃1 ❡ R̃2 q✉❡ sã♦ ✐♠❛❣❡♥s

❋✐❣✉r❛ ✶✳✹✿ ❈♦♥str✉çã♦ ❞❛ ❢❡rr❛❞✉r❛

❋♦♥t❡✿ ❬✷✺❪

❞♦s r❡tâ♥❣✉❧♦s R1 ❡ R2 ❡♠ Q✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❡♥tr♦ ❞♦ ❞✐s❝♦ D̃1 = fD1✱ ❝♦❧♦❝❛♠♦s ✉♠

♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❛tr❛t♦r Ω3 ❡ D̃1 ⊂ W s(Ω3)✳ ❱❛♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♥❥✉♥t♦ Ω = Ω(f)✳

❙❡ x ∈ H+ ❡ x ♥ã♦ é ♦ ♣♦❧♦ ♥♦rt❡ ❡♥tã♦ x é ❡rr❛♥t❡✱ ♣♦✐s ♣❡rt❡♥❝❡ à ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❡

✉♠❛ ❢♦♥t❡✳ ❙❡ x ∈ D̃1✱ x 6= Ω3 ❡♥tã♦ x é ❡rr❛♥t❡ ♣♦✐s ♣❡rt❡♥❝❡ à ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❞❡ ✉♠

♣♦ç♦✳ ❙❡ x ∈ D1 ❡♥tã♦ f(x) ∈ D̃1 ❡ x é ❡rr❛♥t❡✳ ❙❡ x ∈ D2✱ ❡♥tã♦ f(x) ∈ D1 ❡ x t❛♠❜é♠



✸✷

é ❡rr❛♥t❡✳ ❉❛í ❝♦♥❝❧✉í♠♦s q✉❡✱ x ∈ H− ❡ x 6= Ω3✱ ❡♥tã♦ x só ♣♦❞❡ s❡r ♥ã♦ ❡rr❛♥t❡ s❡ s✉❛

♦r❜✐t❛ ❡st✐✈❡r ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛ ❡♠ Q ✭❱❡r ✜❣✉r❛ ✶✳✺✮✳ P♦rt❛♥t♦✱ s❡ x ∈ Ω✱ x 6= Ω1 ❡

x ∈ Ω3✱ t❡♠♦s q✉❡ x ∈ ⋂n∈Z f
nQ = Λ✳ ✭❱❡r ❬✷✺❪✮

❚❡♠♦s t❛♠❜é♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝❛ót✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ f : M → M t❡♠ s❡♥s✐❜✐❧✐❞❛❞❡ ❛s ❝♦♥❞✐çõ❡s

✐♥✐❝✐❛✐s ♥♦ ♣♦♥t♦ x0 ∈M s❡ ❡①✐st✐r ✉♠ ♥ú♠❡r♦ ε > 0 t❛❧ q✉❡ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0 ❝♦♥té♠

✉♠ ♣♦♥t♦ y0 t❛❧ q✉❡ d(fn(x0), fn(y0)) > ε✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N✳ ❙❡ ✉♠ s✐st❡♠❛ ❛♣r❡s❡♥t❛

s❡♥s✐❜✐❧✐❞❛❞❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡♥tã♦ ❞✐③❡♠♦s q✉❡ t❛❧ s✐st❡♠❛ é ❝❛ót✐❝♦✳

P♦r ❡①❡♠♣❧♦ ❛ ❉♦✉❜❧✐♥❣ ▼❛♣ é ❝❛ót✐❝❛✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ 0 < ε < 1✱ ♣❛r❛ t♦❞❛

✈✐③✐♥❤❛♥ç❛ V ❞❡ x ∈ R

Z
❡ q✉❛❧q✉❡r ♣♦♥t♦ y ∈ V ✱ s❡♥❞♦ r ❛ ❞✐stâ♥❝✐❛ ❞❡ x ❛ y t❡♠♦s q✉❡✿

d(x, y) = r

d(f(x), f(y)) = 2r

✳✳✳

❆ss✐♠✱ ♣♦r ✐♥❞✉çã♦ ❣❛♥❤❛♠♦s q✉❡ d(fn(x), fn(y)) = 2nr ❡ ♣♦rt❛♥t♦ ❡①✐st❡ n s✉✜❡♥t❡♠❡♥t❡

❣r❛♥❞❡ t❛❧ q✉❡

d(fn(x), fn(y)) = 2nr > ε

❖❜s❡r✈❛çã♦ ✶✳✷✳ ❚♦❞♦ s✐st❡♠❛ q✉❡ t❡♠ ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ tr❛♥s✈❡rs❛❧ p t❡♠ ✉♠❛

❢❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡✱ ❡ ❝♦♠♦ s❛❜❡♠♦s ❛ ❢❡rr❛❞✉r❛ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ ❝❛ót✐❝♦✱ ♦✉

s❡❥❛✱ t♦❞♦ s✐st❡♠❛ q✉❡ t❡♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ é ❝❛ót✐❝♦✳ ✭❱❡r ❬✶✶❪✮

❉❡ ❢❛t♦ s✉♣♦♥❤❛ q✉❡ p s❡❥❛ ✉♠ ♣♦♥t♦ ✜①♦✳ ❚♦♠❛♠♦s ✉♠ r❡tâ♥❣✉❧♦ ✧✜♥♦✧♣❛r❛❧❡❧♦

❛ W s(p) q✉❡ ❝♦♥té♠ p ❡ q✳ ■t❡r❛♥❞♦ f ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ✈❡③❡s✱ s❡ ♦ r❡tâ♥❣✉❧♦ ❢♦r

❡str❡✐t♦ ♦ s✉✜❝✐❡♥t❡✱ ♣♦❞❡♠♦s ✉s❛r ♦ λ✲▲❡♠❛ ♣❛r❛ ♠♦str❛r q✉❡ ❛ ✐♠❛❣❡♠ ❞♦ r❡tâ♥❣✉❧♦

t❡rá ❛ ❛♣❛rê♥❝✐❛ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✶✳✺✳

❊①❡♠♣❧♦ ✶✳✻✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ q ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦✳ ❊♥tã♦ ♦ ❝♦♥✲

❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ♥❡ss❡ ❝❛s♦ é Λ = p∪O(q)✱ ♦♥❞❡ O(q) é ❛ ♦r❜✐t❛ ❞❡ q✳ ❖ ♣♦♥t♦ q é ❝❤❛✲

♠❛❞♦ ✐♥t❡rs❡çã♦ ❤♦♠♦❝❧í♥✐❝❛ tr❛♥s✈❡rs❛❧ ❡ s✐❣♥✐✜❝❛ q✉❡ W u(p) ❡ W s(p) sã♦ tr❛♥s✈❡rs❛✐s

❡♠ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s ✭ór❜✐t❛s✮ ❞❡ ✐♥t❡rs❡çã♦✳ ❆ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡

♦rt♦❣♦♥❛❧✱ ♠❛s ❛♣❡♥❛s s♦♠❛ ❞✐r❡t❛✳ ✭❱❡r ❋✐❣✉r❛ ✶✳✻✮
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❋✐❣✉r❛ ✶✳✺✿ ❋❡rr❛❞✉r❛ ❡♠ t♦r♥♦ ❞❡ ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦

❋♦♥t❡✿ ❬✸✶❪

❋✐❣✉r❛ ✶✳✻✿ ❈♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❢♦r♠❛❞♦ ♣❡❧❛ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦ ✉♥✐ã♦

❝♦♠ p

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

◆❡ss❡ ❡①❡♠♣❧♦ ✈❡♠♦s q✉❡ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s ❞❡ p s❡ ❛♠❛rr❛♠ ♣♦✐s

Λ é ❤✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❉❛❞❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧ ♣♦r Λ1, . . . ,Λn ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♣ré✲

♦r❞❡♠ ❡♥tr❡ ♦s Λi ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Λi > Λj ⇔ (W u(Λi)\Λi) ∩ (W s(Λj)\Λj) 6= ∅

♦✉ s❡❥❛✱ ∃x ∈M t❛❧ q✉❡ ω−❧✐♠✐t❡ ❞❡ x ❡stá ❡♠ Λj ❡ α−❧✐♠✐t❡ ❞❡ x ❡stá ❡♠ Λi✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❉✐③❡♠♦s q✉❡ ❛ ♣ré✲♦r❞❡♠ t❡♠ ✉♠ k−❝✐❝❧♦ s❡ ❡①✐st❡♠ i1, . . . , ik t❛✐s q✉❡

Λi1 > Λi2 · · ·Λik > Λik+1
= Λi1
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P♦r ❡①❡♠♣❧♦ s❡ f é ❛①✐♦♠❛ ❆ s❡♠ ❝✐❝❧♦ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ♣❡ç❛ ❜ás✐❝❛ ❛tr❛t♦r❛

✭r❡♣✉❧s♦r❛✮✳

❚❡♦r❡♠❛ ✶✳✻ ✭❚❡♦r❡♠❛ ❞❛ Ω−❡st❛❜✐❧✐❞❛❞❡✮✳ ❙❡ f é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ t❡♠ ❝✐❝❧♦s ❡♥tã♦ f

é Ω−❡stá✈❡❧✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ Diffk(M) ❡ ♣❛r❛ ❝❛❞❛ g ∈ U ❡①✐st❡ ✉♠

❤♦♠❡♦♠♦r✜s♠♦ h : Ω(f) → Ω(g) t❛❧ q✉❡ g ◦ h = h ◦ f ✳

❖ ❚❡♦r❡♠❛ ❞❛ Ω−❡st❛❜✐❧✐❞❛❞❡ ❞✐③ q✉❡ ♦ ❤♦♠❡♦♠♦r✜s♠♦ h ❝♦♥❥✉❣❛ ❛ ❞✐♥â♠✐❝❛

❞❡ f ♥♦ s❡✉ ❝♦♥❥✉♥t♦ ♥ã♦✲❡rr❛♥t❡ à ❞✐♥â♠✐❝❛ ❞❡ g ♥♦ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡✳

Ω(f)
h→ Ω(g)

f ↓ ↓ g

Ω(f)
h→ Ω(g)

❚❡♦r❡♠❛ ✶✳✼✳ ❙❡ f :M →M é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ t❡♠ ❝✐❝❧♦s ❡♥tã♦ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛

V ❞❡ Ω(f) ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ Diffk(M) ❞❡ f t❛❧ q✉❡ Ω(g) ⊂ V ♣❛r❛ t♦❞♦ g ∈ U ✳

✶✳✸ ❋♦❧❤❡❛çã♦

❯♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❞✐♠❡♥sã♦ q ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ é✱ ❛ ❣r♦ss♦ ♠♦❞♦✱

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♥✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s ❞❡ ❞✐♠❡♥sã♦ q

❝❤❛♠❛❞❛s ❢♦❧❤❛s✳ ❖s ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛s ❢♦❧❤❛s ❞❡✜♥❡♠ ✉♠ ❝❛♠♣♦ ❞❡ q−♣❧❛♥♦s ♦ q✉❛❧ é

❞✐t♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✳ ❋♦r♠❛❧♠❡♥t❡ t❡♠♦s

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❯♠❛ ❢♦❧❤❡❛çã♦ W ❞❡ M ❞❡ ❝❧❛ss❡ Cr ❡ ❝♦❞✐♠❡♥sã♦ p ✭❞✐♠❡♥sã♦ q✮ é

✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ϕi : Ui ⊂M → R
m, i ∈ I t❛❧ q✉❡

✶✮
⋃
i∈I Ui =M

✷✮ ❙❡ Ui∩Uj 6= ∅ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s hij = ϕj◦ϕ−1
i : ϕi(Ui∩Uj) → ϕj(Ui∩Uj)

t❡♠ ❛ ❢♦r♠❛ (hij(x, y) = (h1(x, y), h2(y)), (x, y) ∈ R
m−p × R

p ❡ sã♦ ❞❡ ❝❧❛ss❡ Cr✳

✭❱❡r ❋✐❣✉r❛ ✶✳✼✮
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❋✐❣✉r❛ ✶✳✼✿ ❋♦❧❤❡❛çõ❡s

❋♦♥t❡✿ ❬✷✸❪

❆s ❝♦♠♣♦♥❡♥t❡s ϕ−1
i (x, y0)✱ ❝♦♠ y0 = ❝♦♥st❛♥t❡✱ sã♦ ❞❡♥♦♠✐♥❛❞❛s ♣❧❛❝❛s ❞❡ Ui✳

❆s ♣❧❛❝❛s sã♦ s✉❜✈❛r✐❡❞❛❞❡s ♠❡r❣✉❧❤❛❞❛s ❞❡ Ui ❞❡ ❝♦❞✐♠❡♥sã♦ p✳

❯♠❛ ❢♦❧❤❛ ❞❡ W é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥❡①♦ q✉❡ é ✉♥✐ã♦ ♠❛①✐♠❛❧ ❞❡ ♣❧❛❝❛s ❞❡ W ✱

♦✉ s❡❥❛✱ s❡ W é ✉♠❛ ❢♦❧❤❛ ❡ α é ✉♠❛ ♣❧❛❝❛ ❝♦♠ α ∩W 6= ∅ ❡♥tã♦ α ⊂ W ✳

❙❡❥❛ ✉♠❛ Cr✲❢♦❧❤❡❛çã♦ W ❞❡ ❞✐♠❡♥sã♦ p ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✳ ❊♠ ❝❛❞❛ ♣♦♥t♦

x ∈M ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ ❢♦❧❤❛ ♣❛ss❛♥❞♦ ♣♦r x é ✉♠ s✉❜❡s♣❛ç♦ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TxM ✳

❊❧❡s ❞ã♦ ♦r✐❣❡♠ à ✉♠ s✉❜✜❜r❛❞♦ ❞❡ TM ❞❡ ❞✐♠❡♥sã♦ p ❝❤❛♠❛❞♦ ❞❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡

❞❡ W ❡ é ❞❡♥♦t❛❞♦ ♣♦r TW ✳ ❊♠ ❣❡r❛❧ ✉♠ s✉❜✜❜r❛❞♦ ❞❡ TM ♥ã♦ é ✉♠ ✜❜r❛❞♦ t❛♥❣❡♥t❡

à ❢♦❧❤❡❛çã♦✳ ❉✐③❡♠♦s q✉❡ ❊ é ✐♥t❡❣rá✈❡❧ s❡ ❡❧❡ é ✉♠ ✜❜r❛❞♦ t❛♥❣❡♥t❡ à ❢♦❧❤❡❛çã♦✳

❚❡♦r❡♠❛ ✶✳✽✳ Eu ❡ Es sã♦ ✐♥t❡❣rá✈❡✐s

❊ss❡ r❡s✉❧t❛❞♦ ❡st❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❝♦♥❥✉♥✲

t♦s ❤✐♣❡r❜ó❧✐❝♦s ✭❱❡r ✶✳✸✮ ❡ ❞✐③ à r❡s♣❡✐t♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞❡ s✉❜✜❜r❛❞♦s✱ ♦ q✉❡ é ❞❡

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❡♠ s✐st❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s✳ ❙✉❛ ❞❡♠♦♥str❛çã♦ r❡q✉❡r ✉♠ ❛❧t♦ ♥í✈❡❧ ❞❡

t❡❝♥✐❝✐❞❛❞❡ ❡ ♣♦r ✐ss♦ s❡rá ♦♠✐t✐❞❛✳ ❊st❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✵❪✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❆ ❢♦❧❤❡❛çã♦ Ws t❛♥❣❡♥t❡ ❛ Es é ❝❤❛♠❛❞❛ ❋♦❧❤❡❛çã♦ ❊stá✈❡❧ ❡ ❛ ❢♦❧❤❡✲

❛çã♦ Wu t❛♥❣❡♥t❡ ❛ Eu é ❝❤❛♠❛❞❛ ❋♦❧❤❡❛çã♦ ■♥stá✈❡❧ ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ f

❆ Df ✲✐♥✈❛r✐â♥❝✐❛ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ Eσ✱ σ = u, s✱ ❡ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❢♦❧❤❡❛çã♦
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t❛♥❣❡♥t❡ ❛ Eσ ✐♠♣❧✐❝❛ ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❆ ❢♦❧❤❡❛çã♦ Wσ é f−✐♥✈❛r✐❛♥t❡✱ ♦✉ s❡❥❛✱ f(Wσ
x ) = Wσ

f(x)

❖ ❚❡♦r❡♠❛ ❛ s❡❣✉✐r ❞✐③ r❡s♣❡✐t♦ ❛ s✉❛✈✐❞❛❞❡ ❞❛ ❢♦❧❤❡❛çã♦✳

❚❡♦r❡♠❛ ✶✳✾✳ ❙❡❥❛ f ✉♠ Cr−❞✐❢❡♦♠♦r✜s♠♦✳ ❊♥tã♦ ❛ ❢♦❧❤❡❛çã♦ Wσ é ❝♦♥tí♥✉❛ ♣♦r

❢♦❧❤❛s Cr✳ ❆s ❢♦❧❤❛s ❞❡♣❡♥❞❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x ♥❛ t♦♣♦❧♦❣✐❛ Cr✳

❊ss❡ ❚❡♦r❡♠❛ é ♥❡❝❡ssár✐♦ ♣♦✐s s❛❜❡♠♦s ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✻ q✉❡ ❛s ❢♦❧❤❛s s❡r❡♠

s✉❛✈❡s ♥ã♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ❢♦❧❤❡❛çã♦ é s✉❛✈❡✳ ❙✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬✷✵❪✳

✶✳✹ ❉✐♥â♠✐❝❛ P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝❛

❆ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ r❡♠♦♥t❛ ❛♦s t❡♠♣♦s ❞❡ P♦✐♥❝❛ré✱ q✉❛♥❞♦ ❢♦✐ ❞❡s❝♦❜❡rt♦ ❛ ♥♦çã♦

❞❡ ♣♦♥t♦ ❤♦♠♦❝❧í♥✐❝♦✳ ▼❛s ❢❛❧❛♥❞♦ ❞❛ ❤✐stór✐❛ ♠♦❞❡r♥❛ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ✈✐❛❥❛♠♦s

❛té ❛ ❞é❝❛❞❛ ❞❡ ✻✵✱ ♦♥❞❡ ❞❡s❝♦❜r✐✉✲s❡ ✉♠❛ ✈❛st❛ ❣❛♠❛ ❞❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❡st❛❜✐❧✐❞❛❞❡

❡ ♦❜str✉çõs ♣❛r❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✳ ❆❧❣✉♥s ♥♦♠❡s q✉❡ ♠❛r❝❛r❛♠ é♣♦❝❛ ❢♦r❛♠ P❡✐①♦t♦✱

❑✉♣❦❛✱ ❙♠❛❧❡✱ ❆♥♦s♦✈✱ P❛❧✐s✱ ▼❛ñ❡✱ ▼❡❧♦✱ ◆❡✇❤♦✉s❡✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❉❛í ♣♦r ❞✐❛♥t❡✱ ♦

❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠❡ç♦✉ ❛ t♦♠❛r ❝♦r♣♦ ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞❡

❇r✐♥✱ P❡s✐♥✱ ❍✐rs❝❤✱ P✉❣❤ ❡ ❙❤✉❜✳

❖ ❡st✉❞♦ ❞❡ss❛ ❢♦r♠❛ ♠❛✐s ❢r❛❝❛ ❞❡ ❞✐♥â♠✐❝❛ s❡ ♠♦t✐✈❛ ♣♦✐s ♦s s✐st❡♠❛s ❞✐♥â♠✐✲

❝♦s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♠✉✐t❛s ❞❛s ✈❡③❡s sã♦ r❛r♦s ❞❡ s❡r❡♠

❡♥❝♦♥tr❛❞♦s ♥♦ ♠✉♥❞♦ ❢ís✐❝♦✳ P♦r ✐ss♦✱ ❡st✉❞♦✉✲s❡ ❡str❛té❣✐❛s ♣❛r❛ ❡♥❢r❛q✉❡❝❡r ❛ ♥♦✲

çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❣❡r❛♥❞♦ ❛ss✐♠ ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ❣❡r❛✐s ❝♦♠♦ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛ ❡

❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧✱ q✉❡ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦

✐♥✈❛r✐❛♥t❡✳ ❉✐③❡♠♦s q✉❡ TΛM = E ⊕ F é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛ s❡ ❡①✐st❡♠

C > 0✱ 0 < λ < 1 s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

❛✮

Tf(x)(Ex) = Ef(x)
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Tf(x)(Fx) = Ff(x)

∀ x ∈ λ,

❜✮
‖Tfn(x) · v‖

‖v‖ 6 C · λn 6
‖Tf−n(x) · w‖

‖w‖
∀v ∈ E, ∀w ∈ F, ∀x ∈ Λ, n > 0✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❛♥❞♦ n é ❣r❛♥❞❡ ❛ ♠❛✐♦r

❡①♣❛♥sã♦ ❞❡ Tfn s♦❜r❡ E é ♠❡♥♦r q✉❡ ❛ ♠❛✐♦r ❝♦♥tr❛çã♦ ❞❡ Tfn s♦❜r❡ F ❡ t♦r♥❛✲s❡

❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♠❡♥♦r ❝♦♥❢♦r♠❡ n ❝r❡s❝❡✱

❝✮ x 7→ Ex é ❝♦♥tí♥✉❛✳ ✭❈♦♥tr♦❧❡ ❞❡ â♥❣✉❧♦s✮

◆♦t❡ q✉❡ ❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛ ❞❛ ❢♦r♠❛

E = Es ⊕ Ec ❡ F = Eu✱ ♦✉ E = Es ❡ F = Ec ⊕ Eu✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡ Λ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐✲

❛♥t❡✳ ❉✐③❡♠♦s q✉❡ Λ ⊂M é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s❡ TΛM = E1 ⊕E2 ⊕ · · · ⊕En✱

♦♥❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s s✉❜✜❜r❛❞♦s E1 ♦✉ En é ❤✐♣❡r❜ó❧✐❝♦✱ ♦✉ s❡❥❛✱ E1 é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥tr❛t✐✈♦ ❡✴♦✉ En é ✉♥✐❢♦r♠❡♠❡♥t❡ ❡①♣❛♥s♦r ✭❱❡r ❬✶✶❪✮✳ ❆❧é♠ ❞✐ss♦ E2 ⊕ · · · ⊕ En−1 é

❞♦♠✐♥❛❞♦ ✭♣♦r ❜❛✐①♦ ♣❡❧❛ ❝♦♥tr❛çã♦ ❞❡ E1 ❡ ♣♦r ❝✐♠❛ ♣❡❧❛ ❡①♣❛♥sã♦ ❞❡ En✮✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r TΛM = Es ⊕ Ec ⊕ Eu✳ ❆ss✐♠✱ ❛ ❞✐❢❡r❡♥❝✐❛❧

Tf(x) ❝♦♥tr❛✐ ✉♥✐❢♦r♠❡♠❡♥t❡ s❡✱ ❞❛❞♦ v ∈ Tf(x)✱ v ∈ Es ❡ ❡①♣❛♥❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ s❡

v ∈ Eu ❡ ♣♦❞❡ ❝♦♥tr❛✐r ♦✉ ❡①♣❛♥❞✐r ♥❛ ❞✐r❡çã♦ Ec✱ ♠❛s ♥ã♦ ❝♦♥tr❛✐ t❛♥t♦ ❝♦♠♦ ❡♠ Es ❡

♥❡♠ ❡①♣❛♥❞❡ t❛♥t♦ ❝♦♠♦ ❡♠ Eu✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❉✐③❡♠♦s q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ TΛM = E1 ⊕E2 ⊕ · · · ⊕En é ✈♦❧✉♠❡ ❤✐✲

♣❡r❜ó❧✐❝♦ ❡♠ Λ s❡ ∃m > 1 t❛❧ q✉❡ ♦ ❥❛❝♦❜✐❛♥♦ | det(Tf |E1(v)| < 1 ❡ | det(Tf |Em(v))| > 1✳

◆♦t❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ é ♠❛✐s ❢♦rt❡ q✉❡ ♦ ✈♦❧✉♠❡ ❤✐✲

♣❡r❜ó❧✐❝♦✳

❊①❡♠♣❧♦ ✶✳✼✳ ❱❛♠♦s ❝♦♠♣❛r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦

❡ ✈♦❧✉♠❡ ❤✐♣❡r❜ó❧✐❝♦ ♥♦ s✉❜✜❜r❛❞♦ En✳ ◆❡ss❡ ❝❛s♦✱ ♣❛r❛ ❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧ t♦❞❛s ❛s

❞✐r❡çõ❡s ❞❡ En sã♦ ❡①♣❛♥❞✐❞❛s ✈✐❛ ❞❡r✐✈❛❞❛ Tf |En✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦ ❝♦♥❥✉♥t♦ ✈♦❧✉♠❡

❤✐♣❡r❜ó❧✐❝♦✱ ❞✐③❡r q✉❡ |Tf |En(v)| > 1 é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r q✉❡ ❛ ♠é❞✐❛ ❞❛s ❞✐r❡çõ❡s é

❡①♣❛♥❞✐❞❛✱ ♦✉ s❡❥❛✱ s❡✉ ✈♦❧✉♠❡ é ❡①♣❛♥❞✐❞♦✳ ❊♥tr❡t❛♥t♦✱ ❞✐❢❡r❡♥t❡ ❞❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡



✸✽

♣❛r❝✐❛❧✱ ✉♠❛ ❞❛s ❞✐r❡çõ❡s ♣♦❞❡ ❝♦♥tr❛✐r✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f : R3 → R
3

❞❛❞❛ ♣♦r f(x, y, z) = (2x, 1
2
y, 3z)✳ ❙✉❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ A é ❞❛❞❛ ♣♦r

A =




2 0 0

0 1
2

0

0 0 3




❡ ♣♦rt❛♥t♦ ♦ ❥❛❝♦❜✐❛♥♦ ❞❡ A ❡♠ R
3 s❡rá | detA(v)| = 3 > 1✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♦ ✈♦❧✉♠❡

❤✐♣❡r❜ó❧✐❝♦ ❡①♣❛♥❞✐✉✱ ♠❛s ♥❛ ❞✐r❡çã♦ ❞❛ s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛ ❝♦♥tr❛✐✉✱ ♦ q✉❡ ❢♦✐ ❝♦♠♣❡♥✲

s❛❞♦ ❝♦♠ ❛s ♦✉tr❛s ❞✐r❡çõ❡s ❞❡ ♠♦❞♦ q✉❡ ❛ ♠é❞✐❛ ✜❝❛ss❡ ❛❝✐♠❛ ❞❡ 1✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❉✐③❡♠♦s q✉❡ f :M →M é ❛❜s♦❧✉t❛♠❡♥t❡ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦

s❡ Λ =M é ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳

❊①❡♠♣❧♦ ✶✳✽✳ ❙❡❥❛ SL(d,Z) = {♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ❞ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❡ det =

1}✳ ❙❡❥❛ B ∈ SL(d,Z) ❝♦♠ ❛❧❣✉♠ ❛✉t♦✈❛❧♦r ❢♦r❛ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳

❈♦♥s✐❞❡r❡ ♦ ❛✉t♦♠♦r✜s♠♦ ❧✐♥❡❛r ❛ss♦❝✐❛❞♦ f : Td → T
d✳ ❊♥tã♦ f é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲

❜ó❧✐❝♦✳ ❉❡ ❢❛t♦✱ ❜❛st❛ t♦♠❛r Es ❛ss♦❝✐❛❞♦ ❛♦s ❛✉t♦✈❛❧♦r❡s ❝♦♠ ♠ó❞✉❧♦ < 1✱ Ec ❛ss♦❝✐❛❞♦

❛♦s ❛✉t♦✈❛❧♦r❡s ❝♦♠ ♠ó❞✉❧♦ = 1 ❡ Eu ❛ss♦❝✐❛❞♦ ❛♦s ❛✉t♦✈❛❧♦r❡s ❝♦♠ ♠ó❞✉❧♦ > 1✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ é ❛❜❡rt♦ ❡♠

Diffk(M)

❚❡♦r❡♠❛ ✶✳✶✵ ✭❚❡♦r❡♠❛ ❞❡ ❈r♦✈✐s✐❡r✲P✉❥❛❧s✲❙❛♠❜❛r✐♥♦✮✳ ❈♦♥s✐❞❡r❡ Λ ✉♠ ❝♦♥❥✉♥t♦ ❤✐✲

♣❡r❜ó❧✐❝♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡✳ ❊♥tã♦ q✉❛❧q✉❡r ❞✐❢❡♦♠♦r✜s♠♦ f ∈ C1 ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦

♣♦r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ g ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

❼ ❙❡ g ♣♦ss✉✐ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛ s❡♠ ♣♦ç♦s ❡ s❡♠ ❢♦♥t❡s✱

❡♥tã♦

TΛM = Es ⊕ Ec
1 ⊕ · · · ⊕ Ec

k ⊕ Eu

♦♥❞❡✱ Ec
i é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❼ g é ✉ ❞✐❢❡♦♠♦r✜s♠♦ q✉❡ ❡①✐❜❡ ✉♠❛ t❛♥❣ê♥❝✐❛ ❤♦♠♦❝❧í♥✐❝❛✳

❖ ❚❡♦r❡♠❛ ❞✐③ q✉❡ q✉❛❧q✉❡r ❞✐❢❡♦♠♦r✜s♠♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠ ❞✐❢❡♦✲

♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♦✉ ♣♦r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ q✉❡ ❛♣r❡s❡♥t❡ ✉♠❛ t❛♥❣ê♥❝✐❛

❤♦♠♦❝❧í♥✐❝❛✳ ❱❡❥❛ q✉❡ ♦ ❚❡♦r❡♠❛ ❡stá ❛ss♦❝✐❛❞♦ ❛ t♦♣♦❧♦❣✐❛ C1✳
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❙❡❥❛ f ∈ Diff r(M)✱ r > 1 ❡ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ ❞❡ ❢♦r♠❛

q✉❡ Λ t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛ TΛM = Es ⊕ Ec✱ dimEs > 1✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ P❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♦ ❝♦♥❥✉♥t♦ ❡stá✈❡❧ ❢♦rt❡ ❞❡ x ∈ Λ

é ❞❛❞♦ ♣♦r

W ss(x) = {y ∈M/∃c > 0, ∀n > 0, ❝♦♠ d(fn(y), fn(x)) 6 Ce−εn·min {m (Tfn|Ec(x)) , 1}}

♦♥❞❡ m (Tfn|Ec(x)) = min ‖Tfn|Ec (x)(v)‖
‖v‖

✳

❖✉ s❡❥❛✱ W ss(x) é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❝✉❥❛ ór❜✐t❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ór❜✐t❛ ❞❡ x

♠❛✐s rá♣✐❞♦ ❞♦ q✉❡ t♦❞❛s ❛s ❝♦♥tr❛çõ❡s ❞♦ ❡s♣❛ç♦ ❝❡♥tr❛❧✳

❙❡ TΛM = Ec ⊕ Eu✱ ♦ ❝♦♥❥✉♥t♦ ✐♥stá✈❡❧ ❢♦rt❡ W uu(x) ❞❡ f é ♦ ❝♦♥❥✉♥t♦ ❡stá✈❡❧

❢♦rt❡ ❞❡ f−1✳

❚❡♦r❡♠❛ ✶✳✶✶ ✭❍✐rs❤✲P✉❣❤✲❙❤✉❜✮✳ ❙❡❥❛ f :M →M ✱ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr✱ r > 1

❡ Λ ⊂M ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ t❛❧ q✉❡ TΛM = Es ⊕ Ec ⊕ Eu✳ ❊♥tã♦✱

❛✮ ∀x ∈ Λ;W ss(x) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ Cr✲♠❡r❣✉❧❤❛❞❛✱ ❞✐❢❡♦♠♦r❢❛ ❛ R
dimEs(x) ❡ t❛♥✲

❣❡♥t❡ ❛ Es(x)✳

❜✮ W ss(x) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ε✱ ❞❡s❞❡ q✉❡ ε > 0 s❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❝✮ ❙❡❥❛♠ x, y ∈ Λ✱ ❡♥tã♦ W ss(x) ❡ W ss(y) ❝♦✐♥❝✐❞❡♠ ♦✉ sã♦ ❞✐s❥✉♥t♦s✳

❞✮ ∀η > 0✱ s❡❥❛ Dη(x) ⊂ W ss(x)✱ ♦ ❞✐s❝♦ ❝❡♥tr❛❞♦ ❡♠ x ❞❡ r❛✐♦ η ❝♦♥t✐❞♦ ♥❛ ✈❛r✐❡❞❛❞❡

❡stá✈❡❧ ❢♦rt❡✱ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x ❡ ❞❡ f ♥❛ t♦♣♦❧♦❣✐❛ Cr✳

❉✐③❡♠♦s✱ ❡♥tã♦✱ q✉❡ W ss(x) é ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❞❡ x ∈ Λ✳

❖❜s❡r✈❛çã♦ ✶✳✸✳ ✭✶✮ ❙❡ Λ = M ✱ ❡♥tã♦ W ss(x) é t❛♥❣❡♥t❡ ❛ Es ❡♠ t♦❞♦ ♣♦♥t♦ ❡ ❛

r❡❝í♣r♦✈❛ ✈❛❧❡ ♥❡ss❡ ❝❛s♦✱ ♦✉ s❡❥❛✱ s❡ t✐✈❡r♠♦s ✉♠❛ C1✲s✉❜✈❛r✐❡❞❛❞❡ t❛♥❣❡♥t❡ ❛ Es

❡♠ t♦❞♦ ♣♦♥t♦ ❡♥tã♦ ❡❧❛ ❞❡✈❡ ❡stá ❝♦♥t✐❞❛ ❡♠ W ss

✭✷✮ r ♥ã♦ ♣r❡❝✐s❛ s❡r ✐♥t❡✐r♦✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ❡①✐st❡♠ t♦❞❛s ❛s [r]✲❞❡r✐✈❛❞❛s ❡ ❛

[r]✲és✐♠❛ ❞❡r✐✈❛❞❛ é (r − [r])✲❍ö❧❞❡r✳
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✭✸✮ ❚❡♠♦s q✉❡ {W ss(x)}x∈Λ ❢♦r♠❛ ✉♠❛ ❧❛♠✐♥❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❧❛♠✐♥❛çã♦ ❡stá✈❡❧ ❢♦rt❡✱

❞❡♥♦t❛❞❛ ♣♦r Wss✳ ❙❡ Λ = M ❛ ❧❛♠✐♥❛çã♦ é ❞❡ ❢❛t♦ ✉♠❛ ❢♦❧❤❡❛çã♦✱ ❝✉❥❛s ❢♦❧❤❛s sã♦ Cr

❡ ❛ ✈❛r✐❛çã♦ é✱ ❛ ♣r✐❝í♣✐♦✱ ❛♣❡♥❛s ❝♦♥t✐♥✉❛✱ ♦✉ s❡❥❛✱ ❝❛❞❛ Wss é Cr ♠❛s ♥❛ ❞✐r❡çã♦

tr❛♥s✈❡rs❛❧ é ❛♣❡♥❛s ❝♦♥tí♥✉❛✱ s❡♠ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✳ ❱❡❥❛ q✉❡ ❛ ❧❛♠✐♥❛çã♦ ♥ã♦ ❡stá

❜❡♠ ❞❡✜♥✐❞❛ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s✱ ❛♦ ♣❛ss♦ q✉❡ ❛ ❢♦❧❤❡❛çã♦ s✐♠✳

✶✳✹✳✶ ❆ ❛♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛

❈♦♥s✐❞❡r❡ ✉♠ C2−❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f ❝♦♠ ✉♠❛ ❞❡❝♦♠♣♦✲

s✐çã♦ Tf−✐♥✈❛r✐❛♥t❡ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡

TM = Es ⊕ Ec ⊕ Eu

s❛t✐s❢❛③❡♥❞♦

|Tf |Es(x)| 6 λ

❡

|Tf−1|Eu(x)|−1 > µ

♦♥❞❡ 0 < λ < min{1, µ}

❙❡❥❛ Ws ❛ ❢♦❧❤❡❛çã♦ t❛♥❣❡♥t❡ ❛♦ ❡s♣❛ç♦ ❡stá✈❡❧ Es✳ ❋✐①❡ x ∈M ✱ r > 0 ❡ ❝♦♥s✐❞❡r❡

❛ ❢❛♠í❧✐❛ ❞❡ ✈❛r✐❡❞❛❞❡s ❧♦❝❛✐s ❞❡✜♥✐❞❛ ♣♦r

K(x) := {W s
i (zi) : z ∈ B(x, r)} ✭✶✳✶✮

❊s❝♦❧❤❛ ❞♦✐s ❞✐s❝♦s ❧♦❝❛✐s D1 ❡ D2 tr❛♥s✈❡rs❛✐s à ❢❛♠í❧✐❛ K(x)✱ ❡ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦✲

♥♦♠✐❛ τ = τ(x,W) : D1 → D2 ✭❣❡r❛❞♦ ♣❡❧❛ ❢❛♠í❧✐❛ ❞❡ ✈❛r✐❡❞❛❞❡s ❧♦❝❛✐s✮ ♣♦r

τ(y) = D2 ∩Wi(zi) s❡ y = D1 ∩Wi(zi), z ∈ B(x, r)

◆♦t❡ q✉❡ ❛ ❤♦❧♦♥♦♠✐❛ é t❛♥❣❡♥t❡ ❛ ❢♦❧❤❡❛çã♦W cu✳ ❆❧é♠ ❞✐ss♦✱ τ é ✉♠ ❤♦♠❡♦♠♦r✲

✜s♠♦ s♦❜r❡ s✉❛ ✐♠❛❣❡♠✳ P❛r❛ ✐❧✉str❛r ✐ss♦✱ ♥ós r❡♣r❡s❡♥t❛♠♦s ♥❛ ❋✐❣✉r❛ ✶✳✽ ❛ ❤♦❧♦♥♦♠✐❛

τ ❝♦♠ ❞♦♠í♥✐♦ D1 ∩Wi(zi) ✭♣♦♥t♦s ❛♠❛r❡❧♦s✮ ❡ ✐♠❛❣❡♠ D2 ∩Wi(zi) ✭♣♦♥t♦s ✈❡r♠❡❧❤♦s✮✳

✶✳✺ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛

❆ ❡r❣♦❞✐❝✐❞❛❞❡ r❡♠♦♥t❛ ❛♦ ❢ís✐❝♦ ❛✉strí❛❝♦ ❇♦❧t③♠❛♥♥✱ q✉❡ ✐♥tr♦❞✉③✐✉ ♦ t❡r♠♦

❡r❣ó❞✐❝♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ ❡st✉❞♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ❣ás✳ ❖ ♣r♦❜❧❡♠❛ ❞❛ t❡♦r✐❛ ❝✐♥ét✐❝❛
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❋✐❣✉r❛ ✶✳✽✿ ❆♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❞♦s ❣❛s❡s ❡r❛ ❡①♣❧✐❝❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❣❛s❡s ♥♦ ♥í✈❡❧ ♠❛❝r♦s❝ó♣✐❝♦✱ ❝♦♠♦ r❡s✉❧t❛❞♦

❡st❛tíst✐❝♦ ❞❡ t♦❞♦s ♦s ♠♦✈✐♠❡♥t♦s ❞❛s ♣❛rtí❝✉❧❛s✳ ❉❡s❞❡ ❡♥tã♦✱ ❡♠❜♦r❛ ❡♠ s✉❛ ❢♦r♠✉✲

❧❛çã♦ ✐♥✐❝✐❛❧ ❛ ❤✐♣ót❡s❡ ❡r❣ó❞✐❝❛ ❢♦ss❡ ❛♠❜í❣✉❛✱ ❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛ ❝r❡s❝❡✉ ♣❛r❛ s❡r ✉♠❛

❢❡rr❛♠❡♥t❛ út✐❧ ❡♠ ♠✉✐t♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❞❛ ❢ís✐❝❛✳ ❘❡❢♦r♠✉❧❛çõ❡s ❡ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦s s✉❜s❡q✉❡♥t❡s tr❛♥s❢♦r♠❛r❛♠ ❛ ❤✐♣ót❡s❡ ❡r❣ó❞✐❝❛ ♦r✐❣✐♥❛❧ ♥❛ ❛✜r♠❛çã♦✿ ♦ t❡♠♣♦

♠é❞✐♦ ❞❡ ✈✐s✐t❛ ❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ❡①✐st❡ ❡ é ✐❣✉❛❧ ❛ ♠❡❞✐❞❛ ❞❡ E✱ ♣❛r❛

q✉❛s❡ t♦❞♦ ♣♦♥t♦ x✳

❆ t❡♦r✐❛ ❡r❣ó❞✐❝❛ ❡st✉❞❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s r❡❧❛t✐✈❛♠❡♥t❡

❛ ♠❡❞✐❞❛s q✉❡ ♣❡r♠❛♥❡❝❡♠ ✐♥✈❛r✐❛♥t❡s s♦❜ ❛ ❛çã♦ ❞❛ ❞✐♥â♠✐❝❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❜✉s❝❛✲s❡ ❞❡s❝r❡✈❡r ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ sã♦ ✈á❧✐❞❛s ♣❛r❛ q✉❛s❡ t♦❞❛ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛✱

r❡❧❛t✐✈❛♠❡♥t❡ à ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ✭❱❡r ❬✸✹❪✮✳ ❆♦ ❧♦♥❣♦ ❞♦s ú❧t✐♠♦s ❛♥♦s ❞✐✈❡rs❛s ❛♣❧✐❝❛✲

çõ❡s ❞❛ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛ tê♠ s✐❞♦ ❢❡✐t❛s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♥❛s ♠❛✐s ❞✐✈❡rs❛s ár❡❛s✱

❞❡s❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❡ ❚♦♣♦❧♦❣✐❛ ❛té ❛♣❧✐❝❛çõ❡s ❡♠ ●❡♦♠❡tr✐❛ ❉✐❢❡✲

r❡♥❝✐❛❧ ❡ Pr♦❜❛❜✐❧✐❞❛❞❡✳ ◆✉♠❛ ♦✉tr❛ ❞✐r❡çã♦✱ ❛ r✐q✉❡③❛ ❞❛ ♠♦t✐✈❛çã♦ ❣❡r❛❧♠❡♥t❡ ♦r✐✉♥❞❛

❞❛ ❋ís✐❝❛✱ t♦r♥❛ ❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛ ♣r♦♠✐ss♦r❛✳ ▼❛s tr❛♥s♣♦rt❛r ♦s r❡s✉❧t❛❞♦s ❡ ❤❡✉ríst✐❝❛

♦❜t✐❞♦s ❛tr❛✈és ❞❡ ❡①♣❡r✐♠❡♥t♦s ❡ s✐♠✉❧❛çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❢ís✐❝♦s ♣❛r❛ ✉♠❛ ❧✐♥❣✉❛❣❡♠

♠❛t❡♠át✐❝❛ ♣r❡❝✐s❛ é ✉♠❛ t❛r❡❢❛ ár❞✉❛ ❡ q✉❡ ♣♦❞❡ ❣❡r❛r ❡①❝❡❧❡♥t❡s r❡s✉❧t❛❞♦s ❞♦ ♣♦♥t♦

❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✳

❖ t❡♠❛ ❝❡♥tr❛❧ ❞❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛ é ❛ ❞✐♥â♠✐❝❛ ❞❛s tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♣r❡s❡r✈❛♠
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♠❡❞✐❞❛✳ ❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂ M ❝♦♠ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ❡ ✉♠ ♣♦♥t♦

x ∈ M q✉❛❧q✉❡r✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦ ❡♠ ❛♥❛❧✐s❛r ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐t❡r❛❞♦s ❞❡ x q✉❡

✈✐s✐t❛♠ E✱ ♦✉ s❡❥❛

{j > 0 : f j(x) ∈ E}

❙❡♥❞♦ ❛✐♥❞❛ ♠❛✐s ♣r❡❝✐s♦✱ ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐s✐t❛ ❞❡ x ❛ E é ❞❛❞♦ ♣♦r

τ(E, x) = lim
n→∞

1

n
#{0 6 j 6 n− 1 | f j(x) ∈ E} ✭✶✳✷✮

➱ ♥❛t✉r❛❧ ♥♦s ♣❡r❣✉♥t❛r♠♦s s❡ t❛❧ ❧✐♠✐t❡ ❡①✐st❡ ❡ s❡ ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐s✐t❛ é ♣♦✲

s✐t✐✈♦✳ ❊ ❢♦✐ ♣❡♥s❛♥❞♦ ❡♠ ❛❧❣♦ ❞❡ss❡ t✐♣♦ q✉❡ ❇♦❧t③♠❛♥♥ ✐♥tr♦❞✉③✐✉ ♦ t❡r♠♦ ✧❡r❣ó❞✐❝♦✧♥♦

❝♦♥t❡①t♦ ❞♦ ❡st✉❞♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ❣ás✳

❆ ❤✐♣ót❡s❡ ❡r❣ó❞✐❝❛ ❝✐t❛❞❛ ❛❝✐♠❛ ❛✜r♠❛ q✉❡ ♣❛r❛ ♦s s✐st❡♠❛s q✉❡ ❞❡s❝r❡✈❡♠ ♦

♠♦✈✐♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s ❞❡ ✉♠ ❣ás✱ ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐s✐t❛ ❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦

♠❡♥s✉rá✈❡❧ E ❡①✐st❡ ❡ é ✐❣✉❛❧ à ♠❡❞✐❞❛ ❞❡ E✱ ♣❛r❛ q✉❛s❡ t♦❞♦ ♣♦♥t♦ x ✭✈❡r ❬✸✹❪✮✳

❙❡❥❛ ϕ = f |E✳ P♦❞❡♠♦s r❡❡s❝r❡✈❡r ✶✳✷ ❝♦♠♦

τ(E, x) = lim
n→∞

1

n

n−1∑

j=0

ϕ(f j(x)) ✭✶✳✸✮

❆ s❡❣✉✐r ❞❡✜♥✐♠♦s ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❙❡❥❛ (M,B, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ s❡❥❛ f : M → M ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ ♠❡♥s✉rá✈❡❧✳ ❉✐③❡♠♦s q✉❡ ❛ ♠❡❞✐❞❛ µ é ✐♥✈❛r✐❛♥t❡ ♣♦r f s❡

µ(f−1(E)) = µ(E) ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂M.

◆❡st❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡ f ♣r❡s❡r✈❛ µ✳

◆♦t❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ✶✳✷✸ ❢❛③ s❡♥t✐❞♦ ✉♠❛ ✈❡③ q✉❡ ❛ ♣ré✲✐♠❛❣❡♠ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

♠❡♥s✉rá✈❡❧ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ ❛✐♥❞❛ é ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✳ ❊♠

♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡❧❛ s✐❣♥✐✜❝❛ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♣♦♥t♦ ❡stá ♥✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ é

✐❣✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ s✉❛ ✐♠❛❣❡♠ ❡st❡❥❛ ♥❡ss❡ ❝♦♥❥✉♥t♦✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ s✉❛✈❡

M ♣r❡s❡r✈❛♥❞♦ ✉♠❛ ♠❡❞✐❞❛ s✉❛✈❡ ν é ❞✐t♦ ❡r❣ó❞✐❝♦ s❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧

f−✐♥✈❛r✐❛♥t❡ E ⊂M ♦✉ µ(E) = 0 ♦✉ µ(M\E) = 0✳ ❙❡ q✉❛❧q✉❡r ♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦ ❞❡

f ♣r❡s❡r✈❛♥❞♦ ν ❢♦r ❡r❣ó❞✐❝❛ ❞✐③❡♠♦s q✉❡ f é ❡st❛✈❡❧♠❡♥t❡ ❡r❣ó❞✐❝♦✳
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❆ ❡①❡♠♣❧♦ ❞✐ss♦✱ t❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ r❡❝♦rrê♥❝✐❛ P♦✐♥❝❛ré✳

❚❡♦r❡♠❛ ✶✳✶✷ ✭❚❡♦r❡♠❛ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❡ P♦✐♥❝❛ré✮✳ ❙❡❥❛ f : M → M ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ ❡ µ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✜♥✐t❛✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ ♠❡♥s✉rá✈❡❧ E ⊂ M

❝♦♠ µ(E) > 0 ❡ ♣❛r❛ µ−q✉❛s❡ t♦❞♦ x ∈ E ❡①✐st❡♠ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n ♣❛r❛ ♦s q✉❛✐s

fn(x) ∈ E ✭❱❡r ❬✸✹❪✮✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❥❛ E0 ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s x ∈ E q✉❡ ♥✉♥❝❛ r❡t♦r♥❛♠ ♣❛r❛

E✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♣r♦✈❛r q✉❡ E0 t❡♠ ♠❡❞✐❞❛ ♥✉❧❛✳ P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡ ❛s ♣ré

✐♠❛❣❡♥s f−n(E0) sã♦ ❞✐s❥✉♥t❛s ❞✉❛s✲❛✲❞✉❛s✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡♠m > n > 1

t❛✐s q✉❡ f−m(E0) ✐♥t❡rs❡❝t❛ f−n(E0)✳ ❙❡❥❛ x ✉♠ ♣♦♥t♦ ♥❛ ✐♥t❡rs❡çã♦ ❡ s❡❥❛ y = fn(x)✳

❊♥tã♦ y ∈ E0 ❡ fm−n(y) = fm(x) ∈ E0✱ q✉❡ ❡stá ❝♦♥t✐❞♦ ❡♠ E✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ y ✈♦❧t❛

♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❛ E✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡✜♥✐çã♦ ❞❡ E0✳ ❊st❛ ❝♦♥tr❛❞✐çã♦ ♣r♦✈❛ q✉❡

❛s ♣ré✲✐♠❛❣❡♥s sã♦ ❞✐s❥✉♥t❛s ❞✉❛s✲❛✲❞✉❛s ❝♦♠♦ ❛✜r♠❛♠♦s✳

❖❜s❡r✈❛♥❞♦ q✉❡ µ(f−n(E0)) = µ(E0) ♣❛r❛ t♦❞♦ n > 1✱ ♣♦rq✉❡ µ é ✐♥✈❛r✐❛♥t❡✱

❝♦♥❝❧✉í♠♦s q✉❡

µ

(
∞⋃

n=1

f−n(E0)

)
=

∞∑

n=1

µ(f−n(E0)) =
∞∑

n=1

µ(E0)

❈♦♠♦ s✉♣♦♠♦s q✉❡ ❛ ♠❡❞✐❛ é ✜♥✐t❛✱ ❛ ❡①♣r❡ssã♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ é ✜♥✐t❛✳ P♦r ♦✉tr♦

❧❛❞♦✱ à ❞✐r❡✐t❛ t❡♠♦s ✉♠❛ s♦♠❛ ❞❡ ✐♥✜♥✐t♦s t❡r♠♦s✱ t♦❞♦s ✐❣✉❛✐s✳ ❖ ú♥✐❝♦ ❥❡✐t♦ ❞❡ss❛

s♦♠❛ s❡r ✜♥✐t❛ é q✉❡ ❛s ♣❛r❝❡❧❛s s❡❥❛♠ ♥✉❧❛s✳ P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r µ(E0) = 0✱ t❛❧ ❝♦♠♦

❢♦✐ ❛✜r♠❛❞♦✳

❆❣♦r❛✱ ❞❡♥♦t❡♠♦s ♣♦r F ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s X ∈ E q✉❡ r❡❣r❡ss❛♠ ❛ E ❛♣❡♥❛s

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡③❡s✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛ ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡ t♦❞♦ ♣♦♥t♦

x ∈ F t❡♠ ❛❧❣✉♠ ✐t❡r❛❞♦ fk(x) ❡♠ E0✳ ❖✉ s❡❥❛✱

F ⊂
∞⋃

k=0

f−k(E0)

❈♦♠♦ µ(E0) = 0 ❡ µ é ✐♥✈❛r✐❛♥t❡✱ t❡♠♦s✿

µ(F ) 6 µ

(
∞⋃

k=0

f−k(E0)

)
6

∞∑

k=0

µ
(
f−k(E0)

)
=

∞∑

k=0

µ(E0) = 0

P♦rt❛♥t♦✱ µ(F ) = 0 ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❆ ❡r❣♦❞✐❝✐❞❛❞❡ é só ❛ ♣r✐♠❡✐r❛ ❞❡ ✉♠❛ sér✐❡ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❣r❛❞✉❛❧♠❡♥t❡ ♠❛✐s

❢♦rt❡s ✉t✐❧✐③❛❞❛s ♥❛ ❞❡s❝r✐çã♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♣r❡s❡r✈❛♠ ♠❡❞✐❞❛✳ ❆✐♥❞❛ ❛ss✐♠ é
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✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❢♦rt❡ ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡ é ❢r❡q✉❡♥t❡ ❡♥❝♦♥tr❛r tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♥ã♦

sã♦ ❡r❣ó❞✐❝❛s✳

P♦r ❡①❡♠♣❧♦ ❛ ♠❡s❛ ❞❡ ❜✐❧❤❛r ♦r✐❣✐♥❛ tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♥ã♦ sã♦ ❡r❣ó❞✐❝❛s✳ ➱

♣r♦✈❛❞♦ q✉❡ q✉❛♥❞♦ ♦ ❜♦r❞♦ ❞❛ ♠❡s❛ ❞❡ ❜✐❧❤❛r é ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡♥tã♦ ❡st❡ s✐st❡♠❛

♥ã♦ é ❡r❣ó❞✐❝♦✳

❯♠ ❞♦s r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ t❡♦r✐❛ ❡r❣ó❞✐❝❛ é ♦ ❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛✳ ❖

❚❡♦r❡♠❛ q✉❡ s❡rá ❡♥✉♥❝✐❛❞♦ ❛ s❡❣✉✐r é ✉♠❛ ✈❡rsã♦ ❣❡r❛❧ ❡♠ q✉❡ ϕ é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧

q✉❛❧q✉❡r✿

❚❡♦r❡♠❛ ✶✳✶✸ ✭❇✐r❦❤♦✛✮✳ ❙❡❥❛ f : M → M ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ ❡ s❡❥❛ µ

✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳ ❉❛❞❛ q✉❛❧q✉❡r ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ϕ :M → R✱ ♦ ❧✐♠✐t❡

ϕ̃(x) = lim
n→∞

1

n

n−1∑

j=0

ϕ(f j(x)) ✭✶✳✹✮

❡①✐st❡ ❡♠ µ−q✉❛s❡ t♦❞♦ ♣♦♥t♦ x ∈ M ✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦ ϕ̃ ❞❡✜♥✐❞❛ ❞❡ss❛ ❢♦r♠❛ é

✐♥t❡❣rá✈❡❧ ❡ s❛t✐s❢❛③ ∫
ϕ̃(x)dµ(x) =

∫
ϕ(x)dµ(x)

❖ ❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛ s❛✐rá ❝♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s ❣❡r❛❧✱ ♦

❚❡♦r❡♠❛ ❡r❣ó❞✐❝♦ s✉❜❛❞✐t✐✈♦✳

❖ ❧✐♠✐t❡ ϕ̃ é ❝❤❛♠❛❞♦ ♠é❞✐❛ t❡♠♣♦r❛❧ ♦✉ ♠é❞✐❛ ♦r❜✐t❛❧ ❞❡ ϕ

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❞✐③ q✉❡ ❛s ♠é❞✐❛s t❡♠♣♦r❛✐s sã♦ ❝♦♥st❛♥t❡s ❛♦ ❧♦♥❣♦ ❞❡

ór❜✐t❛s✱ ❡♠ µ−q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳ ❙❡❥❛ ϕ :M → R ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✳ ❊♥tã♦✱

∼
ϕ (f(x)) =

∼
ϕ (x)

❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ϕn : M → R é s✉❜❛❞✐t✐✈❛ ♣❛r❛ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ f :M →M s❡

ϕm+n 6 ϕm + ϕn ◦ fm ♣❛r❛ t♦❞♦ m,n > 1

❚❡♦r❡♠❛ ✶✳✶✹ ✭❚❡♦r❡♠❛ s✉❜❛❞✐t✐✈♦✮✳ ❙❡❥❛ µ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ f : M → M ❡ s❡❥❛ ϕn : M → R✱ n > 1 ✉♠❛ s❡q✉ê♥❝✐❛ s✉❜❛❞✐t✐✈❛ ❞❡
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❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s t❛❧ q✉❡ ϕ+
1 ∈ L1(µ)✳ ❊♥tã♦ ❛ s❡q✉ê♥❝✐❛

(
ϕn

n

)
n
❝♦♥✈❡r❣❡ ❡♠ µ q✉❛s❡

t♦❞♦ ♣♦♥t♦ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f ✐♥✈❛r✐❛♥t❡ ϕ : M → [−∞,+∞)✳ ❆❧é♠ ❞✐ss♦✱ ϕ+ ∈ L1(µ)

❡ ∫
ϕdµ = lim

n

1

n

∫
ϕndµ = inf

n

1

n

∫
ϕndµ ∈ [−∞,+∞).

❆ ♣r♦✈❛ ❞❡ss❡ ❚❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸✹❪✳
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✷ ❆❝❡ss✐❜✐❧✐❞❛❞❡

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❡st✉❞❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✲

✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ✉s❛♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ❛rt✐❣♦ ❞❡ ❉♦❧❣♦♣②❛rt ❡ ❲✐❧❦✐♥s♦♥ ❬✶✸❪

✐♥t✐t✉❧❛❞♦✿ ✧st❛❜❧❡ ❛❝❝❡ss✐❜✐❧✐t② ✐s C1✲❞❡♥s❡✧✳ ❊st❡ tr❛❜❛❧❤♦ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♣❡❧❛ r❡✈✐st❛

❆stér✐sq✉❡ ❡♠ ✷✵✵✸ ❡ s✉r❣✐✉ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ❞❡ P✉❣❤ ❡ ❙❤✉❜ ❬✷✼❪✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❯♠ us−❝❛♠✐♥❤♦ é ✉♠ ❝❛♠✐♥❤♦ γ : [0, 1] →M ❝♦♥st✐t✉í❞♦ ❞❡ ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ❛r❝♦s ❝♦♥s❡❝✉t✐✈♦s✱ ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s é ✉♠❛ ❝✉r✈❛ ❝♦♥t✐❞❛ ♥✉♠❛ ú♥✐❝❛ ❢♦❧❤❛

W u ♦✉ W s✳ ❉❡♥♦t❛♠♦s ✉♠ us−❝❛♠✐♥❤♦ ♣♦r [p, q]f ✳

P♦r ❡①❡♠♣❧♦✱ s❡ l = 5 ♦❜t❡♠♦s ✉♠ us−❝❛♠✐♥❤♦ ❝♦♠ ✺ ❛r❝♦s ❡ ✉♠❛ ❝♦❧❡çã♦ ❞❡ 6

♣♦♥t♦s ❞❡ ✐♥t❡rs❡çã♦ {z0 = p, z1, z2, z3, z4, z5 = q}✳ ✭❱❡r ✜❣✉r❛ ✷✳✶✮

❋✐❣✉r❛ ✷✳✶✿ ❯♠ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ ♦s ♣♦♥t♦s p ❡ q

❋♦♥t❡✿ ❬✷✻❪

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛ P(M) ❛ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❛ ✈❛r✐❡❞❛❞❡ M ✳ ❙❡❥❛

PHr(M) ♦ ❝♦♥❥✉♥t♦ ❞♦s Cr−❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❞❡ M ✳ ❉✐③❡♠♦s

q✉❡ f ∈ PHr(M) é ❛❝❡ssí✈❡❧ ❡♠ X ∈ P(M) s❡✱ ∀p, q ∈ X✱ ❡①✐st✐r ✉♠ us−❝❛♠✐♥❤♦✱ C1

♣♦r ♣❛rt❡s✱ ❞❡ p ♣❛r❛ q ❝✉❥♦ ✈❡t♦r t❛♥❣❡♥t❡ s❡♠♣r❡ ❡stá ❡♠ Eu ∪ Es✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❆ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ p ∈ M é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s q ∈ M q✉❡

sã♦ ♣♦♥t♦s ❛❝❡ssí✈❡✐s ❛ ♣❛rt✐r ❞❡ p✳ ❙❡ ❤♦✉✈❡r ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✱ ✐st♦ é✱

❝❛❞❛ q é ❛❝❡ssí✈❡❧ ❛ ♣❛rt✐r ❞❡ ❝❛❞❛ p✱ ❞✐③❡♠♦s q✉❡ f t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳
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❉❡✜♥✐çã♦ ✷✳✹✳ ❉❛❞❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ✈♦❧✉♠❡ ❘✐❡♠❛♥♥✐❛♥❛ µ ❞❡✜♥✐♠♦s

PHr
µ(M) := {f ∈ PHr(M); f∗(µ) = µ}

♦✉ s❡❥❛✱ PHr
µ(M) é ♦ ❝♦♥❥✉♥t♦ ❞♦s Cr−❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❞❡ M

t❛❧ q✉❡ ❛ ♠❡❞✐❞❛ µ é ♣r❡s❡r✈❛❞❛ ♣❡❧♦ ♣✉❧❧ ❜❛❝❦✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛ ω ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❞❡ M ❞❡✜♥✐♠♦s

PHr
ω(M) := {f ∈ PHr(M); f ∗(ω) = ω}

♦✉ s❡❥❛✱ PHr
ω(M) é ♦ ❝♦♥❥✉♥t♦ ❞♦s Cr−❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❞❡ M

t❛❧ q✉❡ ❛ ❢♦r♠❛ ω é ♣r❡s❡r✈❛❞❛ ♣❡❧♦ ♣✉s❤ ❢♦r✇❛r❞✳

❙❡ f t✐✈❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✱ ❡♥tã♦ Es ⊕ Eu ♥ã♦ é ✐♥t❡❣rá✈❡❧✳ ❉❡

❢❛t♦✱ ♥ã♦ ❡①✐st❡ ✉♠❛ ❢♦❧❤❡❛çã♦ t❛❧ q✉❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ x ❞❛ ❢♦❧❤❡❛çã♦

s❡❥❛ Es ⊕ Eu ♣♦✐s s❡ ❡①✐st✐ss❡ t❛❧ ❢♦❧❤❡❛çã♦✱ ❛ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦

p ∈ M s❡r✐❛ s♦♠❡♥t❡ ✉♠❛ ❢♦❧❤❛ ❞❛ ❢♦❧❤❡❛çã♦ ♣❛ss❛♥❞♦ ♣♦r p✱ ❡ ♣♦rt❛♥t♦ f ♥ã♦ t❡r✐❛ ❛

♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡ t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ g C1−♣ró①✐♠♦ ❞❡ f t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐✲

❜✐❧✐❞❛❞❡✱ ❞✐③❡♠♦s q✉❡ f é ❛❝❡ss✐✈❡❧✈❡❧♠❡♥t❡ ❡stá✈❡❧✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❖ ❞✐❢❡♦♠♦r✜s♠♦ f é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ X ∈ P(M) s❡✱ ♣❛r❛ t♦❞♦

p, q ∈M ✱ ❡①✐st❡♠ X1, . . . , Xr ∈ X ❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ f ✿ ❞❡ p ♣❛r❛ X1✱ ❞❡ Xr ♣❛r❛ q ❡

❞❡ Xm ♣❛r❛ Xm+1✱ ♣❛r❛ m = 1, . . . , r − 1✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❉✐③❡♠♦s q✉❡ ❢ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ X s❡✱ f é ❛❝❡ssí✈❡❧

♠ó❞✉❧♦ X ❡ ∃N ∈ R ❡ t❛❧ q✉❡ ♦s us−❝❛♠✐♥❤♦s sã♦ ❡s❝♦❧❤✐❞♦s ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ❛r❝♦ t❡♥❤❛

❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r ❞♦ q✉❡ N ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❝♦s s❡❥❛ ♠❡♥♦r ❞♦ q✉❡ N ✳

❆✜r♠❛çã♦ ✷✳✶✳ ❙❡ f é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ {X1, . . . , Xr} ❡ f é ❡st❛✈❡❧♠❡♥t❡

❛❝❡ssí✈❡❧ ❡♠ ❝❛❞❛ Xi ❡♥tã♦ f é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧✳

Pr♦✈❛✿ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛s ❞❡✜♥✐çõ❡s ✷✳✻ ❡ ✷✳✽✳

❉❡✜♥✐çã♦ ✷✳✾ ✭❆❝❡ss✐❜✐❧✐❞❛❞❡ ❊ss❡♥❝✐❛❧✮✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f

é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛❝❡ssí✈❡❧ s❡ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❝♦♠♣♦st♦ ♣❡❧❛ ✉♥✐ã♦ ❞❡ ❝❧❛ss❡s ❞❡

❛❝❡ss✐❜✐❧✐❞❛❞❡ t✐✈❡r ✈♦❧✉♠❡ t♦t❛❧ ♦✉ ♥✉❧♦✳
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❖ ❛rt✐❣♦ ❞❡ ❉♦❧❣♦♣②❛t ❡ ❲✐❧❦✐♥s♦♥ ❬✶✸❪ s✉r❣✐✉ ❞❡ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ♣r♦✈❛r ❛

s❡❣✉✐♥t❡ ❝♦♥❥❡❝t✉r❛ ❞❡ P✉❣❤ ❡ ❙❤✉❜✳

❈♦♥❥❡❝t✉r❛ ✷✳✶✳ ❆ ❆❝❡ss✐❜✐❧✐❞❛❞❡ ❊stá✈❡❧ é Cr✲❞❡♥s❛ ❡♠ PHr(M) ❡ PHr
µ(M)✳

❆✐♥❞❛ ✐♥s♣✐r❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✷ P✉❣❤ ❡ ❙❤✉❜ t❛♠❜é♠ ❝♦♥❥❡❝t✉r❛r❛♠✿

❈♦♥❥❡❝t✉r❛ ✷✳✷✳ ❯♠ C2−❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣r❡s❡r✈❛♥❞♦ ✈♦❧✉♠❡

❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡ss❡♥❝✐❛❧ é ❡r❣ó❞✐❝♦✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠❜✐♥❛♥❞♦ ❛s ❝♦♥❥❡❝t✉r❛s ✷✳✶ ❡ ✷✳✷✱ ❡❧❡s ❝♦♥❥❡❝t✉r❛r❛♠✿

❈♦♥❥❡❝t✉r❛ ✷✳✸✳ ❆ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é Cr−❞❡♥s❛ ❡♠ PHr
µ(M)✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛♠♦s ♦ ❚❡♦r❡♠❛ ❝❡♥tr❛❧ ❞❡st❡ tr❛❜❛❧❤♦✱ s❡❣✉♥❞♦ ♦ q✉❛❧ ♥♦s ♣r♦✲

♣♦♠♦s ❛ ❡st✉❞❛r s✉❛ ♣r♦✈❛✳

❚❡♦r❡♠❛ ✷✳✶✳ P❛r❛ t♦❞♦ r > 1✱ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ é C1 ❞❡♥s❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s

Cr✲❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❞❡ M ✳ ❆❧é♠ ❞✐ss♦✱ s❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡

s✐♠♣❧ét✐❝❛ ❡♥tã♦ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ é C1 ❞❡♥s❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s s✐♠✲

♣❧ét✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳

◗✉❛♥❞♦ ♥ós ❞✐③❡♠♦s q✉❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦ f ♣r❡s❡r✈❛ ✈♦❧✉♠❡ q✉❡r❡♠♦s ❞✐③❡r q✉❡

f ♣r❡s❡r✈❛ ❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥❛ ❝❧❛ss❡ ❞❡ ♠❡❞✐❞❛ ❞❡ ✉♠ ✈♦❧✉♠❡

❘✐❡♠❛♥♥✐❛♥♦ m ❞❡ M ✳ ✭❱❡r ✶✳✷✸✮

❖ ❚❡♦r❡♠❛ ✷✳✶ ♣♦ss✉✐ ✈ár✐♦s ❈♦r♦❧ár✐♦s✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s ❞✐③ r❡s♣❡✐t♦ à tr❛♥s✐t✐✲

✈✐❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❡ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡

✉♠ ❚❡♦r❡♠❛ ❞❡ ❇r✐♥ ✭❱❡r ❬✼❪✮✳

❈♦r♦❧ár✐♦ ✷✳✶✳ P❛r❛ r > 1✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ C1−❛❜❡rt♦ ❡ ❞❡♥s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s

t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦s ❡♠ PHr
µ(M)✳ ❙❡ M t❡♠ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω✱ ❡♥tã♦ ❡①✐st❡

✉♠ ❝♦♥❥✉♥t♦ C1−❛❜❡rt♦ ❡ ❞❡♥s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s tr❛♥s✐t✐✈♦s ❡♠ PHr
ω(M)✳

❊ss❡ ❝♦r♦❧ár✐♦ é ❢❛❧s♦ s❡♠ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦ ♣r❡s❡r✈❛ ✈♦❧✉♠❡✳

◆✐➭✐❝➔ ❡ ❚örö❦ ♠♦str❛r❛♠ ❡♠ ❬✷✹❪ q✉❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❛❝❡s✲

sí✈❡✐s ♥ã♦ tr❛♥s✐t✐✈♦s✳ ❊♠❜♦r❛ s❡❥❛ ♣❧❛✉sí✈❡❧ q✉❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦ ❞❡
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C1−❞✐❢❡♦♠♦r✜s♠♦s ♥♦ ❡s♣❛ç♦ Pr(M)✱ ❡①✐st❛♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s

❞❡ tr❛♥s✐t✐✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ♥ã♦ é ✉♠ ❝♦r♦❧ár✐♦ ❞✐r❡t♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳

▼✳ ❆r♥❛✉❞ ♠♦str♦✉ ❡♠ ❬✶❪ q✉❡ s❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❞❡ ❞✐♠❡♥sã♦ 4✱

❡♥tã♦ ♦s ❞✐❢❡♦♠♦r✜s♠♦s ❡st❛✈❡❧♠❡♥t❡ tr❛♥s✐t✐✈♦s ❡♠Diff rω(M) sã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó✲

❧✐❝♦s✳ P♦rt❛♥t♦✱ ❤á ✉♠❛ ✐♠❛❣❡♠ ❝♦♠♣❧❡t❛ ❡♠ ❞✐♠❡♥sã♦ 4 ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ❡st❛✈❡❧♠❡♥t❡

tr❛♥s✐t✐✈♦s✱ q✉❡ r❡s✉♠✐♠♦s ♥♦ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❝♦♠ dim(M) 6 4✳ ❖ C1−❢❡❝❤♦ ❞♦s

❞✐❢❡♦♠♦r✜s♠♦s ❡st❛✈❡❧♠❡♥t❡ tr❛♥s✐t✐✈♦s ❡♠ Diff rω(M) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ C1−❢❡❝❤♦ ❞♦s ♣❛r✲

❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ t♦r♦ ✐♥✈❛r✐❛♥t❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ♦ ú♥✐❝♦ ♦❜stá❝✉❧♦ ♣❛r❛ tr❛♥✲

s✐t✐✈✐❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ♥❛ ❝❛t❡❣♦r✐❛ s✐♠♣❧ét✐❝❛✱ ♣❡❧♦ ♠❡♥♦s s❡ dim(M) 6 4✳ ❉♦❧❣♦♣②❛rt ❡

❲✐❧❦✐♥s♦♥ ❝♦♥❥❡❝t✉r❛r❛♠ q✉❡ ♦ ♠❡s♠♦ é ✈❡r❞❛❞❡✐r♦ ♥♦ ❝❛s♦ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡✳

❈♦♥❥❡❝t✉r❛ ✷✳✹✳ ◆♦ ❡s♣❛ç♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡✱ ♦ C1−❢❡❝❤♦ ❞♦s

❞✐❢❡♦♠♦r✜s♠♦s ❡st❛✈❡❧♠❡♥t❡ tr❛♥s✐t✐✈♦s ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❢❡❝❤♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ❛❞✲

♠✐t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛✳

❊♠❜♦r❛ ♦s r❡s✉❧t❛❞♦s ❞♦ ❛rt✐❣♦ ❞❡ ❉♦❧❣♦♣②❛rt ❡ ❲✐❧❦✐♥s♦♥ ♣♦ss❛♠ s❡r út❡✐s ♣❛r❛

❛t❛❝❛r ❡st❛ ❝♦♥❥❡❝t✉r❛✱ ❛❧❣✉♠❛s ♦✉tr❛s ✐❞❡✐❛s sã♦ ♥❡❝❡ssár✐❛s ♣❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛✳

❆q✉✐✱ ♦❜s❡r✈❛♠♦s ❛♣❡♥❛s q✉❡ ❡♠ ❬✸❪ é ❛♣r❡s❡♥t❛❞♦ ✉♠ ❡①❡♠♣❧♦ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡ q✉❡

❡st❛✈❡❧♠❡♥t❡ tr❛♥s✐t✐✈♦✱ ♠❛s ♥ã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ❆✳ ❚❛❤③❤✐❜✐ ❛♥✉♥❝✐♦✉ ✉♠❛

♣r♦✈❛ ❞❡ q✉❡ ❡ss❡s ❡①❡♠♣❧♦s sã♦✱ ❞❡ ❢❛t♦✱ ❡st❛✈❡❧♠❡♥t❡ ❡r❣ó❞✐❝♦s✳

❆ ♥♦çã♦ ❛ s❡❣✉✐r é ♥❛t✉r❛❧♠❡♥t❡ ♠❛✐s ❢r❛❝❛ q✉❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳ ❱❛♠♦s ♣r❡❝✐s❛r

t❛♠❜é♠ ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✵ ✭❝❡♥t❡r ❜✉♥❝❤❡❞✮✳ ❙❡❥❛♠ ν, ν̂, γ, γ̂ ❢✉♥çõ❡s ♣♦s✐t✐✈❛s ♣♦s✐t✐✈❛s t❛✐s q✉❡

✭✐✮ ν, ν̂ < 1✳

✭✐✐✮ ν < γ < γ̂−1 < ν̂−1✳

✭✐✐✐✮ ‖Tf(v)‖ < ν(p), s❡ v ∈ Es(p)✳

✭✐✈✮ γ(p) < ‖Tf(v)‖ < γ̂−1 s❡ v ∈ Ec(p)✳
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✭✈✮ ν̂−1 < ‖Tf(v)‖ s❡ v ∈ Eu(p)✳

♦♥❞❡ v é q✉❛❧q✉❡r ✈❡t♦r ✉♥✐tár✐♦ ❡♠ TpM ✳ ❊♥tã♦ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲

❜ó❧✐❝♦ é ❞✐t♦ ❝❡♥t❡r ❜✉♥❝❤❡❞ s❡ ❛s ❢✉♥çõ❡s ν, ν̂, γ, γ̂ sã♦ ❡s❝♦❧❤✐❞❛s t❛❧ q✉❡

ν < γγ̂ ❡ ν̂ < γγ̂

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f t❛❧ q✉❡ Ecs = Es ⊕ Ec ❡ Ecu = Eu ⊕ Ec sã♦

✐♥t❡❣rá✈❡✐s é ❞✐t♦ ❞✐♥❛♠✐❝❛♠❡♥t❡ ❝♦❡r❡♥t❡✳

P✉❣❤ ❡ ❙❤✉❜ ♣r♦✈❛r❛♠ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✷✳ ❙❡❥❛ f ∈ PH2
µ(M)✳ ❙❡ f é ❝❡♥t❡r ❜✉♥❝❤❡❞✱ ❞✐♥❛♠✐❝❛♠❡♥t❡ ❝♦❡r❡♥t❡✱

❡ss❡♥❝✐❛❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡ Wc é ▲✐♣s❤✐t✐③✐❛♥❛✱ ❡♥tã♦ ❢ é ❡r❣ó❞✐❝♦✳

❖ ❚❡♦r❡♠❛ ✷✳✷ r❡❢❡r❡✲s❡ ❛ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ♥♦ s❡♥t✐❞♦

♠❛✐s ❢♦rt❡ ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♠❛s r❡❝❡♥t❡♠❡♥t❡ ❇✉r♥s ❡ ❲✐❧❦✐♥s♦♥ ❬✻❪ ♠♦str❛r❛♠ q✉❡

❡ss❡s r❡s✉❧t❛❞♦s s❡ ❡st❡♥❞❡♠ à ❝❧❛ss❡ ♠❛✐♦r ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s

✭♦✉ s❡❥❛✱ s❛t✐s❢❛③❡♥❞♦ ❝♦♥❞✐çõ❡s ❛❞✐❝✐♦♥❛✐s ❞❡ ❝❡♥t❡r ❜✉♥❝❤❡❞✮✳

❖ ❚❡♦r❡♠❛ ✷✳✶ ✐♠♣❧✐❝❛ ❡♠ ♦✉tr♦ ❝♦r♦❧ár✐♦ q✉❡ é ❞❛❞♦ ❛ s❡❣✉✐r

❈♦r♦❧ár✐♦ ✷✳✸✳ ◆♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ❝❡♥t❡r ❜✉♥❝❤❡❞ ❡ ❞✐♥❛♠✐❝❛♠❡♥t❡ ❝♦❡r❡♥✲

t❡s ❡♠ PHr
µ(M)✱ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é C1 ❛❜❡rt♦ ❡ ❞❡♥s♦

❖❈♦r♦❧ár✐♦ ✷✳✸ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ f ✱ C1−❛❜❡rt❛ ❡♠ PH2
µ(M)

❡♠ q✉❡ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é C1−❛❜❡rt❛ ❡ ❞❡♥s❛✱ ♦♥❞❡ f é ❛ ❛♣❧✐❝❛çã♦ t❡♠♣♦ t ❞❡ ✉♠

✢✉①♦ ❆♥♦s♦✈✱ ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❣r✉♣♦ ❝♦♠♣❛❝t♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✱ ✉♠

❛✉t♦♠♦r✜s♠♦ ❡r❣ó❞✐❝♦ ❞❡ ✉♠ t♦r♦ ♦✉ ✉♠❛ ♥✐❧✈❛r✐❡❞❛❞❡✱ ♦✉ ✉♠❛ tr❛♥s❧❛çã♦ ♣❛r❝✐❛❧♠❡♥t❡

❤✐♣❡r❜ó❧✐❝❛ ❡♠ ✉♠ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❝♦♠♣❛❝t♦✳

❆ s❡❣✉✐r ❞❛r❡♠♦s ✉♠❛ ✐❞❡✐❛ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ❞♦ ❛rt✐❣♦ ❞❡ ❉♦❧❣♦♣②❛t ❡

❲✐❧❦✐♥s♦♥ ✭❱❡r ✷✳✶✮✳

P❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✷✳✶ ♣r✐♠❡✐r♦ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❞✐s❝♦s ❞✐s❥✉♥t♦s

❞❡ M ✱ ♦♥❞❡ ❝❛❞❛ ❞✐s❝♦ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ t❛♥❣❡♥t❡ ❛ ❞✐r❡çã♦ ❝❡♥tr❛❧ Ec✳ ❊s❝♦❧❤❡♠♦s

❡ss❛ ❝♦❧❡çã♦ ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ f s❡❥❛ ❛❝❡ssí✈❡❧✱ ♠ó❞✉❧♦ ❡ss❡s ❞✐s❝♦s✳ ▼❛✐s ♣r❡✲

❝✐s❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ p, q ∈ M ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ us−❝❛♠✐♥❤♦s ❞❡ f ❝♦♠ ♦
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♣r✐♠❡✐r♦ ❝❛♠✐♥❤♦ ❝♦♠❡ç❛♥❞♦ ❡♠ p ❡ t❡r♠✐♥❛♥❞♦ ❡♠ ✉♠ ❞♦s ❞✐s❝♦s✱ ♦ ú❧t✐♠♦ ❝❛♠✐♥❤♦

❝♦♠❡ç❛♥❞♦ ❡♠ ✉♠ ❞✐s❝♦ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ q✳ ❚♦❞♦s ♦s ❝❛♠✐♥❤♦s ✐♥t❡r♠❡❞✐ár✐♦s ❝♦♠❡✲

ç❛♠ ❡ t❡r♠✐♥❛♠ ❡♠ ❞✐s❝♦s✱ ❝❛❞❛ ❝❛♠✐♥❤♦ ❝♦♠❡ç❛♥❞♦ ♥♦ ❞✐s❝♦ ♦♥❞❡ t❡r♠✐♥❛ ♦ ❝❛♠✐♥❤♦

❛♥t❡r✐♦r✳ ❊♠ s❡❣✉✐❞❛ ♣❡rt✉r❜❛♠♦s f ❡♠ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❡ ✈❡♠♦s q✉❡ s❡ ❡ss❛

✈✐③✐♥❤❛♥ç❛ ❡ ♦ t❛♠❛♥❤♦ ❞❛ ♣❡rt✉r❜❛çã♦ ❢♦r❡♠ ❛♠❜♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s ❡♥tã♦ ♦

s✐st❡♠❛ ♣❡rt✉r❜❛❞♦ ❛✐♥❞❛ ❡st❛rá ❛❝❡ssí✈❡❧✱ ♠ó❞✉❧♦ ❛ ❝♦❧❡çã♦ ❞❡ss❡s ❞✐s❝♦s ✭❱❡r ❉❡✜♥✐çã♦

✷✳✼✮✳

❆ ❡str✉t✉r❛ ❞❛ ❞❡♠♦♥str❛çã♦ s❡ ❛♣♦✐❛rá ❡♠ três ❧❡♠❛s ♣r✐♥❝✐♣❛✐s✳ ◆♦ ▲❡♠❛ ✭✷✳✶✮

♠♦str❛r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ♣❡rt✉r❜❛r f ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ss❡s ❞✐s❝♦s ♣♦r ✉♠❛ ♣❡q✉❡♥❛

C1✲♣❡rt✉r❜❛çã♦ ♣❛r❛ ♦❜t❡r ❞❡t❡r♠✐♥❛❞♦ g ❡stá✈❡❧ ❡ ❛❝❡ssí✈❡❧✳ ❈♦♥❝❧✉í♠♦s ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❡stá✈❡❧ ♠♦str❛♥❞♦ q✉❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❡♠ ✉♠ ❞❛❞♦ ❞✐s❝♦ ♣♦❞❡♠ s❡r ❝♦♥❡❝t❛❞♦s

♣♦r ✉♠ us✲❝❛♠✐♥❤♦ ❞❡ g ❡ ❞❡ q✉❛❧q✉❡r ♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦ ❞❡ g✳ ❯♠❛ ✈❡③ q✉❡ q✉❛❧q✉❡r

♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦ ❛✐♥❞❛ é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ ❡ss❡s ❞✐s❝♦s✱ ✐ss♦ ❣❛r❛♥t❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡

g✳ ◆♦ ▲❡♠❛ ✭✷✳✶✮ s❡rá ♦ ú♥✐❝♦ ❧✉❣❛r ♦♥❞❡ é ❡ss❡♥❝✐❛❧ q✉❡ ❛ ♣❡rt✉r❜❛çã♦ s❡❥❛ C1 ♣❡q✉❡♥❛✳

◗✉❛♥❞♦ ❛♥❛❧✐s❛♠♦s ♦ ❡❢❡✐t♦ ❞❡ ♣❡rt✉r❜❛r f ❡♠ Eu ❡ Es ❞❡s❝♦❜r✐♠♦s q✉❡ ♥♦

❛♠❜✐❡♥t❡ C1 ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ Eu(p) ❡ Es(p) ♣❡rt♦ ❞❡ p é ♠❛✐♦r ❞♦ q✉❡

❛s ❝♦♥tr✐❜✉✐çõ❡s ❝♦♠❜✐♥❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ r❡st♦ ❞❛ ór❜✐t❛ ❞❡ ♣✳

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❊ss❛ té❝♥✐❝❛ ♥ã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♥♦ ❛♠❜✐❡♥t❡ C2✳ P❛r❛ ✐ss♦✱ s❡✲

r✐❛ ♥❡❝❡ssár✐♦ ✉♠❛ ❛♥❛❧✐s❡ ♠❛✐s s✉t✐❧ ❡ ❞❡❧✐❝❛❞❛ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s ✈ár✐♦s

♣r✐♠❡✐r♦s r❡t♦r♥♦s ♣❛r❛ s❡ ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛ ❡ss❡ ❡♠ C2✳

✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ∈ PHr
µ(M) ❡ δ > 0 ❞❛❞♦s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r g ∈ PHr

µ(M)

❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❝♦♠ dC1(f, g) < δ✳

❉❡✜♥❛ ✉♠❛ ❢✉♥çã♦ R : P(M) → N ∪ {∞} ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ q✉❛❧q✉❡r

X ∈ P(M) s❡❥❛ R(X) ♦ ♠❡♥♦r J ∈ N ∪ {∞} s❛t✐s❢❛③❡♥❞♦

f i(X) ∩X 6= ∅ ✭✷✳✶✮

❝♦♠ |i| = J + 1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ R(X) é ✉♠ ♠♦♠❡♥t♦ ❛♥t❡r✐♦r ❛♦ ♣r✐♠❡✐r♦ r❡t♦r♥♦

❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❛♦ ❝♦♥❥✉♥t♦ X✳



✺✷

◆♦t❡ q✉❡ R(Bρ(p)) → per(p) s❡ ρ → 0✳ ❈♦♠ ❡❢❡✐t♦✱ q✉❛♥❞♦ ρ → 0✱ ❡♥tã♦ ♣♦r

❝♦♥t✐♥✉✐❞❛❞❡ t❡♠♦s q✉❡ R(Bρ(p)) = min{|i| − 1; f i(X) ∩X 6= ∅} ⇒ R(Bρ(p))
ρ→0→ per(p)

❙❡ p ♥ã♦ é ♣❡r✐ó❞✐❝♦ ❞✐③❡♠♦s q✉❡ per(p) = ∞✳

❊♠ s❡❣✉✐❞❛ ✜①❛♠♦s ✉♠ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ❡♠ M ✳ ❊♠ ♠✉✐t❛s ♦❝❛s✐õ❡s ♥♦s

r❡❢❡r✐♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ Rn = R
u ⊕ R

c ⊕ R
s✳

❙❡❥❛ Bn(v, p) ✉♠❛ ❜♦❧❛ ❞❡ ❝❡♥tr♦ v ∈ R
n ❡ r❛✐♦ ρ ❝♦♠ ❛ ♥♦r♠❛ ❞♦ s✉♣r❡♠♦ ♥❛s ❝♦✲

♦r❞❡♥❛❞❛s✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ Ba(v, ρ)✱ ♦♥❞❡ a = u, c, s, ❝✰✉, ❝✰s, ✉✰s

♣❛r❛ ❞❡♥♦t❛r ❛ ❜♦❧❛ ❞❡ ❝❡♥tr♦ v ❡ r❛✐♦ ρ ❝♦♠ ❛ ♥♦r♠❛ ❞♦ s✉♣r❡♠♦ ♥♦ ❡s♣❛ç♦ v + R
a✳

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▼♦rs❡ s♦❜r❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ❢♦r♠❛s ❞❡ ✈♦❧✉♠❡ ♦❜t❡✲

♠♦s✱ ♣❛r❛ q✉❛❧q✉❡r p ∈M ✱ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞

ϕp : B
n(0, 1) →M

t❛❧ q✉❡✿

✶✮ ϕp(0) = p

✷✮ T ◦ ϕp ❡♥✈✐❛ ♦ s♣❧✐tt✐♥❣ T ◦ Rn = R
u ⊕ R

c ⊕ R
s ♥♦ s♣❧✐tt✐♥❣ TpM = Eu ⊕ Ec ⊕ Es

✸✮ ϕp ❡♥✈✐❛ ❝❛♠♣♦s ❧✐✈r❡s ❞❡ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ ❝❛♠♣♦s ❧✐✈r❡s ❞❡ ❞✐✈❡r❣ê♥❝✐❛✳

✹✮ p 7→ ϕp é ✉♠❛ ❛♣❧✐❝❛çã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❞❡ M ❡♠ C1(Bn(0, 1),M)✳ ❆

❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ϕp ❡♠ f t❛♠❜é♠ é ❝♦♥tí♥✉❛✳

❈♦♠ r❡❧❛çã♦ ❛♦s ❝❛♠♣♦s ❧✐✈r❡s ❞❡ ❞✐✈❡r❣ê♥❝✐❛ ❝✐t❛❞♦s ♥♦ ✐t❡♠ (3)✱ tr❛t❛♠✲s❡ ❞❡

❝❛♠♣♦s ✈❡t♦r✐❛✐s ❝♦♠ ❞✐✈❡r❣ê♥❝✐❛ ③❡r♦ ❡♠ t♦❞♦s ♦s ✈❡t♦r❡s ❞♦ ❝❛♠♣♦✱ ♦✉ s❡❥❛✱ ♦ ❝❛♠♣♦

♥ã♦ t❡♠ ♣♦ç♦s ♦✉ ❢♦♥t❡s✳ Pr❡❝✐s❛♠❡♥t❡✱ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❧✐✈r❡ ❞❡ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ R
n

é ❧♦❝❛❧♠❡♥t❡ ❡①♣r❡ss♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❡①t❡r✐♦r ❞❡ (n− 1)−❣r❛❞✐❡♥t❡s✳

❈♦♠♦ ♥ã♦ ❛ss✉♠✐♠♦s q✉❡ Ec é t❛♥❣❡♥t❡ ❛ ❛❧❣✉♠❛ ❢♦❧❤❡❛çã♦ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠

✈❛r✐❡❞❛❞❡s ❛♣r♦①✐♠❛❞❛s✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ P❛r❛ p ∈M ✱ s❡❥❛ Vρ(p) = ϕp(B
c(0, ρ))✳ ❉✐③❡♠♦s q✉❡ Vρ(p) é ✉♠ ❞✐s❝♦

❝✲❛❞♠✐ssí✈❡❧ ❞❡ ❝❡♥tr♦ p ❡ r❛✐♦ ρ ❡ ❡s❝r❡✈❡♠♦s r(Vρ(p)) = ρ

❙❡D é ✉♠ ❞✐s❝♦ c−❛❞♠✐ssí✈❡❧ ❞❡ ❝❡♥tr♦ p ❡ r❛✐♦ ρ✱ ❡♥tã♦ ♣❛r❛ β ∈ (0, 1) ❞❡♥♦t❛♠♦s

♣♦r βD ♦ ❞✐s❝♦ ❞❡ ❝❡♥tr♦ p ❡ r❛✐♦ βρ✳



✺✸

❯♠❛ ❢❛♠í❧✐❛ ❝✲❛❞♠✐ssí✈❡❧ é ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s ❞✐s❥✉♥t♦s

❞♦✐s✲❛✲❞♦✐s✳

❙❡ D é ✉♠❛ ❢❛♠í❧✐❛ c−❛❞♠✐ssí✈❡❧ ❡ β < 1 ❡♥tã♦ t❡♠♦s q✉❡

❼ βD = {βD;D ∈ D}

❼ |D| = ⋃D∈DD

❼ r(D) = supD∈D r(D)

❼ R(D) = R(|D|)

❆ s❡❣✉✐r ❡♥✉♥❝✐❛♠♦s três ❧❡♠❛s ♥❡❝❡ssár✐♦s à ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉❛s ❞❡✲

♠♦♥str❛çõ❡s sã♦ ❞❛❞❛s ♥❛s s❡❝çõ❡s ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❣❧♦❜❛❧ ❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❧♦❝❛❧✳

▲❡♠❛ ✷✳✶ ✭❆❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ ❞✐s❝♦s ❝❡♥tr❛✐s✮✳ ❙❡❥❛♠ f ∈ PHr
µ(M) ❡ δ > 0 ❞❛❞♦s✳

❊♥tã♦ ❡①✐st❡♠ J > 0 ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ❙❡ D é ✉♠❛ ❢❛♠í❧✐❛ ❝✲❛❞♠✐ssí✈❡❧ ❝♦♠

r(D) < J−1 ❡ R(D) > J ✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ σ > 0 ❡ β ∈ (0, 1)✱ ❡①✐st❡ g ∈ PHr
µ(M) t❛❧ q✉❡

✶✮ dC1(f, g) < δ

✷✮ dC0(f, g) < σ

✸✮ P❛r❛ ❝❛❞❛ D ∈ D✱ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♠ βD✳

❊ss❡ ▲❡♠❛ ❣❛r❛♥t❡ ♥ã♦ só ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ ❝❛❞❛ ❞✐s❝♦ ♠❛s ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧✱

❡ ♣♦r ✐ss♦ s❡rá ♦ ♠❛✐s tr❛❜❛❧❤♦s♦ ❞♦s três ♣❛r❛ s❡ ❞❡♠♦♥str❛r✳

P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❡ f i sã♦ ✐s♦❧❛❞♦s✱ ♣❛r❛ t♦❞♦ i > 1✳ ❊ss❛

♣r♦♣r✐❡❞❛❞❡ é Cr✲❞❡♥s❛ ❡♠ Diff rµ(M)✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s Cr✲❞✐❢❡♦♠♦r✜s♠♦s q✉❡ t❡♠

❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é ❞❡♥s♦✳ ❈♦♠ ❡ss❛ s✉♣♦s✐çã♦ ❛❞✐❝✐♦♥❛❧ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ▲❡♠❛✳

▲❡♠❛ ✷✳✷ ✭❆❝❡ss✐❜✐❧✐❞❛❞❡ ♠ó❞✉❧♦ ❞✐s❝♦s ❝❡♥tr❛✐s✮✳ ❙❡❥❛ f ∈ PHr
µ(M) ❞❛❞♦✳ ❙✉♣♦♥❤❛

q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❡ f i sã♦ ✐s♦❧❛❞♦s ♣❛r❛ t♦❞♦ i > 1✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ J > 0 ❡①✐st❡ ✉♠❛

❢❛♠í❧✐❛ c−❛❞♠✐ssí✈❡❧ D t❛❧ q✉❡

✶✮ r(D) < J−1

✷✮ R(D) > J



✺✹

✸✮ f é ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ 1
2
D

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❡♠ PHr
µ(M) t❛❧ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦

❞❡ss❡ ❝♦♥❥✉♥t♦ t❡♠ ✉♠❛ ❢♦r♠❛ ❢r❛❝❛ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳

❆ s❡❣✉✐r t❡♠♦s ♦ ú❧t✐♠♦ ❞♦s três ▲❡♠❛s q✉❡ ♥♦s ❛❥✉❞❛rã♦ ❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛

✷✳✶✳

▲❡♠❛ ✷✳✸ ✭P❡rs✐stê♥❝✐❛ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♠ó❞✉❧♦ D✮✳ ❊①✐st❡ δ0 > 0 ❞❡ ❢♦r♠❛ q✉❡✱ ❞❛❞♦

δ < δ0✱ ❞❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ c−❛❞♠✐ssí✈❡❧ D✱ ❝♦♠ f ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ 1
2
D ❡

❞❛❞♦ β ∈ (1
2
, 1)✱ ∃σ > 0 t❛❧ q✉❡ q✉❛❧q✉❡r g ∈ PHr

µ(M) s❛t✐s❢❛③❡♥❞♦

✶✮ dC1(f, g) < δ

✷✮ dC0(f, g) < σ

é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ βD ✭❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ βD✱ ♣♦✐s

✶✮ ❡ ✷✮ s❡❥❛♠ ❝♦♥❞✐çõ❡s ❛❜❡rt❛s✮

◆♦t❡ q✉❡ ♦s ▲❡♠❛s ✷✳✷ ❡ ✷✳✸ ❝♦♠♣❧❡♠❡♥t❛♠ ✉♠ ❛♦ ♦✉tr♦✳ ❖ ▲❡♠❛ ✷✳✷ ✐♠♣❧✐❝❛

✉♠❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♠❛✐s ❢r❛❝❛ ♥♦ s❡♥t✐❞♦ ❞❡ s❡r ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ ♦s ❞✐s❝♦s✳ ■ss♦ ❡♥❢r❛q✉❡❝❡

❛ ♥♦çã♦ ♣♦✐s ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❞✐s❝♦ ♦ us−❝❛♠✐♥❤♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐rá s❡ ❝r✉③❛r ♥❛s

✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s✳ ❖ ▲❡♠❛ ✷✳✸ ❞✐③ q✉❡ s❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❢♦r❡♠ ❛❜❡rt❛s ❡♥tã♦

é ♣♦ssí✈❡❧ ♦❜t❡r ❣ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ ♦s ❞✐s❝♦s✳

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ s❡❣✉❡ ❞♦s ❧❡♠❛s ✷✳✶✱ ✷✳✷ ❡ ✷✳✸✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ f ❡

δ ❞❛❞♦s✳ ❆♣ós ✉♠❛ ♣❡rt✉r❜❛çã♦ Cr✲♣❡q✉❡♥❛ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❡ f i

sã♦ ✐s♦❧❛❞♦s ∀i✳ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ δ < δ0✱ ♦♥❞❡ δ0 é ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳

❊s❝♦❧❤❛ J ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✳ P❡❧♦ ▲❡♠❛ ✷✳✷ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ c−❛❞♠✐ssí✈❡❧

D✱ ❝♦♠ R(D) > J ❡ r(D) < J−1 t❛❧ q✉❡ f é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ 1
2
D✳

❆❣♦r❛ ✜①❡ β ∈ (1
2
, 1) ❡ ❡s❝♦❧❤❛ σ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✸✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛

✷✳✶ ♦❜t❡♠♦s g ∈ Diff rµ(M) ❝♦♠ dC1(f, g) < δ ❡ dC0(f, g) < σ t❛❧ q✉❡ g é ❡st❛✈❡❧♠❡♥t❡

❛❝❡ssí✈❡❧ ❡♠ βD ❝♦♠ D ∈ D✳ P❡❧♦ ▲❡♠❛ ✷✳✸ g t❛♠❜é♠ é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦

βD✳

P♦rt❛♥t♦ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧✳ ■ss♦ ♠♦str❛ ♦ ❚❡♦r❡♠❛ ✷✳✶✳



✺✺

P❛r❛ ❝♦♠♣❧❡t❛r♠♦s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ t❛♠❜é♠

✈❛❧❡♠ ♦s três ▲❡♠❛s ❛♣r❡s❡♥t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❆s ♣r♦✈❛s ❞♦s ▲❡♠❛s ✷✳✷ ❡ ✷✳✸ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ♣ró①✐♠❛ s❡çã♦ ❡ ❛ ♣r♦✈❛ ❞♦

▲❡♠❛ ✭✷✳✶✮ é ❞❛❞❛ ♥❛ s❡çã♦ ✷✳✷✳

❖s ❛r❣✉♠❡♥t♦s ❞❛ s❡çã♦ ✷✳✷ t♦r♥❛♠✲s❡ ♠❛✐s s✐♠♣❧❡s s❡ Ec ❢♦r ✐♥t❡❣rá✈❡❧✱ ✐st♦ é✱ s❡

❡①✐st✐r ✉♠❛ ❢♦❧❤❡❛çã♦ Wc t❛❧ q✉❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ Wc é ✐❣✉❛❧ à Ec✳

❆ss✐♠✱ ♣♦❞❡rí❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❞✐s❝♦s ❡♠ Ec ❛♦ ✐♥✈és ❞❡ ❞✐s❝♦s ❝✲❛❞♠✐ssí✈❡✐s✳ ◆❡ss❡

❝❛s♦✱ ♣❛r❛ ❝♦♥str✉✐r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞✐s❝♦s ❝❡♥tr❛✐s s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✷

❞❡✈❡✲s❡ t♦♠❛r ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡s❝♦❧❤❡r {pj} ❡ t♦♠❛r D ❝♦♠♦ ❛ ✉♥✐ã♦ ❞❡

❞✐s❝♦s ❝❡♥tr❛✐s ✉♥✐tár✐♦s ❝❡♥tr❛❞♦s ❡♠ pj✳ ❈❛s♦ Ec ♥ã♦ s❡❥❛ ✐♥t❡❣rá✈❡❧✱ ❛ ❞❡♠♦♥str❛çã♦

t♦r♥❛✲s❡ ♠✉✐t♦ ♠❛✐s ❞✐❢í❝✐❧ ♣♦✐s ♣r❡❝✐s❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❞✐s❝♦s q✉❡ sã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

t❛♥❣❡♥t❡s ❛ Ec✱ ♥♦ ❡♥t❛♥t♦ ❛ ✐❞❡✐❛ ♣❡r♠❛♥❡❝❡ ❛ ♠❡s♠❛✳ ❆ ♣❛rt❡ ♠❛✐s ❞✐❢í❝✐❧ ❞❛ ♣r♦✈❛ é ❛

s❡çã♦ ✷✳✸ ♦♥❞❡ ❛ ❛❜✉♥❞â♥❝✐❛ ❞❡ C1−♣❡rt✉r❜❛çõ❡s é ❝r✉❝✐❛❧✳

✷✳✷ ❆❝❡ss✐❜✐❧✐❞❛❞❡ ●❧♦❜❛❧

◆❡ss❛ s❡çã♦ ✈❛♠♦s ♣r♦✈❛r ♦s ▲❡♠❛s ✷✳✷ ❡ ✷✳✸

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳ ❙❡❥❛ J > 0 ❞❛❞♦✳ ❉❡✜♥❛ A := {p ∈ M ; per(p) > J + 2}✳
❈♦♠♦ ♦s ♣♦♥t♦s ✜①♦s ❞❡ f j ❝♦♠ j < J +2 sã♦ ✐s♦❧❛❞♦s ❡♥tã♦ ❡①✐st❡♠ x1, . . . , xm ∈M t❛✐s

q✉❡ A =M \ {x1, . . . , xm}✳ P❛r❛ ρ > 0 s❡❥❛ Uρ(p) := ϕp(B
n(0, ρ))✳

▲❡♠❛ ✷✳✹✳ ❙❡ r > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡♥tã♦ t♦❞♦ p ∈ ⋃Ur(xi) ♣♦❞❡ s❡r ❝♦♥❡❝✲

t❛❞♦ ❛ ✉♠ ♣♦♥t♦ ❡♠ M \⋃Ur(xi) ♣♦r ✉♠ us−❝❛♠✐♥❤♦ ❝♦♠ ✉♠ ú♥✐❝♦ ❛r❝♦✳ ✭❱❡r ❋✐❣✉r❛

✷✳✷✮

❙❡❥❛ r ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✹ ❡ s❡❥❛ Ar = M \⋃Ur(xi)✳ ❙✉♣♦♥❤❛ q✉❡ r s❡❥❛

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ Ar s❡❥❛ ❝♦♥❡①♦✳ ❈♦♠♦ Ar é ❝♦♠♣❛❝t♦ ❡ ❝♦♥t✐❞♦ ❡♠

A ❡♥tã♦ ❡①✐st❡ ρ0 < 1
2J

(⇒ 2ρ0 < J−1) t❛❧ q✉❡ R(U2ρ0(q)) > J, ∀q ∈ Ar✳

▲❡♠❛ ✷✳✺✳ ❊①✐st❡ K > 1 t❛❧ q✉❡✱ ♣❛r❛ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❛r❛ t♦❞♦ p ∈ M ❡

♣❛r❛ t♦❞♦ q1, q2 ∈ Uρ0/K(p) ❡①✐st❡ ✉♠ us−❝❛♠✐♥❤♦✱ ❝♦♠ ❞♦✐s ♦✉ ♠❡♥♦s ❛r❝♦s ❞❡ q1 ♣❛r❛

❛❧❣✉♠ ♣♦♥t♦ ❞❡ Vρ0(q2)✳ ✭❱❡r ❋✐❣✉r❛ ✷✳✸✮



✺✻

❋✐❣✉r❛ ✷✳✷✿ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ Ur(xi) ❛ M \ ∪Ur(xi)

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❋✐❣✉r❛ ✷✳✸✿ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ q1 ❛ q2

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❉❡ ❢❛t♦✱ ❝♦♠♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❛ ❢♦❧❤❡❛çã♦ é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥tí♥✉❛ ❡ ♦s ❡s♣❛ç♦s Es✱ Ec ❡ Eu sã♦ tr❛♥s✈❡rs❛✐s ❡♥tã♦ s❡❣✉❡ q✉❡ ♦ â♥❣✉❧♦ ❡♥tr❡ ❡ss❡s

❡s♣❛ç♦s ♣❡r♠❛♥❡❝❡ ✉♥✐❢♦r♠❡ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❛♦ ❧♦♥❣♦ ❞♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❡♠ ✉♠

❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❖ ▲❡♠❛ ❛ s❡❣✉✐r é ❝❤❛✈❡✳

▲❡♠❛ ✷✳✻✳ ❙❡❥❛ K > 1✳ ❙❡ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛

❞❡ Ar ♣♦r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈✐③✐♥❤❛♥ç❛s U1, . . . , Uk ❞❛ ❢♦r♠❛ Ui = Uρ0/K(qi) ❡ ♣❛r❛



✺✼

i = 1, . . . , k✱ ♦s ♣♦♥t♦s pi ∈ Ui sã♦ t❛✐s q✉❡

V2ρ0(pi)
⋂

V2ρ0(pj) = ∅ ∀i 6= j ❡

V2ρ0(pi)
⋂

fm(V2ρ0(pj)) = ∅ ∀i, j ❡ 0 < |m| 6 J

❆ss✉♠✐♥❞♦ ❝♦♠♦ ✈❡r❞❛❞❡ ✭♣♦r ❡♥q✉❛♥t♦✮ ♦ ▲❡♠❛ ✷✳✻ ✈❛♠♦s ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦

▲❡♠❛ ✷✳✷✳

❙❡❥❛♠ U1, . . . , Uk ❡ p1, . . . , pk ❞❛❞♦s ♣❡❧♦ ▲❡♠❛ ✷✳✻✳ P❛r❛ i = 1, . . . , c✱ s❡❥❛ Di =

V2ρ0(pi)✳ ◆♦t❡ q✉❡ ❛ ❝♦❧❡çã♦ D = {D1, . . . , Dk} s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s 1) ❡ 2) ❞♦ ▲❡♠❛ ✷✳✷✱

s❡ ρ0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

✶✮ r(D) = supDi∈D
r(Di) = suppi∈Ui

r(V2ρ0(pi)) = sup(2ρ0) 6 J−1

♦♥❞❡ Ui = Uρ0/K(qi)✱ K > 1✱ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

✷✮ R(D) = R(∪Di∈DDi) = R(∪pi∈Ui
V2ρ0(pi)) =

= min{|i| − 1; f i(∪pi∈Ui
V2ρ0(pi))

⋂
(∪pi∈Ui

V2ρ0(pi)) 6= ∅}

♦♥❞❡ ❡ss❡ ♠í♥✐♠♦ é ♠❛✐♦r ❞♦ q✉❡ J ✱ ♣♦✐s ♣❡❧♦ ▲❡♠❛ ✷✳✻ t❡♠♦s

f i(V2ρ0(pi))
⋂

(V2ρ0(pj)) = ∅

∀i, j ❡ 0 < |i| − 1 < |i| 6 J ✳ P♦rt❛♥t♦ ✈❛❧❡ ❛ ❝♦♥❞✐çã♦ 2)✳

❖ ▲❡♠❛ ✷✳✺ ✐♠♣❧✐❝❛ q✉❡✱ ♣❛r❛ t♦❞♦ p ∈ Bi ❡①✐st❡ ✉♠ us−❝❛♠✐♥❤♦ ❝♦♠ ❞♦✐s ♦✉

♠❡♥♦s ❛r❝♦s ❞❡ p ♣❛r❛ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ 1
2
Di✳ ❉❛í✱ s❡❣✉❡ q✉❡ s❡ Bi ∩ Bj 6= ∅ ❡①✐st❡ ✉♠

us− ❝❛♠✐♥❤♦ ❝♦♠ ✹ ♦✉ ♠❡♥♦s ❛r❝♦s ❞❡ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ 1
2
Di ♣❛r❛ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ 1

2
Dj✳

✭❱❡r ❋✐❣✉r❛ ✷✳✹✮

❈♦♠♦ Ar é ❝♦♥❡①❛ ❡ ❛s ❜♦❧❛s Bi, . . . , Bk ❝♦❜r❡♠ Ar ♥ós ♦❜t❡♠♦s✱ ♣❛r❛ q✉❛❧q✉❡r

i, j✱ s❡q✉ê♥❝✐❛ ❞❡ ❞✐s❝♦s Da0 = Di, Da1 , . . . , Dal = Dj t❛❧ q✉❡ 1
2
Dam é ❝♦♥❡❝t❛❞♦ ❛ 1

2
Dam+1

♣♦r ✉♠ us−❝❛♠✐♥❤♦ ♣❛r❛ m = 0, . . . , l − 1✳

P♦rt❛♥t♦✱ ♣❛r❛ q✉❛❧q✉❡r p, q ∈ Ar ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❞✐s❝♦s Db0 , . . . , Dbs

❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ p ♣❛r❛ 1
2
Db0 ✱ ❞❡ q ♣❛r❛ 1

2
Dbs ❡ ❞❡ 1

2
Dbm ♣❛r❛ 1

2
Dbm+1

✱ ♣❛r❛ m =

0, . . . , s− 1✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❛r❝♦s ❞❡ss❡s ❝❛♠✐♥❤♦s é ❝❧❛r❛♠❡♥t❡ ❧✐♠✐t❛❞♦✳

❈♦♠♦ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ M \ Ar =
⋃
Br(xi) ♣♦❞❡ s❡r ❝♦♥❡❝t❛❞♦ ❛ ✉♠ ♣♦♥t♦

❡♠ Ar ♣♦r ✉♠ us−❝❛♠✐♥❤♦ ❝♦♠ ✉♠ ❛r❝♦✱ ❡♥tã♦ f é ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦

{1
2
D1, . . . ,

1
2
Dk} ✭❱❡r ❋✐❣✉r❛ ✷✳✺✮✳ ■ss♦ ♣r♦✈❛ ♦ ■t❡♠ ✸✮ ❡ ♣♦rt❛♥t♦ s❡❣✉❡ ♦ ▲❡♠❛ ✷✳✷✳



✺✽

❋✐❣✉r❛ ✷✳✹✿ ❯♠ us−❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ 1
2
Di ❛ 1

2
Dj

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❋✐❣✉r❛ ✷✳✺✿ ❢ é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ D = {D1, · · · , D4}

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❊♥tr❡t❛♥t♦✱ s❡ q /∈ Ar✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✹ ❡①✐st❡ ✉♠ us✲❝❛♠✐♥❤♦ ❞❡ q q✉❡ ❝♦♥té♠

m ∈ Ar ✭❱❡r ❋✐❣✉r❛ ✷✳✻✮✳

❘❡t♦r♥❡♠♦s ♣♦✐s✱ à ♣r♦✈❛ ❞♦ ▲❡♠❛ ✭✷✳✻✮

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✻✳ ❈♦♠❡ç❛♠♦s ❛ ♣r♦✈❛ ❝♦♠ ♦ ▲❡♠❛ ❞❡ ❝♦❜❡rt✉r❛✳

▲❡♠❛ ✷✳✼ ✭▲❡♠❛ ❞❡ ❝♦❜❡rt✉r❛✮✳ P❛r❛ q✉❛❧q✉❡r C > 0 ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ N > 0 t❛❧ q✉❡✱

♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ A ⊂ M ♣❛r❛ ρ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡ ❡①✐st❡♠



✺✾

❋✐❣✉r❛ ✷✳✻✿ ❢ é ❛❝❡ssí✈❡❧ ♠ó❞✉❧♦ D = {D1, · · · , D4} ❝❛s♦ q /∈ Ar

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

q1, . . . , qk ∈ A ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ i = 1, . . . , k✿

✶✮ A ⊆ Bρ(q1) ∪ · · · ∪Bρ(qk)

✷✮ #{j;BCρ(qi) ∩ BCρ(qj) 6= ∅} 6 N

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✼✳ ❊①✐st❡ K > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ρ < 1 ❡ t♦❞♦ p ∈ M ✱ ♦

✈♦❧✉♠❡ ❞❛ ❜♦❧❛ Bρ(p) ❡stá ❡♥tr❡ ρn/K ❡ Kρn✳ ❙❡❥❛ N = (4C + 2)nK2✳ ❊st❡ é ✉♠ ❧✐♠✐t❡

s✉♣❡r✐♦r ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❜♦❧❛s ❞✐s❥✉♥t❛s ❞❡ r❛✐♦ ρ/2 q✉❡ ♣♦❞❡ ❝❛❜❡r ❞❡♥tr♦ ❞❡ ✉♠❛ ❜♦❧❛

❞❡ r❛✐♦ (2C + 1)ρ✳

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❙❡❥❛ f : M → M ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♥tí♥✉❛ ♥✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

M ✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ K ⊂ M ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ q✉❛❧q✉❡r✳

◗✉❛♥❞♦ M é ❝♦♠♣❛❝t♦ ❜❛st❛ ❝♦♥s✐❞❡r❛r K = M ✳ ❆ss✐♠✱ ❞❛❞♦s ρ > 0 ❡ n ∈ N✱ ❞✐③❡♠♦s

q✉❡ ✉♠ ❝♦♥❥✉♥t♦ E ⊂ M é ✉♠ (n, ρ)−❣❡r❛❞♦r ❞❡ K ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ρ−❣❡r❛❞♦r✮✱ s❡

♣❛r❛ t♦❞♦ x ∈ K✱ ❡①✐st❡ a ∈ E t❛❧ q✉❡ d(f i(x), f i(a)) < ρ ♣❛r❛ t♦❞♦ i ∈ {0, . . . , n− 1}✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

K ⊂
⋃

a∈E

B(a, n, ρ),

♦♥❞❡ B(a, n, ρ) = {x ∈M : d(f i(x), f i(a)) < ρ ♣❛r❛ i = 0, . . . , n− 1} é ❛ ❜♦❧❛ ❞✐♥â♠✐❝❛ ❞❡

❝❡♥tr♦ a✱ ❝♦♠♣r✐♠❡♥t♦ n ❡ r❛✐♦ ρ✳

❚❛♠❜é♠ ✐♥tr♦❞✉③✐♠♦s ❛ s❡❣✉✐♥t❡ ♥♦çã♦ ❞✉❛❧✳



✻✵

❉❡✜♥✐çã♦ ✷✳✶✹✳ ❉❛❞♦s ρ > 0 ❡ n ∈ N✱ ❞✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ E ⊂ K é (n, ρ)−s❡♣❛r❛❞♦
✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ρ−s❡♣❛r❛❞♦✮ s❡ ❞❛❞♦s x, y ∈ E✱ ❡①✐st❡ j ∈ {0, . . . , n − 1} t❛❧ q✉❡

d(f j(x), f j(y)) > ρ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ x ∈ E✱ ❡♥tã♦ B(x, n, ρ) ♥ã♦ ❝♦♥t❡♠ ♥❡♥❤✉♠

♦✉tr♦ ♣♦♥t♦ ❞❡ E✳

❙❡❥❛♠ A ❡ ρ ❞❛❞♦s✳ ❙❡❥❛ Sρ ⊂ M ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ρ−s❡♣❛r❛❞♦ ❞❡ ❆✳

❖ ❝♦♥❥✉♥t♦ Sρ ❡①✐st❡ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ A✳ ❆✜r♠❛♠♦s q✉❡ Sρ é ρ−❣❡r❛❞♦r ❞❡ ❆✳ ❉❡

❢❛t♦✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❡①✐st✐r✐❛ x ∈ A✱ ❝♦♠ x /∈ Sρ✱ t❛❧ q✉❡ d(x, y) > ρ, ∀y ∈ Sρ✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ Sρ✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ q1, . . . , qk sã♦ ❡❧❡♠❡♥t♦s ❞❡ Sρ✱ ❡♥tã♦

A ⊂ Bρ(q1) ∪ · · · ∪Bρ(qk)

P❛r❛ p ∈ Sρ s❡❥❛ N(p) := {q ∈ Sρ;BCρ(p) ∩ BCρ(q) 6= ∅}✳ P❛r❛ ❝❛❞❛ q ∈ N(p)✱

❛ ❞✐stâ♥❝✐❛ d(p, q) < 2Cρ✱ ❡ ❡♥tã♦ B ρ
2
(q) ⊂ B(2C+1)ρ(p)✳ ❈♦♠♦ d(Sρ, A) > ρ✱ ❡♥tã♦

B ρ
2
(q) ∩ B ρ

2
(q′) = ∅ ♣❛r❛ q, q′ ∈ N(p)✳ P♦rt❛♥t♦✱ ❝♦♠♦ #N(p) 6 N ❡♥tã♦ s❡❣✉❡ ♦ ▲❡♠❛

❞❡ ❝♦❜❡rt✉r❛✳

❖ ▲❡♠❛ ✷✳✼ ✐♠♣❧✐❝❛ ♦ s❡❣✉✐♥t❡ ❈♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✷✳✹ ✭▲❡♠❛ ❞❡ ❝♦❜❡rt✉r❛ ❢♦rt❡✮✳ ❙❡❥❛ C, J > 0 ❞❛❞♦s✳ ❊①✐st❡ ✉♠ ✐♥t❡✐r♦

N > 0 t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ A ⊆ M ✱ ❡ ♣❛r❛ q✉❛❧q✉❡r ρ > 0 ❡①✐st❡

q1, . . . , qk ∈ A ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ i = 1, . . . , k✿

❼ A ⊆ Uρ(q1) ∪ · · · ∪ Uρ(qk)

❼ #{j;UCρ(qi) ∩ fm(UCρ(qj)) 6= ∅, ♣❛r❛ ❛❧❣✉♠ |m| < J} 6 N

❱♦❧t❡♠♦s ❡♥tã♦ à ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✻✳ ❙❡❥❛ ρ0 < 1
2J
✱ ρ1 =

ρ0
K

❡ ρ2 = 4ρ0✳

P♦rt❛♥t♦ ρ1 < ρ0 < ρ2✳ ❈♦♠ ❡ss❛ ♥♦t❛çã♦ t❡♠♦s q✉❡

R(Uρ2(p)) = R(U4ρ0(p)) > R(U2ρ0(p)) > J, ∀p ∈ Ar

P❛r❛ p ∈ M ❡ ρ > 0 ❞❡✜♥✐♠♦s Tρ(p) ❝♦♠♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ p ❡♠

ϕp(B
u+s(0, ρ))✳ P❛r❛ d(p, q) ♣❡q✉❡♥❛ ♦ s✉✜❝✐❡♥t❡✱ ❛ ❛♣❧✐❝❛çã♦ ϕ−1

q ϕp ❞✐st♦r❝❡ ❛ ❡str✉✲

t✉r❛ ❡✉❝❧✐❞✐❛♥❛ ♣♦r ✉♠ ❢❛t♦r 6 1.5✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❝♦♠♦ ϕ−1
q ϕp ∈ C1 ❡ M é ✉♠❛



✻✶

✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✱ ❡♥tã♦ ❛ ♥♦r♠❛ ❞❛ ❞❡r✐✈❛❞❛ ❞❡ ϕ−1
q ϕp ❛ss✉♠❡ ♦ ♠á①✐♠♦ ❡♠ 1.5✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❜♦❧❛ ❡✉❝❧✐❞✐❛♥❛ ❞❡ ✈♦❧✉♠❡ V ✱ t❡♠♦s q✉❡ ϕ−1
q ϕp(V ) ≤ 1.5V ✳

❙✉♣♦♥❤❛ q✉❡ ρ2 s❡❥❛ ♣❡q✉❡♥❛ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❡ss❡ ❧✐♠✐t❡ ❞❡ ❞✐st♦rçã♦ s❡

♠❛♥t❡♥❤❛ ❡♠ t♦❞♦ p, q ∈ Uρ2(z)✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♣❛r❛ t♦❞♦ p ∈M ❡ t♦❞♦ q ∈ Tρ1(p)

V2ρ0(q) ⊂ Uρ1+3ρ0(p) ⊂ Uρ2(p) ✭✷✳✷✮

❆ s❡❣✉♥❞❛ ✐♥❝❧✉sã♦ s❡❣✉❡ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ ρ0, ρ1 ❡ ρ2 ♣♦✐s

ρ1 + 3ρ0 =
ρ0
K

+ 3ρ0 6 4ρ0 = ρ2.

❚♦♠❛♥❞♦ C = 4K✱ A = Ar ❡ ρ = ρ1 t❡♠♦s q✉❡✱

Cρ = 4Kρ1 = 4K · ρ0
K

= 4ρ0 = ρ2

❉❡ss❡ ♠♦❞♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✷✳✹ ❡①✐st❡♠ N > 0 ❡ q1, . . . , qk ∈ Ar t❛❧ q✉❡

✭✐✮ Ar = Uρ1(q1) ∪ · · · ∪ Uρ1(qk)

✭✐✐✮ #{j/ Uρ2(qi) ∩ fm(Uρ2(qj)) 6= ∅, ♣❛r❛ ❛❧❣✉♠ |m| < J} 6 N

P❛r❛ i = 1, . . . , k✱ s❡❥❛ Ui = Uρ1(qi)✳ ❆s ✈✐③✐♥❤❛♥ç❛s U1, . . . , Uk ❝♦❜r❡♠ Ar✳

❉❛í✱ ❡s❝♦❧❤❛♠♦s p1, . . . , pk ✐♥❞✉t✐✈❛♠❡♥t❡✳ ❙❡❥❛ p1 = q1✳ ❈♦♠♦ V2ρ0(p1) ⊂ Uρ2(p1) ❡

R(Uρ2(p1)) > J t❡♠♦s q✉❡

V2ρ0(p1) ∩ fm(V2ρ0(p1)) = ∅

♣❛r❛ 0 < |m| 6 J ✳

❋✐①❛♥❞♦ i > 1 ❡ s✉♣♦♥❤❛ q✉❡ ♦s ♣♦♥t♦s p1, . . . , pi−1 ❥á ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s✳ ◗✉❛♥t♦

❛ pi q✉❡r❡♠♦s ❡s❝♦❧❤❡r t❛❧ q✉❡

V2ρ0(pi) ∩ fm(V2ρ0(pi)) = ∅

❝♦♠ 0 < |m| 6 J ✱ ❡

V2ρ0(pi) ∩ fm(V2ρ0(pj)) = ∅

❝♦♠ 0 < |m| 6 J ❡ j < i✳ ❆ ♣r✐♠❡✐r❛ ❞❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s é s❛t✐s❢❡✐t❛ s❡ ♥ós ❡s❝♦❧❤❡r♠♦s

pi t❛❧ q✉❡ V2ρ0(pi) ⊂ Uρ2(qi)✳ P❡❧❛ ❡q✉❛çã♦ ✷✳✷ ✐st♦ s❡rá ✈❡r❞❛❞❡ s❡ ♥ós ❡s❝♦❧❤❡r♠♦s

pi ∈ Tρ1(qi)✳ P♦rt❛♥t♦✱ ✈❛♠♦s ❡♥❝♦♥tr❛r pi ∈ Tρ1(qi) t❛❧ q✉❡

V2ρ0(pi) ∩ fm(V2ρ0(pj)) = ∅ ✭✷✳✸✮



✻✷

♣❛r❛ 0 < |m| 6 J ❡ j < i✳ ❆ ✈✐③✐♥❤❛♥ç❛ Uρ2(qi) ✐♥t❡rs❡❝t❛ ♥♦ ♠á①✐♠♦ N ❝♦♥❥✉♥t♦s ❞♦

t✐♣♦ fm(Uρ2(qj)) ♣❛r❛ m ∈ (−J, J)✳ ❉❛í✱ s❡❥❛

Ji := {(j,m);Uρ2(qi) ∩ fm(Uρ2(qj)) 6= ∅ , ♦♥❞❡ j < i, |m| < J}

P♦rt❛♥t♦✱ #Ji 6 N ✳ P❛r❛ q ∈M ❡ |m| 6 J ✱ s❡❥❛ V m
ρ (q) ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡

fm(q) ❡♠ Uρ(f
m(q)) ∩ fm(V1(q))

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡①✐st❡ C0 > 1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ p, q ∈M ✱

✭✐✮ V m
C0ρ2

(q) ⊇ fm(V2ρ0(q))

✭✐✐✮ ❙❡ Uρ2(p) ∩ fm(Uρ2(q)) 6= ∅ ❡ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡♥tã♦ V m
C0ρ2

(q) ✐♥t❡rs❡❝t❛

TC0ρ1 ❡♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦✳

P❛r❛ (j,m) ∈ Ji✱ s❡❥❛ p′

j,m ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞❡ V m
C0ρ2

(q) ❡ TC0ρ1(qi)✱ ✐st♦ é

{p′

j,m} = V m
C0ρ2

(pj) ∩ TC0ρ1(qi)

❈♦♥s✐❞❡r❡ ❛ ❝♦❧❡çã♦ ❞❡ss❡s ♣♦♥t♦s

Pi = {p′

j,m; (j,m) ∈ Ji} ⊂ TC0ρ1(qi)

❖s ♣♦♥t♦s ❞❡ ϕ−1
qi
(Pi) ❡stã♦ s♦❜r❡ Bu+s(0, C0ρ1) ⊂ R

n✳ ❆ss✐♠ t❡♠♦s q✉❡ ❡①✐st❡

C1 > 0 t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ρ > 0 ❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ ♣♦♥t♦s Q ⊂ Bu+s(0, C0ρ)

❡①✐st❡ ✉♠ ♣♦♥t♦ v ∈ Bu+s(0, C0ρ) t❛❧ q✉❡ d(v,Q) > ρ
C1#Q

✳

❆♣❧✐❝❛♥❞♦ ❡st❡ ❢❛t♦ ❛♦s ♣♦♥t♦s ❞❡ ϕ−1
q1
(Pi) ♥ós ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦

pi ∈ Tρ1(qi) ⊂ Ui t❛❧ q✉❡ ♣❛r❛ t♦❞♦ p ∈ Pi✱

‖ϕ−1
qi
(pi)− ϕ−1

qi
(p)‖ >

ρ1
C1#Pi

>
ρ1
C1N

✭✷✳✹✮

❆✜r♠❛♠♦s q✉❡ s❡ ρ0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡♥tã♦ pi✱ s❛t✐s❢❛③ ✷✳✸✱ ✐st♦ é✱ ♣❛r❛

t♦❞♦ j < i ❡ |m| 6 J ✱

V2ρ0(pi) ∩ fm(V2ρ0(pj)) = ∅

❉❡ ❢❛t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ (j,m) t❛✐s q✉❡ Uρ2(qi) ∩ fm(Uρ2(qj)) = ∅✳ ❊♥tã♦✱

s✉♣♦♥❤❛ q✉❡ (j,m) ∈ Ji✳ ❱❛♠♦s ♠♦str❛r q✉❡

V2ρ0(pi) ∩ V m
C0ρ2

(pj) = ∅
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♦ q✉❡ ✐♠♣❧✐❝❛rá ♦ r❡s✉❧t❛❞♦✱ ♣♦✐s V m
C0ρ2

(pj) ⊇ fm(V2ρ0(pj))✳

❱❛♠♦s ❛♥❛❧✐s❛r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❡♠ R
n✳ ❆♣❧✐❝❛♥❞♦ ϕ−1

pi
✱ ♦s ❝♦♥❥✉♥t♦s V2ρ0(pi) ❡

V m
C0ρ2

(pj) sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ Bc(0, 2ρ0) ❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ W ✳ ▼♦s✲

tr❛r❡♠♦s q✉❡ Bc(0, 2ρ0) ❡ W sã♦ ❞✐s❥✉♥t♦s✱ ♣❛r❛ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s✳ ■ss♦ s❡rá

s✉✜❝✐❡♥t❡ ♣❛r❛ ♠♦str❛r q✉❡ V2ρ0(pi)∩ V m
C0ρ2

(pj) = ∅ ♣♦✐s ϕpi é ❤♦♠❡♦♠♦r✜s♠♦✳ P♦r ♦✉tr♦

❧❛❞♦✱ ♦ ❝♦♥❥✉♥t♦ V m
C0ρ2

(pj) é ✉♠ ❞✐s❝♦ C1✱ t❛♥❣❡♥t❡ ❛ M ♥♦ ♣♦♥t♦ fm(pj) ❡♠ Ec(fm(pj))✳

❆ss✐♠✱ W é ✉♠ ❞✐s❝♦ C1✱ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ w1 ∈ W ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥tí♥✉❛ Tϕ−1
pi
(Ec)✳ ◆♦t❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ Tϕ−1

pi
(Ec) ❝♦✐♥❝✐❞❡ ❝♦♠ R

c ❡♠ pi✳

❙❡❥❛ w2 = ϕ−1
pi
(p

′

j,m) ∈ W ✳ ❙❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✮ q✉❡

‖w2‖ = ‖ϕ−1
pi
(pi)− ϕ−1

pi
(p

′

j,m)‖ >
2ρ1

3C1N
✭✷✳✺✮

❚♦❞❛s ❡ss❛s ❛✜r♠❛çõ❡s ✲ s♦❜r❡ ❛ s✉❛✈✐❞❛❞❡ ❞❡ W ✱ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦

Tϕ−1
pi
Ec✱ ❡t❝✳ s❡ ♠❛♥té♠ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ pi, ρ0 ❡ |m| < J ✳ ❆ss✐♠✱ ♣❛r❛ r❡s✉♠✐r ❛s

♦❜s❡r✈❛çõ❡s ❛♥t❡r✐♦r❡s✱ ♥ós t❡♠♦s ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0 ❡ ❢✉♥çõ❡s θ1, θ2 : R+ → R+✱

t♦❞❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ pi✱ ρ0 ❡ m✱ ❞❡ ♠♦❞♦ q✉❡ W ❡stá ❝♦♥t✐❞♦ ♥♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦

F : Bc(0, C2ρ0) → R
u+s✱ ❞❡ ❝❧❛ss❡ C1 ❝♦♠

✭✶✮ ‖DF (x1)‖ 6 θ1(‖x1‖) ♣❛r❛ ❛❧❣✉♠ x1 ∈ Bc(0, C2ρ0) ✭x1 ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦♥t♦

w1 ∈ W ✮

✭✷✮ ‖F (x2)‖ >
ρ0
C2

♣❛r❛ ❛❧❣✉♠ x2 ∈ Bc(0, C2ρ0) ✭x2 ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦♥t♦ w2 ∈ W ✮

✭✸✮ ‖F (y)− F (x)−DF (x)(y − x)‖ 6 θ2(‖y − x‖) ♣❛r❛ t♦❞♦ x, y ∈ Bc(0, C2ρ0)

✭✹✮

lim
r→0

θ1(r) = 0, ❡ lim
r→0

θ2(r)

r
= 0

❆✜r♠❛♠♦s q✉❡ s❡ ρ0 ❢♦r ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡ ❡♥tã♦ ‖F (x)‖ > 0✱ ♣❛r❛ t♦❞♦

x ∈ Bc(0, C2ρ0)✳ ■ss♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ♠♦str❛r q✉❡ W ∩ Bc(0, C2ρ0) = ∅ ♣♦✐s ♦ â♥✲

❣✉❧♦ W ❡ Bc(0, C2ρ0) s❡rá ♣♦s✐t✐✈♦ ❡ ♣♦rt❛♥t♦ t❛✐s ❝♦♥❥✉♥t♦s sã♦ tr❛♥s✈❡rs❛✐s ❝♦♠ ❞✐✲

♠❡♥sõ❡s ❝♦♠♣❧❡♠❡♥t❛r❡s✳ ❙❡❣✉❡ ❞♦ ✐t❡♠ ✭✸✮ q✉❡ ♣❛r❛ t♦❞♦ x ∈ Bc(0, 2ρ0) ❡ ♣❛r❛ ❛❧❣✉♠

x1, x2 ∈ Bc(0, C2ρ0) t❡♠♦s

‖F (x)− F (x1)‖ 6 ‖DF (x1)(x− x1)‖+ θ2(‖x− x1‖) 6

6 ‖DF (x1)‖ · ‖x− x1‖+ θ2(‖x− x1‖) 6 θ1(‖x1‖) · ‖x− x1‖+ θ2(‖x− x1‖)
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6 θ1(C2ρ0)2C2ρ0 + θ2(2C2ρ0)

❆♥❛❧♦❣❛♠❡♥t❡✱ ‖F (x2)−F (x1)‖ 6 θ1(C2ρ0)2C2ρ0 + θ2(2C2ρ0)✳ ❆ss✐♠✱ ♣❡❧❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

‖F (x)‖ = ‖F (x) + F (x1)− F (x1) + F (x2)− F (x2)‖ >

> ‖F (x2)‖ − ‖F (x2)− F (x1)‖ − ‖F (x1)− F (x)‖

>
ρ0
C2

− 2[θ1(C2ρ0)2C2ρ0 + θ2(2C2ρ0)]

= ρ0
C2

− 2C2ρ0θ1(2C2ρ0)− 2θ2(2C2ρ0)✳

❙❡ ρ0 ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡ss❛ q✉❛♥t✐❞❛❞❡ é ♣♦s✐t✐✈❛✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡

W é ❞✐s❥✉♥t♦ ❞❡ Bc(0, 2ρ0)✱ q✉❡ é ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✸✳ ▲❡♠❜r❡✲s❡ q✉❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M é ♣❛r❝✐✲

❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❛ M s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛

Tf−✐♥✈❛r✐❛♥t❡ TM = Eu ⊕ Ec ⊕ Es t❛❧ q✉❡ Tf ❡①♣❛♥❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ t♦❞♦s ♦s ✈❡✲

t♦r❡s ❡♠ Eu ❡ ❝♦♥tr❛✐ ✉♥✐❢♦r♠❡♠❡♥t❡ t♦❞♦s ♦s ✈❡t♦r❡s ❡♠ Es✱ ❡♥q✉❛♥t♦ ♦s ✈❡t♦r❡s ❡♠

Ec ♥ã♦ sã♦ ❝♦♥tr❛í❞♦s tã♦ ❢♦rt❡♠❡♥t❡ q✉❛♥t♦ ♦s ✈❡t♦r❡s ❞❡ Es ♥❡♠ ❡①♣❛♥❞✐❞♦s tã♦

❢♦rt❡♠❡♥t❡ q✉❛♥t♦ ♦s ✈❡t♦r❡s ❞❡ Eu✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ p ∈ M ✱ ❡①✐st❡♠

0 < ap < bp < 1 < Bp < Ap✱ t❛❧ q✉❡✿

‖Tpf |Es‖ 6 ap < bp 6 m(Tpf |Ec) 6 ‖Tpf |Ec‖ 6 Bp < Ap 6 m(Tpf |Eu) ✭✷✳✻✮

♦♥❞❡ m(T ) = ‖T−1‖−1

❉❡s❡❥❛♠♦s ♣❛ss❛r ❞❛s ❝♦♥❞✐çõ❡s ✐♥✜♥✐t❡s✐♠❛✐s ❞❛❞❛s ♥❛ ❞❡✜♥✐çã♦ ❞❡ ❤✐♣❡r❜♦❧✐❝✐✲

❞❛❞❡ ♣❛r❝✐❛❧ ♣❛r❛ ❝♦♥❞✐çõ❡s ❧♦❝❛✐s✳ P❛r❛ ✐ss♦ s❡❥❛

❴
ap (r) = max

q∈Br(p)

∥∥Tqf |Es(q)

∥∥

❴

bp (r) = min
q∈Br(p)

m
(
Tqf |Ec(q)

)
= min

q∈Br(p)
{‖T−1

q f |Ec(q)‖−1}
❴

Bp (r) = max
q∈Br(p)

∥∥Tqf |Ec(q)

∥∥
❴

Ap (r) = min
q∈Br(p)

m
(
Tqf |Eu(q)

)
= min

q∈Br(p)
{‖T−1

q f |Eu(q)‖−1}

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ Tf ❡s❝♦❧❤❡♠♦s r0 > 0 ❡ θ < 1 t❛❧ q✉❡
❴
ap (r0) < θ

❴

bp (r0) ❡
❴

Ap (r0) < θ
❴

Bp (r0)✳ ❋✐①❛r❡♠♦s r0 ❡ ❡s❝r❡✈❡r❡♠♦s ❛♣❡♥❛s
❴
ap✱

❴

bp✱
❴

Ap ❡
❴

Bp✳
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❙❡❥❛♠ F1 ❡ F2 ❢♦❧❤❡❛çõ❡s ❝♦♥tí♥✉❛s ❝♦♠ ❢♦❧❤❛s ❞❡ ❝❧❛ss❡ C1 ❡♠ M ✳ ❉✐③❡♠♦s

q✉❡ F2 é ǫ (C0−) ♣ró①✐♠♦ ❞❡ F1 s❡ ❞❛❞♦s p, q q✉❛❧q✉❡r ♥✉♠❛ ♠❡s♠❛ ❢♦❧❤❛ ❞❡ F1 ❝♦♠

dF1
(p, q) 6 1✱ t✐✈❡r♠♦s ✉♠❛ ❢♦❧❤❛ ❞❛ ❢♦❧❤❡❛çã♦ F2 ♣❛ss❛♥❞♦ ♣♦r p ❡ ✐♥t❡rs❡❝t❛♥❞♦ ❛ ǫ−❜♦❧❛

❝❡♥tr❛❞❛ ❡♠ q✳ ✭❱❡r ❋✐❣✉r❛ ✷✳✼✮

❋✐❣✉r❛ ✷✳✼✿ ❆ ❋♦❧❤❡❛çã♦ F2 ❡stá ǫ (C0−) ♣ró①✐♠♦ ❞❡ F1

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❙❡ ❛ ❢♦❧❤❡❛çã♦ Wu
g é ǫ (C0−) ♣ró①✐♠❛ ❞❡ Wu

f ❡ Ws
g é ǫ (C0−) ♣ró①✐♠❛ ❞❡ Ws

f

❡♥tã♦ g é ❛❝❡ss✐✈❡❧♠❡♥t❡ ❡stá✈❡❧ ♠ó❞✉❧♦ βD✱ ∀ǫ > 0✳ P♦rt❛♥t♦ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

❞❛❞♦ ǫ > 0 ❡①✐st❡ σ > 0 t❛❧ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✭✷✳✸✮ ❝♦♠ ❡st❡ σ ✐♠♣❧✐❝❛♠ ❛s

ǫ−♣r♦①✐♠✐❞❛❞❡s ❞❛s ❢♦❧❤❡❛çõ❡s ❞✐♥â♠✐❝❛s ❞❡ g ❝♦♠ ❛s ❞❡ f ✳ ❆ss✐♠✱ t❡r❡♠♦s ♣r♦✈❛❞♦ q✉❡

♣❛r❛ t♦❞♦ p, q ∈ Bs
r0
2

(f, p)✱ ❛ ✐♥t❡rs❡çã♦ W s(g, p) ∩ Bǫ(q) 6= ∅✳ ✭■st♦ é✱ s✉❜st✐t✉í♠♦s ✶

♥❛ ❞✐stâ♥❝✐❛ dF1
♣♦r r0

2
✱ ♦ q✉❡ é s✉✜❝✐❡♥t❡ ♣♦✐s ❛ ❜♦❧❛ ✉♥✐tár✐❛ ♣♦❞❡ s❡r ❝♦❜❡rt❛ ♣♦r ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ r0
2
✮✳

❱❛♠♦s ❢❛③❡r ♦ ❝❛s♦ ❡♠ q✉❡ Ws
g é ǫ (C0−) ♣ró①✐♠❛ ❞❡ Ws

f ✳ ❖ ♦✉tr♦ é ✐♥t❡✐r❛♠❡♥t❡

❛♥á❧♦❣♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ f−1✳

❉❡✜♥❛ αp(n) ♣♦r

αp(n) := αp · αf(p) . . . αfn−1(p)

♦♥❞❡ α ∈ {❴a,
❴

A,
❴

b,
❴

B}

❆ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧ ✐♠♣❧✐❝❛ q✉❡ ❞❛❞♦ η ∈ (θ, 1) ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❝♦♥tí♥✉❛

❞❡ ❝♦♥❡s Kcu ❡♠ t♦r♥♦ ❞❡ Eu ⊕ Ec t❛❧ q✉❡

✭❛✮ Tf(Kcu(p)) ⊂ Kcu(f(p))✳
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✭❜✮ Kcu é ✉♥✐❢♦r♠❡♠❡♥t❡ tr❛♥s✈❡rs❛❧ ❛ Es
f ✳

✭❝✮ P❛r❛ q✉❛❧q✉❡r v ∈ Kcu(p)

‖Tf(v)‖ >❴ap η‖v‖.

❙❡❥❛ δ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❙❡ f ❢♦r s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r g t❛❧ q✉❡

dC1(f, g) 6 δ0 ❡♥tã♦ Kcu ✐rá s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s (a)✱ (b) ❡ (c) ❞❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳

❙❡❥❛ q ∈ Ws
f (p) ❡ dWs

f
(p, q) 6 r0

2
✳ ❊♥tã♦

d(fN(p), fN(q)) 6 ap(N) = apaf(p) · · · afN−1(p)

❙❡❥❛ V ✉♠ ❞✐s❝♦ t♦♣♦❧ó❣✐❝♦ tr❛♥s✈❡rs❛❧ ❛ Ws
f (p) ❡♠ q ❞❡ ❞✐♠❡♥sã♦ = dim(Eu ⊕ Ec✮ t❛❧

q✉❡ TV ♣❡rt❡♥ç❛ à Kcu ✭♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡rí❛♠♦s t♦♠❛r V = ϕq(B
u+c(0, 1))✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ n✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r σ tã♦ ♣❡q✉❡♥♦ t❛❧ q✉❡ dC0(f, g) < σ

✐♠♣❧✐❝❛ q✉❡

d(gn(p), gn(V )) < 2ap(n)

❈♦♠♦ Tgn(V ) é ✉♥✐❢♦r♠❡♠❡♥t❡ tr❛♥s✈❡rs❛❧ ❛ Es ❡①✐st❡ C = C(f) t❛❧ q✉❡ ❛

✐♥t❡rs❡çã♦ Ws
g (g

n(p)) ∩ gn(V ) ❝♦♥té♠ ✉♠ ♣♦♥t♦ z ♦♥❞❡ d(gn(q), z) 6 C
❴
ap (n)✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡ g−n(z) ∈ Ws
g (p)✳ P♦rt❛♥t♦✱ s❡ n ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ Ws

g é ǫ−♣ró①✐♠♦

❞❡ W s
f ✳ ✭❱❡r ❋✐❣✉r❛ ✷✳✽✮

❋✐❣✉r❛ ✷✳✽✿ ■♥t❡rs❡çã♦ ❞❡ gn(V ) ❝♦♠ Ws
g (g

n(p)) ✉s❛♥❞♦ ❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❡s Kcu(p)

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛
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✷✳✸ ❆❝❡ss✐❜✐❧✐❞❛❞❡ ▲♦❝❛❧

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✳ ❈♦♠♦ f é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛ ❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣❛r❝✐❛❧♠❡♥t❡

❤✐♣❡r❜ó❧✐❝♦s é ❛❜❡rt♦ ❡♥tã♦ ❡①✐st❡ δ0 > δ t❛❧ q✉❡ q✉❛❧q✉❡r g ♥❛ t♦♣♦❧♦❣✐❛ C1 ❛✐♥❞❛ é

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳

❈♦♠♦ ♥♦ss❛s ♣❡rt✉r❜❛çõ❡s sã♦ ❧♦❝❛✐s é ❝♦♥✈❡♥✐❡♥t❡ ❛❞❛♣t❛r ❛s ❡str✉t✉r❛s q✉❡

✉s❛♠♦s ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ p✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ p ∈M ❞❡✈❡♠♦s ❛ss♦❝✐❛r✿

✭✶✮ ❯♠❛ ✈✐③✐♥❤❛♥ç❛ Up = ϕp(B
n(0, 1))✱

✭✷✮ ❯♠❛ ❡str✉t✉r❛ ❘✐❡♠❛♥✐❛♥❛ gp ❡♠ Up ❝♦♠ ♠étr✐❝❛ ❞❡ ❝❛♠✐♥❤♦s dp✱ ✐s♦♠étr✐❝❛ ♣❡❧❛

❝❛rt❛ ϕ−1
p ❛ ♠étr✐❝❛ ❊✉❝❧✐❞✐❛♥❛ ♥❛ ❜♦❧❛ Bn(0, 1)✱

✭✸✮ ❯♠❛ C∞−❞❡❝♦♠♣♦s✐çã♦ TU = Ẽu ⊕ Ẽc ⊕ Ẽs = Tϕp(R
u ⊕ R

c ⊕ R
s) q✉❡ ❝♦✐♥❝✐❞❡

❝♦♠ Eu ⊕ Ec ⊕ Es ❡♠ p✱

✭✹✮ C∞−❢♦❧❤❡❛çõ❡s W̃u
p , W̃s

p , W̃cu
p ❡ W̃cs

p ❞❡ Up✱ ❛s q✉❛✐s ♦s s✉❜✜❜r❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s

❞❛ C∞−❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✐t❡♠ (3) sã♦ t❛♥❣❡♥t❡s ❛ ❡❧❛s✱

✭✺✮ P❛r❛ i = 1, . . . , c✱ ✢✉①♦s ♣❛r❝✐❛✐s ζ it : Up → Up t❛♥❣❡♥t❡s ❛s ❢♦❧❤❛s ❞❡ W̃c✱

✭✻✮ ✢✉①♦s ♣❛r❝✐❛✐s τut : Up → Up ❡ τ st : Up → Up t❛♥❣❡♥t❡s ❛s ❢♦❧❤❛s ❞❡ W̃u ❡ W̃s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

■r❡♠♦s ❞❡t❛❧❤❛r ❛❣♦r❛ ❝♦♠♦ s❡ ❞á ❛ ❝♦♥str✉çã♦ ❞♦s ✐t❡♥s ✭✺✮ ❡ ✭✻✮✳ ❙❡❥❛ {e1, . . . , ec}
✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Rc ♥❛ ❞❡❝♦♠♣♦s✐çã♦ R

n = R
u⊕R

c⊕R
s✳ P❛r❛ i = 1, . . . , c ❞❡✜♥❛

♦s ✢✉①♦s ♣❛r❝✐❛✐s ζ it : B → B ♣♦r

ζ it(ϕp(v)) = ϕp(v + tei)

❆♥❛❧♦❣❛♠❡♥t❡✱ ✜①❛♠♦s ♦s ✈❡t♦r❡s ✉♥✐tár✐♦s wu ❡ ws t❛♥❣❡♥t❡s ❛ R
u ❡ R

s ♥❛

❞❡❝♦♠♣♦s✐çã♦ R
n = R

u ⊕ R
c ⊕ R

s ❡ ❞❡✜♥✐♠♦s ♦s ✢✉①♦s ♣❛r❝✐❛✐s τut , τ
s
t : B → B✱ ♣♦r

τut (ϕp(v)) = ϕp(v + twu) ❡

τ st (ϕp(v)) = ϕp(v + tws)
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◆♦t❡ q✉❡ τut ❡♥✈✐❛ ❢♦❧❤❛s ❞❡ W̃cs ❡♠ ❢♦❧❤❛s ❞❡ W̃cs ❡ ❡♥tr❡ ❛s ❢♦❧❤❛s ❞❡ W̃cs ❡stá

❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛ ❛ss♦❝✐❛❞❛ à W̃u✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ τ st ❡♥✈✐❛ ❢♦❧❤❛s ❞❡ W̃cu ❡♠ ❢♦❧❤❛s

❞❡ W̃cu ❡ ❡♥tr❡ ❛s ❢♦❧❤❛s ❞❡ W̃cu ❡stá ❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♥♦♠✐❛ ❛ss♦❝✐❛❞❛ à W̃s✳

◆♦t❡ q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ t❛✐s ❤♦❧♦♥♦♠✐❛s é ❞❛❞❛ ♣♦r τ s−tτ
u
−tτ

s
t τ

u
t ✳ ❉❡ ❢❛t♦✱ ♦ t❡♠♣♦

t ❞♦ ♣r✐♠❡✐r♦ ✢✉①♦ τu é ❞❡t❡r♠✐♥❛❞♦ ♣♦✐s ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ❛ ❢♦❧❤❛ ♦♥❞❡ ♦ ✢✉①♦ ❡st❡❥❛

♥❛ ❤♦❧♦♥♦♠✐❛✳ ❖ s❡❣✉♥❞♦ t é ❧✐✈r❡ ♥❛ ❢♦❧❤❡❛çã♦ W cs(q)✳ ❖ t❡r❝❡✐r♦ t❡♠♣♦ ❡♠ τ s−t t❛♠❜é♠

é ❡s♣❡❝í✜❝♦ ♣❛r❛ q✉❡ ♦ ✢✉①♦ ❡♥❝♦♥tr❡ ❛ ❤♦❧♦♥♦♠✐❛ ♥❛ ✈♦❧t❛✳ ❊ ♣♦r ✉❧t✐♠♦✱ ❡s❝♦❧❤❡♠♦s

✉♠ t t❛❧ q✉❡ τ s−t r❡t♦r♥❡ ❛♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ϕp(v)✳ ✭❱❡r ✜❣✉r❛ ✷✳✾✮

❋✐❣✉r❛ ✷✳✾✿ ❍♦❧♦♥♦♠✐❛ ❞❡ W cs(p) ❡♠ W cs(q)

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

■ss♦ ❡①♣r❡ss❛ ♦ ❢❛t♦ ❞❡ q✉❡ W̃u ❡ W̃s sã♦ ✐♥t❡❣rá✈❡✐s ❡♠ ❝♦♥❥✉♥t♦✳

❖ ♣ró①✐♠♦ ▲❡♠❛ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❞❡ ϕp✳

▲❡♠❛ ✷✳✽✳ ❆s ❡str✉t✉r❛s ❞❡s❝r✐t❛s ❞❡ (1) ❛ (6) sã♦ ✉♥✐❢♦r♠❡s s♦❜r❡ p ∈ M ❡ s♦❜r❡ g

s✉✜❝✐❡♥t❡♠❡♥t❡ C1−♣ró①✐♠❛ ❞❡ f ✳ P❛r❛ t♦❞♦ p ∈ M ✱ ❛ ❡str✉t✉r❛ gp é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♠♣❛rá✈❡❧ ❛ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛ ♦r✐❣✐♥❛❧ Up✳

❯♠❛ ✈❡③ q✉❡ t♦❞❛s ❛s ❡st✐♠❛t✐✈❛s ❡♥✈♦❧✈❡♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ❘✐❡♠❛♥♥ ❡♠ M sã♦

❧♦❝❛✐s ❡ ✉♥✐❢♦r♠❡s s♦❜r❡ p ∈M ✱ q✉❛❧q✉❡r ❛✜r♠❛çã♦ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❘✐❡♠❛♥♥ t♦r♥❛✲

s❡ ✈á❧✐❞❛ ♣❛r❛ gp ❛♣❡♥❛s ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛✳ P♦rt❛♥t♦ s❡r❡♠♦s

❛♠❜í❣✉♦s ❡♠ ♥♦ss❛ ♥♦t❛çã♦ ✉s❛♥❞♦ d ❛❧t❡r♥❛❞❛♠❡♥t❡ ♣❛r❛ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡ ♣❛r❛
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❛ ♠étr✐❝❛ ❧♦❝❛❧ dp✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ♦ ♣♦♥t♦ ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ ❞❡✐①❛r❡♠♦s ♦

í♥❞✐❝❡ p ❛♦ ❞❡s❝r❡✈❡r ❛s ✈ár✐❛s ❡str✉t✉r❛s✳

✷✳✸✳✶ ❯♠ ❝r✐tér✐♦ ♣❛r❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧

❙❡❥❛ D ✉♠ ❞✐s❝♦ c−❛❞♠✐ssí✈❡❧ ❞❡ f ❝❡♥tr❛❞♦ ❡♠ p ∈ M ✱ ❡ s❡❥❛ ρ = r(D)✳ ❙❡❥❛

Nr(D) ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❞❡ D ❞❡ r❛✐♦ r✳ ❙❡❥❛ m = m(c, dim(M)) ❛ ❝♦♥st❛♥t❡ ❞❛❞❛

♣❡❧♦ ▲❡♠❛ ✭✷✳✶✼✮✳ ❙✉♣♦♥❤❛ q✉❡ g é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ❉✐③❡♠♦s q✉❡ g é θ−❛❝❡ssí✈❡❧

❡♠ D s❡✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , c✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

H i : [0, 1]×D → N(m−2)ρ(2D),

t❛❧ q✉❡ t 7→ H i(t, q) é ✉♠ us−❝❛♠✐♥❤♦ ❞❡ g ❝♦♠ ✹ ❛r❝♦s ❝♦♠❡ç❛♥❞♦ ❡♠ q✱ ❡✱ ♣❛r❛ ❛❧❣✉♠

t0 ∈ (0, ρ
2
) ❛ ❝♦♥❞✐çã♦

d(H i(1, q), ζ it0(q)) < t0θ ✭✷✳✼✮

✈❛❧❡ ♣❛r❛ t♦❞♦ q ∈ D′✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ g é θ−❛❝❡ssí✈❡❧ ❡♠ D s❡ ∀q, p ∈ D ❡①✐st❡ ✉♠

us−❝❛♠✐♥❤♦ ❞❡ q ♣❛r❛ h t❛❧ q✉❡ ❛ ❞✐stâ♥❝✐❛ d(p, h) < t0θ✱ ♦♥❞❡ p é ♦ ♣♦♥t♦ ✜♥❛❧ ❞♦ ✢✉①♦

ζ it0(q) ❡♠ D ❡ h é ♦ ♣♦♥t♦ ✜♥❛❧ ❞♦ us−❝❛♠✐♥❤♦✳ ❱❡❥❛ q✉❡ t0 ✈❛r✐❛ ♥♦ ✐♥t❡r✈❛❧♦ (0, ρ
2
) ❡ θ

♣❡r♠❛♥❡❝❡ ✜①♦✳ ✭❱❡r ❋✐❣✉r❛ ✷✳✶✵✮

❋✐❣✉r❛ ✷✳✶✵✿ θ− ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ❣

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❖ ♣ró①✐♠♦ ▲❡♠❛ ♥♦s ❞á ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❝❡♥tr❛❧✳ ❖ ❡❧❡♠❡♥t♦

❜❛s❡ ❞❛ ♣r♦✈❛ é ♦ ❛r❣✉♠❡♥t♦ q✉❛❞r✐❧❛t❡r❛❧ ❞❡ ❇r✐♥ ✭❱❡r ❬✽❪✮✳ ❊st❡ ❛r❣✉♠❡♥t♦ é ✉s❛❞♦



✼✵

♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ❡♠ ✈ár✐❛s s✐t✉❛çõ❡s✳ ❆ ●r♦ss♦ ♠♦❞♦✱ é ♦ s❡❣✉✐♥t❡

✭❛ss✉♠✐♠♦s✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r✱ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❝❡♥tr❛❧ Ec é ✐♥t❡❣rá✈❡❧✳ ■ss♦ ♥ã♦ tr❛rá

ô♥✉s às ❤✐♣ót❡s❡s ♣♦✐s ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♦s ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s sã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

t❛♥❣❡♥t❡s à ❞✐r❡çã♦ ❝❡♥tr❛❧✮✳ ❉❛❞♦ ✉♠ ♣♦♥t♦ p ∈M ✱ ❝♦♥s✐❞❡r❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ ❛r❝♦s

❞❡♥♦t❛❞♦ ♣♦r [z0, z1, z2, z3, z4] ❝♦♠❡ç❛♥❞♦ ❡♠ z0 = p✳ ❈♦♥❡❝t❛♠♦s zi − 1 ❝♦♠ zi ♣♦r ✉♠❛

❣❡♦❞és✐❝❛ γi ❧♦❝❛❧✐③❛❞❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧ ❡ ♦❜t❡♠♦s ❛ ❝✉r✈❛ Γp =
⋃

1≤i≤4 γi✳

P❛r❛♠❡tr✐③❛♠♦s ♣♦r t ∈ [0, 1] ❝♦♠ Γp(0) = p✳

❙❡ ❛ ❞✐str✐❜✉✐çã♦ Es ⊕ Eu ❢♦ss❡ ✐♥t❡❣rá✈❡❧ ✭❡✱ ♣♦rt❛♥t♦ f ♥ã♦ s❡r✐❛ ❛❝❡ssí✈❡❧✮✱

♦ ♣♦♥t♦ ✜♥❛❧ z4 = Γp(1) ❡st❛r✐❛ ♥❛ ❢♦❧❤❛ ❞❛ ❢♦❧❤❡❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣❛ss❛♥❞♦ ♣♦r p✳

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s t❡r f ❛❝❡ssí✈❡❧ s❡ ♣✉❞❡r♠♦s ♦r❣❛♥✐③❛r ✉♠ us−❝❛♠✐♥❤♦ ❞❡ 4 ❛r❝♦s t❛❧

q✉❡ Γp(1) ∈ W c(p) ❡ Γp(1) 6= p ✭❱❡r ❋✐❣✉r❛ ✷✳✶✶✮✳ ◆❡st❡ ❝❛s♦✱ ♦ ❝❛♠✐♥❤♦ Γp ♣♦❞❡ s❡r

❤♦♠♦t♦♣❛❞♦ ❛tr❛✈és ❞❡ us−❝❛♠✐♥❤♦s ❞❡ ✹ ❛r❝♦s ❝♦♠❡ç❛❞♦s ❡♠ p ❛té ♦ ❝❛♠✐♥❤♦ tr✐✈✐❛❧

❞❡ ♠♦❞♦ q✉❡ ♦s ♣♦♥t♦s ✜♥❛✐s ✜q✉❡♠ ❡♠ W c(p) ❞✉r❛♥t❡ ❛ ❤♦♠♦t♦♣✐❛ ❡ ❢♦r♠❡♠ ✉♠❛

❝✉r✈❛ ❝♦♥tí♥✉❛✳ ❚❛❧ s✐t✉❛çã♦ é ❣❡r❛❧♠❡♥t❡ ♣❡rs✐st❡♥t❡ s♦❜ ♣❡q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s ❞❡ f ❡✱

♣♦rt❛♥t♦✱ ❧❡✈❛ ❛ ✉♠❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧✳

❋✐❣✉r❛ ✷✳✶✶✿ ❆r❣✉♠❡♥t♦ q✉❛❞r✐❧❛t❡r❛❧ ❞❡ ❇r✐♥

❋♦♥t❡✿ P❡s✐♥ ❬✷✻❪

▲❡♠❛ ✷✳✾ ✭❈r✐tér✐♦ ♣❛r❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❝❡♥tr❛❧✮✳ ❙✉♣♦♥❤❛ β > 1
2
✳ P❛r❛ ❝❛❞❛ β′ ∈ (β, 1)

❡①✐st❡♠ θ > 0✱ δ1 > 0 ❡ ρ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ❞✐s❝♦ c−❛❞♠✐ssí✈❡❧ D ❞❡ r❛✐♦ r(D) < ρ0✱

s❡

❼ dC1(f, g) < δ1



✼✶

❼ g é θ−❛❝❡ssí✈❡❧ ❡♠ β′D

❡♥tã♦ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♠ βD✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✭✷✳✾✮✳ ◆❛ ❋✐❣✉r❛ ✷✳✶✵ ❡s❝r❡✈❡♠♦s h = H i(1, q) ❡ p = ζ it0(q)✳ P❛r❛ ♠♦str❛r

❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ p = h✳ P❛r❛ ✈❡r✐✜❝❛r ✐ss♦✱ s❡❥❛♠ β, β′ ❞❛❞♦s✳

❊s❝♦❧❤❛ θ < β′−β
4β′c

✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s s✉❜✜❜r❛❞♦s Eu
g (p) ❡ E

s
g(p) ❡♠ g✱ ❡①✐st❡♠ δ1 > 0

❡ ρ0 > 0 t❛✐s q✉❡ s❡ dC1(f, g) < δ1✱ s❡ D é ✉♠ ❞✐s❝♦ c−❛❞♠✐ssí✈❡❧ ❞❡ r❛✐♦ r(D) = ρ < ρ0

❡ s❡ s : [0, 1] → N(m−2)ρ(D) é q✉❛❧q✉❡r us−❝❛♠✐♥❤♦ ❞❡ 4 ❛r❝♦s ❞❡ g ❝♦♠ s(0), s(1) ∈ D

❡♥tã♦

d(s(0), s(1)) 6 ρ
β′ − β

4c
✭✷✳✽✮

❙✉♣♦♥❤❛ q✉❡ g é θ−❛❝❡ssí✈❡❧ ❡♠ β′D✳ P❛r❛ i = 1, . . . , c t❡♠♦s q✉❡ ❛s ❛♣❧✐❝❛çõ❡s

H i s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✭✷✳✼✮ ❝♦♠ D′ = β′D✳

❈♦♠♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ H i é ✉♠❛ ❝♦♥❞✐çã♦ C1−❛❜❡rt❛ ✶ ❡♥tã♦ ❛ θ−❛❝❡ss✐❜✐❧✐❞❛❞❡ é

✉♠❛ ❝♦♥❞✐çã♦ C1− ❛❜❡rt❛✳ P♦rt❛♥t♦ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ t❛♠❜é♠ é ❛❜❡rt❛ ✭♣♦✐s ♦ ▲❡♠❛ ✷✳✾

❛✜r♠❛ q✉❡ θ−❛❝❡ss✐❜✐❧✐❞❛❞❡ ✐♠♣❧✐❝❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡✮✳ ❉❡ss❡ ♠♦❞♦✱ r❡st❛rá ❛♣❡♥❛s ♣r♦✈❛r

q✉❡ f é θ−❛❝❡ssí✈❡❧ ♣❛r❛ ❝♦♥❝❧✉✐r ♦ ▲❡♠❛ ✷✳✶✳

❱❛r✐❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦s ❞♦✐s ú❧t✐♠♦s ❛r❝♦s ❞♦ ❝❛♠✐♥❤♦ t 7→ H i(t, q) ♣♦❞❡♠♦s

❢❛③❡r ❝♦♠ q✉❡H i(1, q) ∈ D, ∀q ∈ β′D✳ ❉❡ ❢❛t♦ é ♣♦ssí✈❡❧ ❢❛③❡r ✐ss♦ s❡♠ ❢❡r✐r ❛ ♣r♦♣r✐❡❞❛❞❡

✭✷✳✼✮✱ ♣♦✐s ♣♦❞❡♠♦s ❞✐♠✐♥✉✐r ✉♠ ♣♦✉❝♦ θ ❝❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦✳

❆ s❡❣✉✐r ❞❡✜♥✐♠♦s ❛ ♥♦çã♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s✳

❉❡✜♥✐çã♦ ✷✳✶✺✳ ❙❡❥❛♠ a, b : I → X ❝❛♠✐♥❤♦s ♥✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳ ❉✐③ q✉❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ H : I × I → X é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s ❡♥tr❡ a ❡ b q✉❛♥❞♦

H(0, t) = a(t) ❡ H(1, t) = b(t)✱ ♣❛r❛ t♦❞♦ t ∈ I✳ ◆❡ss❡ ❝❛s♦✱ ♦s ❝❛♠✐♥❤♦s a ❡ b ❝❤❛♠❛♠✲s❡

❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❡ ❡s❝r❡✈❡✲s❡ a ∼= b✳

❉❡ss❡ ♠♦❞♦ ❛♣❧✐❝❛♠♦s ✉♠❛ ❤♦♠♦t♦♣✐❛ ❛♦ us− ❝❛♠✐♥❤♦ t 7→ H i(t, q), ∀q ∈ β′D

❞❡ 4 ❛r❝♦s ❝♦♠❡ç❛♥❞♦ ❡♠ q ❡ t❡r♠✐♥❛♥❞♦ ♥♦ ❝❛♠✐♥❤♦ tr✐✈✐❛❧✱ ❞❡ ♠♦❞♦ q✉❡ ♦s ♣♦♥t♦s ✜♥❛✐s

✜q✉❡♠ ❡♠ D ❞✉r❛♥t❡ ❛ ❤♦♠♦t♦♣✐❛✳ ❖ tr❛ç♦ ❞❡ss❡s ♣♦♥t♦s ✜♥❛✐s ❛♦ ❧♦♥❣♦ ❞❛ ❤♦♠♦t♦♣✐❛

❢♦r♥❡❝❡ ✉♠❛ ❝✉r✈❛ ❡♠ D ❞❡ q ♣❛r❛ H i(1, q)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ i = 1, . . . , c✱ ♥ós

✶❉✐③❡r q✉❡ Hi(q) é C1−❛❜❡rt❛ s✐❣♥✐✜❝❛ q✉❡ Hi ❡①✐st❡ ♣❛r❛ g ❡ ♣❛r❛ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❞❡ g✳



✼✷

♦❜t❡♠♦s

Ψi : [0, 1]× [0, 1]× β′D → Nθ(D)

t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ s ∈ [0, 1], t 7→ Ψi(s, t, q) é ✉♠ us−❝❛♠✐♥❤♦ ❞❡ g ❝♦♠ Ψi(s, 1, q) ∈ D✱

Ψi(0, t, q) = q ❡ Ψi(1, t, q) = H i(t, q)✳ P♦rt❛♥t♦✱ s 7→ Ψi(s, 1, q) := Φi
s(q) é ✉♠❛ ❝✉r✈❛

❡♠ D ❞❡ q ♣❛r❛ H i(1, q)✳ ◆♦t❡ q✉❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ss❛ ❝✉r✈❛ é ♣♦♥t♦ ✜♥❛❧ ❞❡ ✉♠ ❝❛♠✐♥❤♦

❝♦♠❡ç❛♥❞♦ ❡♠ q✳ ✭❱❡r ❋✐❣✉r❛ ✷✳✶✷✮

❋✐❣✉r❛ ✷✳✶✷✿ ❍♦♠♦t♦♣✐❛ ❞❡ q ❛ H i(1, q)

❋♦♥t❡✿ ❆✉t♦r✐❛ ♣ró♣r✐❛

❙❡❣✉❡ ❞❡ ✭✷✳✽✮ q✉❡ ♣❛r❛ q ∈ β′D :

❞✐❛♠(Φi
s(q)) < d(s(0), s(1)) 6

ρ(β′ − β)

4c
, ∀s ∈ [0, 1] ✭✷✳✾✮

P❛r❛ q ∈ β′D ❡st❡♥❞❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ Φi
s(q) ♣❛r❛ ✈❛❧♦r❡s ❞❡ s > 1 ♣❡❧❛ ❢ór♠✉❧❛

✐♥❞✉t✐✈❛

Φi
s+m = Φi

s(Φm(q))

♣❛r❛ s ∈ (0, 1] ❡ m ∈ N✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ m = 1 t❡♠♦s q✉❡

Φi
s+m = Φi

s(Φ1(q)) = Φs(Ψ
i(1, 1, q)) = Φs(H

i(1, q))

❖ ♣♦♥t♦ ♠á①✐♠♦ q✉❡ Φi
s(q) ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❡♠ s ❞❡♣❡♥❞❡ ❞❡ q✳ ◆♦t❡ q✉❡✱ ❞❡

✭✷✳✼✮ ♦❜t❡♠♦s✿



✼✸

d(Φi
m(q), ζ

i
mt0

(q)) = d(H i(1, H i(1, . . . , H i(1, q) · · · ), ζ it0(q
′

m−1)) = d(H i(1, qm−1), ζ
i
t0
(q

′

m−1))

6 d(H i(1, qm−1), ζ
i
t0
(qm−1)) + d(ζ it0(qm−1), ζ

i
t0
(q

′

m−1))

< t0θ + d(qm−1, q
′

m−1)

< t0
β′−β
4β′c

+ d(H i(1, qm−2), ζ
i
t0
(q

′

m−2))

< t0
β′−β
4β′c

+ t0θ + d(qm−2, q
′

m−2)

< 2t0
β′−β
4β′c

+ d(qm−2, q
′

m−2)

✳✳✳

< mt0
β′−β
4β′c

⇒ d(Φi
m(q), ζ

i
mt0

(q)) =< mt0
β′ − β

4β′c
✭✷✳✶✵✮

❙❡❥❛ q0 = ϕ (−β′ρ/2(e1 + · · ·+ ec))✳ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ Z : [0, β′ρ]c →M ♣♦r✿

Z(a1, . . . , ac) = ζ1a1 · · · ζcac(q0)

❖❜s❡r✈❛çã♦ ✷✳✷✳ Z é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♠ β′D✳

❊♠ s❡❣✉✐❞❛ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

P : [0, ρβ′]c → D

❞❡✜♥✐❞❛ ♣♦r P (a1, . . . , ac) = Φ1
a1
t0

Φ2
a2
t0

· · ·Φc
ac
t0

(q0)

❈❛❞❛ ♣♦♥t♦ ♥❛ ✐♠❛❣❡♠ ❞❡ P é ♣♦♥t♦ ✜♥❛❧ ❞❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ g ❝♦♠❡ç❛♥❞♦ ❡♠

q0✳ ❆✜r♠❛♠♦s q✉❡D ❡stá ♥♦ ✐♥t❡r✐♦r ❞❛ ✐♠❛❣❡♠ P (a1, . . . , ac)✳ ❈♦♠♦ Z é ❤♦♠❡♦♠♦r✜s♠♦

❡♠ β′D é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ dC0(P,Z) < d(∂βD, ∂β′D) = ρ(β′−β)
2

❙❡ a = (a1, . . . , ac) ∈ [0, β′ρ]c ❝♦♠ ai = t0(mi + si),mi ∈ N ❡ si ∈ (0, 1] ❡♥tã♦

d(P (a), Z(a)) = d

(
Φ1

a1
t0

Φ2
a2
t0

· · ·Φc
ac
t0

(q0), ζ
1
a1
ζ2a2 · · · ζcac(q0)

)

6
∑c

i=1 d

(
Φi

ai
t0

Φi+1
ai+1

t0

· · ·Φc
ac
t0

(q0), ζ
i
ai
Φi+1

ai+1

t0

· · ·Φc
ac
t0

(q0)

)

= d

(
Φ1

a1
t0

(
Φ2

a2
t0

· · ·Φc
ac
t0

(q0)

)
, ζ1a1

(
Φ2

a2
t0

· · ·Φc
ac
t0

(q0)

))
+

d

(
Φ2

a2
t0

(
Φ3

a3
t0

· · ·Φc
ac
t0

(q0)

)
, ζ2a2

(
Φ3

a3
t0

· · ·Φc
ac
t0

(q0)

))
+ · · ·+ d

(
Φc

ac
t0

(q0), ζ
c
ac(q0)

)
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6 ❞✐❛♠
(
Φ([0, 1]×

{
Φ2

a2
t0

· · ·Φc
ac
t0

(q0)

})
+ ❞✐❛♠

(
Φ([0, 1]×

{
Φ3

a3
t0

· · ·Φc
ac
t0

(q0)

})
+ · · ·+

❞✐❛♠ (Φ([0, 1]× {(q0)}) + d

(
Φ1
m1

(
Φ2

a2
t0

· · ·Φc
ac
t0

(q0)

)
, ζ1m1t0

(
Φ2

a2
t0

· · ·Φc
ac
t0

(q0)

))

+d

(
Φ2
m2

(
Φ3

a3
t0

· · ·Φc
ac
t0

(q0)

)
, ζ2m2t0

(
Φ3

a3
t0

· · ·Φc
ac
t0

(q0)

))
+ d

(
Φc
mc
(q0), ζ

c
mct0

(q0)
)

< (β′−β)
4c

+ (β′−β)
4c

+ · · ·+ (β′−β)
4c

+ m1t0(β′−β)
4β′c

+ m2t0(β′−β)
4β′c

+ · · ·+ mct0(β′−β)
4β′c

6
c(β−β′)

4c
+
∑c

i=1mit0
(β−β′)
4β′c

= β−β′

4

(
1 +

∑c
i=1

mit0
β′c

)

❈♦♠♦ mit0 < ρβ′ ❡♥tã♦

d(P (a), Z(a)) <
β − β′

4

(
1 +

c∑

i=1

ρβ′

β′c

)
=
β − β′

4

(
1 +

ρ

c

)
6 ρ

β′ − β

2

P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ g é ❛❝❡ssí✈❡❧ βD✳

✷✳✸✳✷ ❈♦♥str✉çã♦ ❞❛ P❡rt✉r❜❛çã♦

❋✐①❡ β′ ∈ (β, 1)✳ ❖ ♣ró①✐♠♦ ▲❡♠❛ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✳

▲❡♠❛ ✷✳✶✵✳ P❛r❛ t♦❞♦ δ, θ > 0✱ s❡ r(D) é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ R(D) é s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦ ❡①✐st❡ g ∈ PHr
µ(M) t❛❧ q✉❡

✭✶✮ dC1(f, g) < δ

✭✷✮ dC0(f, g) < θ

✭✸✮ g é θ−❛❝❡ssí✈❡❧ ❡♠ β′D✱ ♣❛r❛ ❝❛❞❛ D ∈ D

❆ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶ ❞❡❝♦rr❡rá ❢❛❝✐❧♠❡♥t❡ ❞❡st❡ ▲❡♠❛✳ ❉❡ ❢❛t♦✱ ❜❛st❛ t♦♠❛r

θ < σ s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✾✳ ❙❡❥❛ g ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✷✳✶✵✳ ❯♠❛ ✈❡③ q✉❡

g é θ−❛❝❡ssí✈❡❧ ❡♠ β′D✱ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♠ D✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✵✳ ❙❡❥❛ δ, θ > 0 ❞❛❞♦s✳ ■r❡♠♦s ♣❡rt✉r❜❛r f ❢❛③❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ ❝♦♠

✉♠ C
∞−❞✐❢❡♦♠♦r✜s♠♦ ψ : M → M q✉❡ ♣r❡s❡r✈❡ ✈♦❧✉♠❡✳ ■♥✐❝✐❛❧♠❡♥t❡ ❡st✐♠❛♠♦s ♦s

❡❢❡✐t♦s ❞❛ ❝♦♠♣♦s✐çã♦ ψ ◦ f ♥✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛✳
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❉❡✜♥✐çã♦ ✷✳✶✻✳ ❉✐③❡♠♦s q✉❡ ψ : M → M ❡stá s✉♣♦rt❛❞❛ ❡♠ X ⊂ M s❡ ψ = ✐❞ ❢♦r❛

❞❡ X ⊂M ✳

❖ ♣ró①✐♠♦ ▲❡♠❛ ❛✜r♠❛ q✉❡ s❡ R(X) é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡✱ p, q ∈ X

sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r g✱ ❝♦♠ g ◦ f−1 s✉♣♦rt❛❞❛ ❡♠ X✱ ♦s

s✉❜❡s♣❛ç♦s Tψ−1(Eu
g )(q) ❡ E

s
g(q) ❡stã♦ ♣ró①✐♠♦s ❞❡ Ẽu

p (q) ❡ Ẽ
s
p(q)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✷✳✶✶ ✭▲❡♠❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❞♦ ✜❜r❛❞♦✮✳ ❊①✐st❡ δ0 > 0 t❛❧ q✉❡ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦

é ✈❡r❞❛❞❡✐r❛✳ P❛r❛ t♦❞♦ γ > 0✱ ❡①✐st❡ J > 0 t❛❧ q✉❡✱ s❡ ψ = g ◦ f−1 é s✉♣♦rt❛❞❛ ♥✉♠

❝♦♥❥✉♥t♦ X ❝♦♠ R(X) > J ✱ ❡ dC1(ψ, ✐❞) < δ0✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ p, q ∈ X ❝♦♠ d(p, q) < J−1✱

t❡♠♦s q✉❡

✶✮ ∠q(E
s
g , Ẽ

s
p) 6 γ

✷✮ ∠q(Tψ
−1(Eu

g ), Ẽ
u
p (q)) 6 γ

❖ ✐t❡♠ ✭✶✮ ❞♦ ▲❡♠❛ ♥♦s ❞✐③ q✉❡ ♦ â♥❣✉❧♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s Es
g ❡ Ẽs

p ❞✐st❛♠ ♠❡♥♦s

q✉❡ γ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦s ✜❜r❛❞♦s ❞❡ f ❡ g ❡stã♦ γ−♣ró①✐♠♦s✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✶✳ ❙❡❥❛ γ > 0 ❞❛❞♦✳ ▲❡♠❜r❡✲s❡ q✉❡ ❛s ❞✐str✐❜✉✐çõ❡s TUp = Eu ⊕ Ec ⊕ Es

❡ TUp = Ẽu
p ⊕ Ẽc

p ⊕ Ẽs
p ❝♦✐♥❝✐❞❡♠ ❡♠ p✳

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ Eu ⊕ Ec ⊕ Es✱ ❛ ✉♥✐❢♦r♠✐❞❛❞❡ ❞❡

ϕp ❡ ❛ s✉❛✈✐❞❛❞❡ ❞❡ ψ✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ θ1 : R+ → R+ ❝♦♠ θ1(0) = 0 t❛❧ q✉❡

∀p, q ∈M

∠q(Tψ(E
u), Tψ(Ẽu

p )) 6 θ1(d(p, q)) ✭✷✳✶✶✮

∠q(E
s, Ẽs

p) 6 θ1(d(p, q)) ✭✷✳✶✷✮

❝♦♠ dC1(ψ, ✐❞) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❙❡❥❛

λ = max
p

(
max

(
ap
bp

)
,

(
Bp

Ap

))

✭✈❡r ✷✳✻✮✳ ◆♦t❡ q✉❡ λ < 1 ♣♦✐s f é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♦s ✈❡t♦r❡s bp ❡ Ap sã♦ ♠❛✐♦r❡s q✉❡ ap ❡

Bp✱ r❡s♣❡t✐✈❛♠❡♥t❡✳
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❊♥tã♦✱ ❡①✐st❡ C1, θ2 > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ s✉❜❡s♣❛ç♦ F u, F s ❝♦♠

max{∠(F u, Eu),∠(F s, Es)} 6 θ0

t❡♠♦s

∠(Tf−j(F s), T f−j(Es)) 6 C1λ
j ❡

∠(Tf j(F u), T f j(Eu)) 6 C1λ
j

∀j > 0✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ Eu
g ⊕ Ec

g ⊕ Es
g ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ g✱ ❡ ❡♥tã♦

max{∠(Eu
g , E

u),∠(Es
g , E

s)} 6 θ0

s❡ dC1(ψ, ✐❞) (❡ ♣♦rt❛♥t♦ dC1(f, g)) sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛s✳ ❖✉ s❡❥❛✱ q✉❛♥❞♦ f é

♣❡rt✉r❜❛❞❛ ♦s ✜❜r❛❞♦s ✜❝❛♠ ♣ró①✐♠♦s✳

❋✐①❡ R < R(X)✳ ❙❡ q ∈ X✱ ❡♥tã♦ gi(q) = f i(q) ♣❛r❛ t♦❞♦ i ❡♥tr❡ 0 ❡ R✳

P❛r❛ ♦ ❞❛❞♦ q t❡♠♦s

∠(Es
g , E

s) = ∠q(Tg
−REs

g , T f
−REs)

∠q(Tf
−REs

g , T f
−REs)

6 C1λR

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ q ∈ X ♦❜t❡♠♦s

ψ−1 = (g ◦ f−1)−1 = f ◦ g−1

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ q ∈ X, g−i(q) = f−i◦ψ−1(q) = f−i+1◦g−1(q) ∀i ∈ (1, R−1)✳

❙❡❣✉❡ q✉❡

∠q(E
u
g , Tψ(E

u)) = ∠q(Tg(E
u
g ), T g(E

u))

6 C2∠g−1(q)(E
u
g , E

u)

= C2∠g−1(q)(Tf
R−1Eu

g , T f
R−1Eu)

6 C1C2λ
R−1

❈♦♠❜✐♥❛♥❞♦ ❡ss❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ ♠♦str❛♠♦s q✉❡ ❡①✐st❡♠

λ, θ1 : R+ → R+ ❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ψ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡rt♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡

s✉♣♦rt❛❞❛ ❡♠ X✱ ♣❛r❛ t♦❞♦ R < R(X)✱ ❡ ♣❛r❛ t♦❞♦ q ∈ X✱ p ∈M ✱ t❡♠♦s✿
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❼ ∠q(E
s
g , Ẽ

s
p) 6 C(λR + θ1(d(p, q)))

❼ ∠q(Tψ
−1(Eu

g ), Ẽ
u
p ) 6 ∠q(E

u
g , Tψ(Ẽ

u
p )) 6 C(λR + θ1(d(p, q)))

❈♦♠♦ R é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ d(p, q) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✱ ❡ss❡s t❛♠❛✲

♥❤♦s sã♦ ❧✐♠✐t❛❞♦s ♣♦r γ✳

❚❛♠❜é♠ ✈❛♠♦s ♣r❡❝✐s❛r ❞♦ s❡❣✉✐♥t❡ ▲❡♠❛✳

▲❡♠❛ ✷✳✶✷✳ ❊①✐st❡ T > 0 t❛❧ q✉❡✱ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❛r❛ ❝❛❞❛ p ∈M ✱ ❡

♣❛r❛ ❝❛❞❛ ❞✐s❝♦ c−❛❞♠✐ssí✈❡❧ D ❝❡♥tr❛❞♦ ❡♠ p✱ ❡①✐st❡♠ C∞−✢✉①♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡

ξ1t , · · · , ξct : Up → Up t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ i

✭✶✮ ξit = ✐❞ ❢♦r❛ ❞❡ N2ε(D)

✭✷✮ P❛r❛ q ∈ Nε(D)✱

ξit(q) = ζ iεt(q)

P♦rt❛♥t♦✱ ❝❛❞❛ ξit ♣r❡s❡r✈❛ ❛s ❢♦❧❤❛s ❞❡ W̃c ∩Nε(D)✳

✭✸✮ dC1(✐❞, ξit) < T |t|

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✷✳ ❙❡❥❛ G = ϕ−1
p (D) = Bc(0, ρ)✱ ♣❛r❛ ❛❧❣✉♠ ρ > 0✳ ❋✐①❡ i✱ s❡❥❛ E ♦

❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❧✐✈r❡ ❡ ❞✐✈❡r❣❡♥t❡ ❡♠ N2ε(G) ⊂ R
n t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ v✿

E(v) = εei

❙❡❥❛ ω ❛ ❢♦r♠❛ ❞❡ ✈♦❧✉♠❡ ❡✉❝❧✐❞✐❛♥❛ ❡♠ R
n✱ ❡ s❡❥❛ φ0 = iEω✳ ❈♦♠♦ E ♥ã♦ é

❞✐✈❡r❣❡♥t❡✱ ❛ (n− 1)−❢♦r♠❛ φ0 é ❢❡❝❤❛❞❛ t❡♠♦s dφ0 = diEω = ❞✐✈(E)ω = 0

❈♦♠♦ N2ε(G) é ❝♦♥tr❛t✐❧ ❡♥tã♦ ❡①✐st❡ ✉♠❛ (n − 2)−❢♦r♠❛ ν ❡♠ N2ε(G) t❛❧ q✉❡

dν = φ0✳ ◆ós ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ν t❛❧ q✉❡




‖ν‖ 6 2ε2

‖ν‖C1 6 ε

❙❡❥❛ σ : N2ε(G) → [0, 1] ✉♠❛ ❜✉♠♣ ❢✉♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C∞ q✉❡ s❡ ❛♥✉❧❛ ♥❛

✈✐③✐♥❤❛♥ç❛ ❞❡ ∂N2ε(G) ❡ é ✐❞❡♥t✐❝❛♠❡♥t❡ 1 ❡♠ Nε(G)) t❛❧ q✉❡




‖dσ‖ 6 2
ε

‖dσ‖C1 6 2
ε2
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❙❡❥❛ φ = d(σν)✳ P♦rt❛♥t♦

‖φ‖C1 = ‖dσ ∧ ν + σφ0‖C1 6 ‖dσ‖ · ‖ν‖C1 + ‖dσ‖C1 · ‖ν‖+ ‖σ‖C1 · ‖φ0‖C1

6 2
ε
· ε+ 2

ε2
· 2ε2 + 2

ε
· ε = 8

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ φ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❼ ‖φ‖C1 6 T ✱ ♦♥❞❡ T = 8✱

❼ dφ = 0✱

❼ φ = φ0 ❡♠ Nε(G)✱

❼ φ = 0 ❡♠ ∂N2ε(G)

❉❡✜♥✐çã♦ ✷✳✶✼✳ ❙❡❥❛ M ⊂ R
k ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡

❝❧❛ss❡ Cr ❡♠ M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr X : M → R
k q✉❡✱ ❛ ❝❛❞❛ ♣♦♥t♦ p ❞❡ M

❛ss♦❝✐❛ ✉♠ ✈❡t♦r X(p) ∈ TpM ✳ ■ss♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ Cr X : M → TM t❛❧

q✉❡ π ◦X = ✐❞M ✱ ♦♥❞❡ π é ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ ❞❡ TM ❡♠ M ✳

❙❡❥❛ X ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠ R
n s❛t✐s❢❛③❡♥❞♦ iXω = φ ❡ s❡❥❛ Xt ♦ ✢✉①♦ ❣❡r❛❞♦

♣♦r X✳

❙❡❥❛ ξit = ϕ ◦Xt ◦ ϕ−1✳ ❊♥tã♦ ξi s❛t✐s❢❛③ ♦s três ✐t❡♥s ❞♦ ▲❡♠❛✳

❘❡t♦r♥❛♥❞♦ à ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✵✱ s❡❥❛ T ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✷✳ ❙❡❥❛ γ = θδ
100cT

✳

❊s❝♦❧❤❛ J > 0 ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✶✳

❆❣♦r❛ s❡❥❛ D = {D1, . . . , Dk} ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s ❝♦♠

R(D) > J ❡ r(D) < J−1✳ ❊s❝♦❧❤❛ η < r(D) t❛❧ q✉❡ ❛s η−✈✐③✐♥❤❛♥ç❛s ❞❡ q✉❛✐sq✉❡r ❞♦✐s

❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s ❡♠ D sã♦ ❞✐s❥✉♥t❛s✳

P❛r❛ ♠♦str❛r ♦ ▲❡♠❛ ✷✳✶✵ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♣❛r❛ q✉❛❧q✉❡r D ∈ D ❡①✐st❡

✉♠ C∞−❞✐❢❡♦♠♦r✜s♠♦ ψ ♣r❡s❡r✈❛♥❞♦ ✈♦❧✉♠❡✱ s✉♣♦rt❛❞♦ ♥❛ η−✈✐③✐♥❤❛♥ç❛ Nη(D) t❛❧ q✉❡

✭✶✮ dC1(ψ, ✐❞) < δ

✭✷✮ dC0(ψ, ✐❞) < θ



✼✾

✭✸✮ ❙❡ f é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❝♦♠ f−1 ◦f s✉♣♦rt❛❞❛ ❡♠ Nη(|D|)\Nη(D) ❡ dC1(f, f) < δ✱

❡♥tã♦ ψ ◦ f é θ−❛❝❡ssí✈❡❧ ❡♠ β′D✳

P❛r❛ ❝♦♥str✉✐r ♦ ❞✐❢❡♦♠♦r✜s♠♦ ✜♥❛❧ g✱ ✈❛♠♦s tr❛❜❛❧❤❛r ❞✐s❝♦ ♣♦r ❞✐s❝♦✱ ❝♦♥s✲

tr✉✐♥❞♦ ♣❛r❛ ❝❛❞❛ Di ∈ D ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ψi q✉❡ é s✉♣♦rt❛❞♦ ❡♠ Nη(Di) t❛❧ q✉❡

ψi ◦ ψi−1 ◦ · · ·ψ1 ◦ f é θ− ❛❝❡ssí✈❡❧ ❡♠ β′Di✳ P♦rt❛♥t♦ g = ψk · · ·ψ1 ◦ f s❛t✐s❢❛rá ❛s ❝♦♥✲

❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✶✵✳

❋✐①❡ D ∈ D ❝❡♥tr❛❞♦ ❡♠ p ❡ ❡s❝♦❧❤❛ ε < η
4c

♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ s❛t✐s❢❛③❡r

❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✶✷✳ ❙❡❥❛♠ ξ1t , · · · , ξct ❞❛❞♦s ♣❡❧♦ ▲❡♠❛ ✷✳✶✷✳

P❛r❛ i = 1, . . . , c✱ s❡❥❛ εi = 4iε✱ s❡❥❛ Zi = τuεi(D) ❡ s❡❥❛

Ni = N2ε(Zi) = τuεi(N2ε(D))

◆♦t❡ q✉❡ ♣♦❞❡♠♦s t♦♠❛r ε ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛s ✈✐③✐♥❤❛♥ç❛s N2ε(D)

s❡❥❛♠ ❞✐s❥✉♥t❛s✳ ▲♦❣♦ ❛s ✈✐③✐♥❤❛♥ç❛s N1, · · · , Nc sã♦ ❞✉❛s ❛ ❞✉❛s ❞✐s❥✉♥t❛s✳

❉❡✜♥❛ ψ :M →M ♣♦r

ψ(q) =





τ s−εiτ
u
εi
τ sεiξ

i
δ
T

τu−εi(q), s❡ q ∈ Ni, ♣❛r❛ ❛❧❣✉♠ i.

q, ❝❛s♦ ❝♦♥trár✐♦✳

❖❜s❡r✈❡ q✉❡ ψ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❼ ψ ♣r❡s❡r✈❛ µ✱

❼ ψ = ✐❞ ❢♦r❛ ❞❛ ✉♥✐ã♦ N1 ∪ · · · ∪Nc ⊂ Nη(D)

❼ ψ ♣r❡s❡r✈❛ ❛s ❢♦❧❤❛s W̃c ❢♦r❛ ❞❡ N1 ∪ · · · ∪Nc ❡ ❞❡♥tr♦ ❞❡ Nε(Zi) ♣❛r❛ i = 1, . . . , c

❼ dC1(ψ, id) < δ

❙❡❥❛ f ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❝♦♠ dC1(f, f) < δ ❡ f−1f s✉♣♦rt❛❞❛ ❡♠ Nη(|D|)\Nη(D)

❡ s❡❥❛ g = ψ ◦ f ✳ ❘❡st❛ ♠♦str❛r q✉❡ g é θ−❛❝❡ssí✈❡❧ ❡♠ β′D✳ P❛r❛ ✐ss♦✱ ✐r❡♠♦s ❛♥❛❧✐s❛r ❛

❞✐♥â♠✐❝❛ ❞❛s ❤♦❧♦♥♦♠✐❛s ❞❡ g ❛♦ ❧♦♥❣♦ ❞♦s us−❝❛♠✐♥❤♦s ❝✉❥❛s ✐♥t❡rs❡çõ❡s ❡stã♦ ♣ró①✐♠♦s

❞♦s s❡❣✉✐♥t❡s ♣♦♥t♦s✿

τuεi(p), τ
s
εi
τuεi(p), τ

u
−εi
τ sεiτ

u
εi
(p)
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❊♠ ❛♥❛❧♦❣✐❛ ❝♦♠ τut ❡ τ st ✱ ♦s q✉❛✐s s❡ ❞❡s❧♦❝❛♠ ❛♦ ❧♦♥❣♦ ❞❛s ❢♦❧❤❛s W̃u ❡ W̃s r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ♥ós ✐♥tr♦❞✉③✐♠♦s ❛s ❛♣❧✐❝❛çõ❡s πut , π
s
t : Nη(β

′D) → B✱ ❛s q✉❛✐s s❡ ❞❡s❧♦❝❛♠

❛♦ ❧♦♥❣♦ ❞❛s ❢♦❧❤❛s Wu
g ❡ Ws

g ❡ sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦

{πut (q)} = Wu
g (q) ∩ W̃cs(τut (q))

{πst (q)} = Ws
g (q) ∩ W̃cs(τ st (q))

❙❡ dC1(f, g) é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡ss❛s ❛♣❧✐❝❛çõ❡s ❡stã♦ ❜❡♠ ❞❡✜♥✐❞♦s ♣❛r❛

|t| 6 εc✳ ◆♦t❡ q✉❡ s❡ s✉❜st✐t✉✐r♠♦s Wu
g ♣♦r W̃u ❡ Ws

g ♣♦r W̃s✱ ❡ss❛s ❡q✉❛çõ❡s ❡♠ ✈❡③

❞✐ss♦ s❡r✐❛♠ τut ❡ τ st r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ Wu− ❤♦❧♦♥♦♠✐❛ πut ❧❡✈❛ ❢♦❧❤❛s W̃cs ❡♠ ❢♦❧❤❛s

W̃cs✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛ Ws− ❤♦❧♦♥♦♠✐❛ πst ❧❡✈❛ ❢♦❧❤❛s W̃cu ❡♠ ❢♦❧❤❛s W̃cu✳ ❖ ▲❡♠❛ ✷✳✶✶

♥♦s ♣❡r♠✐t✐rá ♣r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❛♣❧✐❝❛çõ❡s✳ ❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ ❞✐③

q✉❡✿

❊♠ ❞♦♠í♥✐♦s ❛♣r♦♣r✐❛❞♦s✱ πu ∼ ψτu ❡ πs ∼ τ s

▼❛✐s t❛r❞❡ ❢❛❧❛r❡♠♦s s♦❜r❡ ❛ s❡♠❡❧❤❛♥ç❛ ∼ ❝♦♠ ♠❛✐s ❝✉✐❞❛❞♦✳

P❛r❛ i = 1, . . . , c✱ s❡❥❛

hi = πs−εiπ
u
−εi
πsεiπ

u
εi

P♦rt❛♥t♦✱ hi é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ Nε(β
′D) s♦❜r❡ s✉❛ ✐♠❛❣❡♠✳ ❖❜s❡r✈❡ q✉❡

hi(q) é ♦ ♣♦♥t♦ ✜♥❛❧ ❞❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ q✉❛tr♦ ❛r❝♦s ❞❡ g✱ ❝♦♠❡ç❛♥❞♦ ❡♠ q✳ P❡❧❛

❝♦♥str✉çã♦✱ ❡ss❡s ❝❛♠✐♥❤♦s ❞❡♣❡♥❞❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ q✱ ❡ ❡♥tã♦ ❡①✐st❡♠ ❛♣❧✐❝❛çõ❡s

❝♦♥tí♥✉❛s

H i : [0, 1]× β′D → Nη(D)

♦♥❞❡ t 7→ H i(t, q) é ❞❡✜♥✐❞♦ ❝♦♠♦ us−❝❛♠✐♥❤♦ ❞❡ q✉❛tr♦ ❛r❝♦s ❞❡ g✱ t❛❧ q✉❡ H i(0, q) = q

❡ H i(1, q) = hi(q)✳ ❖ r❡st♦ ❞♦ ❛r❣✉♠❡♥t♦ é ♦ s❡❣✉✐♥t❡✿ ▼♦str❛r❡♠♦s q✉❡ πu ∼ ψτu ❡

πs ∼ τ s✱ ♦ q✉❡ ✐♠♣❧✐❝❛rá q✉❡ hi ∼ τ s−εiψτ
u
−εi
τ sεiψτ

u
εi
✳ ❈♦♠♦ τu ❡ τ s sã♦ ❛♣❡♥❛s tr❛♥s❧❛çõ❡s✱

ψ = ζ it0 ❡♠ τuεi(D) ❡ ψ = ✐❞ ❡♠ τu−εiτ
s
εi
τuεi(D) t❡♠♦s q✉❡ hi ∼ ζ it0 ✱ ♦♥❞❡ t0 = εδ

T
✳ ❖

❛r❣✉♠❡♥t♦ r❡st❛♥t❡ é ❞❡❞✐❝❛❞♦ ♣❛r❛ t♦r♥❛r ∼ ♣r❡❝✐s♦✳

▲❡♠❛ ✷✳✶✸ ✭▲❡♠❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❞❛ ❤♦❧♦♥♦♠✐❛✮✳ P❛r❛ ε ❡ δ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s

dC0(hi, ζ it0) 6 t0θ

♦♥❞❡ t0 = εδ
T

❡ ❛ C0−❞✐stâ♥❝✐❛ é ♠❡♥s✉r❛❞❛ ❡♠ β′D
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Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✸✳ P❛r❛ δ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛Q ⊂ Nε(β
′D)

❞❡ β′D t❛❧ q✉❡✱ ♣❛r❛ i = 1, . . . , c✱

πuεi(Q) ⊆ ψτuεi(Nε(β
′D))

πsεiπ
u
εi
(Q) ⊆ τ sεiψτ

u
εi
(Nε(β

′D))

πu−εiπ
s
εi
πuεi(Q) ⊆ τu−εiτ

s
εi
ψτuεi(Nε(β

′D))

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ d(hi(q), ζ it0(q)) 6 t0θ ∀q ∈ Q ❡ i = 1, . . . , c✱ ♦ q✉❡

✐♠♣❧✐❝❛ ❛ ❝♦♥❝❧✉sã♦ ❞♦ ▲❡♠❛✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ψ✱ ♣❛r❛ q ∈ Q ❡s❝r❡✈❡♠♦s

ζ it0(q) = ξit0
ε

(q) = ξiδ
T

(q) = τ s−εiτ
u
−εi
τ sεiτ

s
−εi
τuεiτ

s
εi
ξiδ

T

τu−εiτ
u
εi
(q) = τ s−εiτ

u
−εi
τ sεiψτ

u
εi
(q)

= τ s−εiψτ
u
−εi
τ sεiψτ

u
εi
(q) ✭✷✳✶✸✮

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ψ s❡r s✉♣♦rt❛❞❛ ❡♠ N1 ∪ · · · ∪Nc✱ ❛ q✉❛❧

é ❞✐s❥✉♥t❛ ❞❡ πsεiπ
u
εi
(Q)✳ P♦r ♦✉tr♦ ❧❛❞♦

hi(q) = πs−εiπ
u
−εi
πsεiπ

u
εi
(q) ✭✷✳✶✹✮

◆ós ♠♦str❛r❡♠♦s q✉❡ ♦s ❢❛t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ♥❛s ❞✉❛s ❝♦♠♣♦s✐çõ❡s ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮

s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♥ós ♠♦str❛r❡♠♦s q✉❡✱ r❡str✐t❛ ❛♦s ❞♦♠í♥✐♦s ❛♣r♦♣r✐❛❞♦s✱

❛s ❞✐stâ♥❝✐❛s dC0(πu±εi , ψτ
u
±εi

) ❡ dC0(πs±εi , τ
s
±εi

) sã♦ ❧✐♠✐t❛❞❛s ♣♦r θt0
4
✳

Pr✐♠❡✐r❛♠❡♥t❡ ❝♦♥s✐❞❡r❡ ❛s ❛♣❧✐❝❛çõ❡s ψ ◦ τuεi ❡ πuεi ♥♦ ❞♦♠í♥✐♦ Q✳ ▲❡♠❜r❡✲s❡ q✉❡✱

r❡str✐t❛ ❛s ❢♦❧❤❛s ❞❡ W̃cs✱ τuεi é ✉♠❛ W̃u−❤♦❧♦♥♦♠✐❛✳ ▼❛s ψ ◦ τuεi ❡♥✈✐❛ ❢♦❧❤❛s ❞❡ W̃cs q✉❡

❡stã♦ ❡♠ Q ⊂ Nε(β
′D) ❡♠ ❢♦❧❤❛s ❞❡ W̃cs✿ τuεi ❡♥✈✐❛ ❢♦❧❤❛s ❞❡ W̃cs ❡♠ ❢♦❧❤❛s ❞❡ W̃cs ❡ ψ

♣r❡s❡r✈❛ W̃cs ❡♠ τuεi(Q) ⊂ N
′

i ✳ ❉✐st♦ s❡❣✉❡ q✉❡✱ r❡str✐t♦ ❛ W̃cs(q) ∩Q✱ ❛ ❛♣❧✐❝❛çã♦ ψ ◦ τuεi
é ❛ ψ(W̃u)−❤♦❧♦♥♦♠✐❛ tr❛♥s✈❡rs❛❧ ❛ W̃cs(τuεi(q))✱ ♦♥❞❡ ψ(W̃u) é ❛ ✐♠❛❣❡♠ ❞❡ W̃u ♣♦r ψ✳

▲❡♠❜r❡✲s❡ q✉❡ πuεi r❡str✐♥❣❡ ❛ Wu
g−❤♦❧♦♥♦♠✐❛ ❡♥tr❡ W̃cs(q) ∩Nε(β

′D) ❡ W̃cs(τuεi(q))✳

P♦rt❛♥t♦ ❞❡♥tr❡ ❛s ❢♦❧❤❛s W̃cs✱ ❡st❛♠♦s ❝♦♠♣❛r❛♥❞♦ ❛s ❤♦❧♦♥♦♠✐❛s ❞❛s ❢♦❧❤❡❛çõ❡s

Wu
g ❡ ψ(W̃u)✳ P❛r❛ ❝♦♠♣❛r❛r ❛s ❤♦❧♦♥♦♠✐❛s ❡♥tr❡ Wu

g ❡ ψ(W̃u) ♥ós ♣r✐♠❡✐r♦ ❛♣❧✐❝❛♠♦s

❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s s✉❛✈❡ p 7→ ψ−1(p) ❡ ❝♦♠♣❛r❛♠♦s ❛s ❤♦❧♦♥♦♠✐❛s ♣♦r ψ−1(Wu
g )

❡ W̃u✳ ❈♦♠♦ dC1(ψ, ✐❞) é ♣❡q✉❡♥❛✱ ❡st❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞✐st♦r❝❡ ❛s ❞✐stâ♥❝✐❛s

♣♦r ✉♠ ❢❛t♦r ♣ró①✐♠♦ ❞❡ 1✳
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❖s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❞❡ ψ−1(Wu
g ) ❡ W̃u sã♦ Tψ−1Eu

g ❡ Ẽu✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❞♦s ✜❜r❛❞♦s ✭❱❡r ✷✳✶✶✮✱ ♦s ❡s♣❛ç♦s Tψ−1(Eu
g ) ❡ Ẽ

u

sã♦ ❢❡❝❤❛❞♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

∠q(Tψ
−1(Eu

g ), Ẽ
u) 6 γ =

θδ

100cT
. ✭✷✳✶✺✮

♣❛r❛ t♦❞♦ q ∈ Nη(D)✳ ◆ós ✐r❡♠♦s ❛♣❡♥❛s ❛♣❧✐❝❛r ♦ ♣ró①✐♠♦ ▲❡♠❛✳

▲❡♠❛ ✷✳✶✹✳ ❙❡❥❛ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❝♦♥tí♥✉❛ ❞❡ B ⊂ Up ❝♦♠ C1 ❢♦❧❤❛s u−❞✐♠❡♥s✐♦♥❛✐s✱

tr❛♥s✈❡rs❛✐s ❛ Ẽs ⊕ Ẽc✳ ❙❡❥❛ T1 ❡ T2 ❞✐s❝♦s s✉❛✈❡s t❛♥❣❡♥t❡s ❛ Ẽs ⊕ Ẽc✳ ❙✉♣♦♥❤❛ q✉❡ ❛

F−❤♦❧♦♥♦♠✐❛ ❡ ❛ W̃u−❤♦❧♦♥♦♠✐❛ ❡♥tr❡ T1 ❡ T2 ❡st❡❥❛♠ ❜❡♠ ❞❡✜♥✐❞❛s ❡ ❛s ❞❡♥♦t❡ ♣♦r

hF ❡ hW̃
u

✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ∀q ∈ T1✱

d(hF(q), hW̃
u

(q)) 6 ❞✐st(T1, T2) · sup
q∈B

∠q(TF , Ẽu)

❯♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ✈❛❧❡ ♣❛r❛ ❢♦❧❤❡❛çõ❡s s−❞✐♠❡♥s✐♦♥❛✐s tr❛♥s✈❡rs❛✐s ❛ Ẽc⊕Ẽu✳

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✹ ♥❛ ❢♦❧❤❡❛çã♦ ψ−1Wu
g ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✺✮ t❡♠♦s

q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s tr❛♥s✈❡rs❛✐s T1 ⊂ Q ❡ T2 = τuεi(T1) ❡ q ∈ T1

d(hψ
−1(Wu

g )(q), hW̃
u

(q)) 6 ❞✐st(T1, T2) · sup
q∈Nη(D)

∠q(Tψ
−1(Eu

g ), Ẽ
u) 6

6 εiγ 6 4cε

(
θδ

100cT

)
=

θ

25

(
εδ

T

)
=
θt0
25

<
θt0
8

▼❛s ❡♥tã♦✱ ♣❛r❛ t♦❞♦ q ∈ Q✱

d(πuεi(q), ψτ
u
εi
(q)) = d(ψhψ

−1(Wu
g )(q), ψhW̃

u

(q)) 6 ▲✐♣(ψ)θ
t0
8
6 θ

t0
4

❙✐♠✐❧❛r♠❡♥t❡✱ ♣❛r❛ q ∈ ψτuεi(Q)✱

d(πsεi(q), τ
s
εi
(q)) 6 2εi∠(E

s
g , Ẽ

s) <
θt0
4

❈♦♠❜✐♥❛♥❞♦ ❡ss❛s ✐♥❡q✉❛çõ❡s ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ τ sεi é ✉♠❛ ✐s♦♠❡tr✐❛✱ t❡♠♦s

q✉❡ ∀q ∈ Q✱

d(πsεiπ
u
εi
(q), τ sεiψτ

u
εi
(q)) 6 d(πsεiπ

u
εi
(q), τ sεiπ

u
εi
(q)) + d(τ sεiπ

u
εi
(q), τ sεiψτ

u
εi
(q))

= d(πsεiπ
u
εi
(q), τ sεiπ

u
εi
(q)) + d(πuεi(q), ψτ

u
εi
(q))
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<
θt0
4

+
θt0
4

=
θt0
2

Pr♦❝❡❞❡♥❞♦ ❞❡ss❡ ♠♦❞♦ ♥ós ♦❜t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ q ∈ Q✱

d(πs−εiπ
u
−εi
πsεiπ

u
εi
(q), τ s−εiψτ

u
−εi
τ sεiψτ

u
εi
(q)) < θt0

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✵✳

◆ós ❛❝❛❜❛♠♦s ❞❡ ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ i ❡①✐st❡

H i : [0, 1]× β′D → Nη(D)

♦♥❞❡ t 7→ H i(t, q) é ✉♠ us−❝❛♠✐♥❤♦ ❞❡ q✉❛tr♦ ❛r❝♦s ❞❡ g✱ t❛❧ q✉❡ H i(0, q) = q ❡

d(H i(1, q), ζ it0(q)) = d(hi(q), ζ it0(q)) < θt0

♦♥❞❡ t0 = εδ
T
✳

❋✐♥❛❧♠❡♥t❡ ❝♦♥❝❧✉í♠♦s q✉❡ g é θ−❛❝❡ssí✈❡❧✳ ❈♦♠ ✐ss♦ ✜♥❛❧♠❡♥t❡ ❞❡♠♦♥str❛♠♦s

♦ ❚❡♦r❡♠❛ ✷✳✶ ❞❡ ❉♦❧❣♦♣②❛t ❡ ❲✐❧❦✐♥s♦♥ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ♣r❡s❡r✈❛çã♦ ♦✉ ♥ã♦ ❞❡ ✈♦❧✉♠❡✳

✷✳✹ ❈❛s♦ s✐♠♣❧ét✐❝♦

❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛❧t❡r♥❛❞❛ σ : V × V → K ❡♠ ✉♠ K−❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡ σ(v, w) = 0 ♣❛r❛ t♦❞♦ w ∈ V ✐♠♣❧✐❝❛r q✉❡ v = 0✳

◗✉❛♥❞♦ V ❛❞♠✐t❡ ✉♠❛ t❛❧ ❢♦r♠❛✱ t❡♠♦s q✉❡ V ❞❡✈❡ t❡r ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐♠❡♥sã♦ ♣❛r ❡✱

❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ [v1, . . . , vm, w1, . . . , wm] ❞❡ V t❛❧ q✉❡ σ(vi, vj) = σ(wi, wj) = 0

❡ σ(vi, wj) = δij

❉❡✜♥✐çã♦ ✷✳✶✽✳ ❯♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛ 2−❢♦r♠❛ ω q✉❡

é ❢❡❝❤❛❞❛✱ dω = 0✱ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ✐st♦ é✱ ❛ ❛♣❧✐❝❛çã♦ ω#(x) : TMx → TM∗
x é ✉♠

✐s♦♠♦r✜s♠♦ ♣❛r❛ ❝❛❞❛ x ∈M ✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ é ✉♠ ♣❛r (M,ω) ❡♠ q✉❡ M

é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ ω é ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❡♠ M ✳
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P❡❧♦ q✉❡ ✈✐♠♦s ❛❝✐♠❛✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ s❡♠♣r❡ t❡♠ ❞✐♠❡♥sã♦ ♣❛r 2m✳

❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s✐♠♣❧ét✐❝♦ ✭V, σ✮ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❝♦♠ ✉♠❛ ❢♦r♠❛

✭♦✉ ❡str✉t✉r❛✮ s✐♠♣❧ét✐❝❛ σ✳ ❯♠ s✐♠♣❧❡❝t♦♠♦r✜s♠♦ G ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

s✐♠♣❧ét✐❝♦s ✭V1, σ1✮ ❡ ✭V2, σ2✮ é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r S : V1 → V2 t❛❧ q✉❡ G
∗σ2 = σ1✱ ♦✉

s❡❥❛✱ (G∗σ2)(u, v) = σ(S(u), S(v))✱ ♣❛r❛ t♦❞♦ u, v ∈ V1✳ ❙❡ ❡①✐st❡ ✉♠ s✐♠♣❧❡❝t♠♦r✜s♠♦

G : V1 → V2✱ ❞✐③❡♠♦s q✉❡ ✭V1, σ1✮ ❡ ✭V2, σ2✮ sã♦ s✐♠♣❧❡❝t♦♠♦r❢♦s ✭✈❡r ❬✶✹❪✮✳

❊①❡♠♣❧♦ ✷✳✶✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R2n = R
m × R

m t❡♠ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô♥✐❝❛✱

q✉❡ é ❞❡✜♥✐❞❛ ♣♦r

ω0(x, y) =
m∑

i=1

dxi ∧ dyi

❆ ❋ór♠✉❧❛ ❞❡ ❈❛rt❛♥ ❞á ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡✱ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r

❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r✐♦r✿

LXω = d(iXω) + iX(dω)

❈♦♠♦ ❛ 2−❢♦r♠❛ ω é ❢❡❝❤❛❞❛✱ s❡❣✉❡ q✉❡ LXω = d(df) = 0 ♣❛r❛ t♦❞♦ ❝❛♠♣♦

❞✐❢❡r❡♥❝✐á✈❡❧ X ♥❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ é s✐♠♣❧ét✐❝♦ s❡ LXω =

0✱ ♦✉ s❡❥❛✱ s❡ iXω é ❢❡❝❤❛❞❛✳ ❊ ❛♥❛❧♦❣❛♠❡♥t❡✱ ✉♠ ❝❛♠♣♦ X é ❍❛♠✐❧t♦♥✐❛♥♦ ❣❧♦❜❛❧ ♥❛

✈❛r✐❡❞❛❞❡ M ✱ s❡ iXω é ✉♠❛ ❢♦r♠❛ ❡①❛t❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡ h : M → R ❞✐❢❡r❡♥❝✐á✈❡❧ t❛❧ q✉❡

iXω = dh✱ ❡ ♥❡st❡ ❝❛s♦ ❞❡♥♦t❛♠♦s ♦ ❝❛♠♣♦ ♣♦r Xh✳

❉✐③❡♠♦s q✉❡ X é ✉♠ ❝❛♠♣♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧♦❝❛❧ s❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱ ♥♦ q✉❛❧ ♦ ❝❛♠♣♦ X é ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ U ✳ ◆♦t❡♠♦s q✉❡

t♦❞♦ ❝❛♠♣♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭❣❧♦❜❛❧✮ é ❧♦❝❛❧♠❡♥t❡ ❍❛♠✐❧t♦♥✐❛♥♦✳

❯♠ ❞♦s ❚❡♦r❡♠❛s ❝❧áss✐❝♦s ♣❛r❛ t❛✐s ✈❛r✐❡❞❛❞❡s✱ é ♦ ❚❡♦r❡♠❛ ❞❡ ❉❛r❜♦✉① q✉❡

❣❛r❛♥t❡ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ é ❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡❝t♦♠♦r❢❛ ❛ ✉♠ ❛❜❡rt♦ ❞♦ R
2n

♠✉♥✐❞❛ ❞❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô♥✐❝❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ t❡♠♦s

❚❡♦r❡♠❛ ✷✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❉❛r❜♦✉①✮✳ ❙❡❥❛ (M,ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❞❡ ❞✐♠❡♥sã♦

2m✳ P❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ M ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ x ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ φ :

R
m×R

m → V ❞❡ ❝❧❛ss❡ C∞✱ t❛❧ q✉❡ φ∗ω = ω0✱ ❡♠ q✉❡ ω0 é ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô♥✐❝❛

❞❡ R
2m✳

P♦r ♦✉tr♦ ❧❛❞♦ s❡ f ♣r❡s❡r✈❛ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω✱ ❡♥tã♦ ❛ ♣❡rt✉r❜❛çã♦ g t❛♠❜é♠

♣♦❞❡ s❡r s✐♠♣❧ét✐❝❛✳
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❊♠ ❛♥á❧♦❣♦ ❛ ♣r♦✈❛ ♣❛r❛ ♦ ❝❛s♦ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡ ❝♦♠❡ç❛♠♦s ❝♦♠ ✉♠ s✐st❡♠❛s

❞❡ ❝❛rt❛s ❧♦❝❛✐s C∞ ϕp : B
2m(0, 1) → M ✱ ❞❡✜♥✐❞❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱ ♦♥❞❡ 2m = n✳

❚❛✐s ❝❛rt❛s sã♦ ❡s❝♦❧❤✐❞❛s ❞❡ ♠♦❞♦ à s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✶✮ ϕp(0) = p✱

✭✷✮ T ◦ ϕp ❡♥✈✐❛ ♦ s♣❧✐tt✐♥❣ T ◦ Rn = R
s ⊕ R

c ⊕ R
u ♥♦ s♣❧✐tt✐♥❣ TpM = Es ⊕ Ec ⊕ Eu✱

✭✸✮ ❆ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ϕ∗
pω é ✉♠ ♣✉❧❧❜❛❝❦ ❧✐♥❡❛r ❞❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ♣❛❞rã♦ ❡♠ R

2m✿

ϕ∗
pω = A∗

p

(∑
dpi ∧ dqi

)

♣❛r❛ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Ap ∈ R
2m✱

✭✹✮ p 7→ ϕp é ✉♠❛ ❛♣❧✐❝❛çã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❞❡ M ❡♠ C1(Bn(0, 1),M)✳ ❈♦♠

r❡❧❛çã♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ϕp, Ap ❡♠ f t❛♠❜é♠ é ❝♦♥tí♥✉❛✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉❛r❜♦✉① ✭✷✳✸✮✱ ♣❛r❛ ❝❛❞❛ p ∈ M ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Up ❞❡

p ❡ ❝♦♦r❞❡♥❛❞❛s kp : Up → R
2m t❛❧ q✉❡✱ ♥❡ss❛s ❝♦♦r❞❡♥❛❞❛s✱ ❛ ❢♦r♠❛ ω ❛ss✉♠❛ ❛ ❢♦r♠❛

♣❛❞rã♦
∑
dpi ∧ dqi✳ P❛r❛ ❝❛❞❛ p✱ Tpkp ❡♥✈✐❛ ♦ s♣❧✐tt✐♥❣ TpM = Es(p) ⊕ Ec(p) ⊕ Eu(p)

♥♦ s♣❧✐tt✐♥❣ R
2m = R

s
p ⊕ R

c
p ⊕ R

u
p ✳ ❙❡❥❛ Ap : R

2m → R
2m ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r q✉❡

❡♥✈✐❛ B2m(0, 1) ❡♠ kp(Up) ❡ ❡♥✈✐❛ ♦ s♣❧✐tt✐♥❣ tr✐✈✐❛❧ R2m = R
s ⊕ R

c ⊕ R
u ♥♦ s♣❧✐tt✐♥❣

R
2m = R

s
p⊕R

c
p⊕R

u
p ✱ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❞❡♣❡♥❞❡r ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ p✳ P♦rt❛♥t♦ ϕp = k−1

p ◦Ap
s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✶✮✲✭✹✮✳

❈♦♠ ❡st❛ ♠♦❞✐✜❝❛çã♦✱ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ♥♦ ❝❛s♦ s✐♠♣❧ét✐❝♦ ♣r♦❝❡❞❡ ❡①❛t❛✲

♠❡♥t❡ ✐❣✉❛❧ ❛♦ ❝❛s♦ ❞❡ ♣r❡s❡r✈❛çã♦ ❞❡ ✈♦❧✉♠❡✱ ❛♣❡♥❛s s✉❜st✐t✉✐♥❞♦ ❛ ♠❡❞✐❞❛ µ ♣❡❧❛ ❢♦r♠❛

ω ❞♦ ▲❡♠❛ ✷✳✶✵✳ ❱❛♠♦s ♠♦❞✐✜❝❛r ✉♠ ♣♦✉❝♦ ❛ ❛✜r♠❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✵ ❡ ❞á ❛ ♣r♦✈❛ ♥♦

❝❛s♦ s✐♠♣❧ét✐❝♦✳

▲❡♠❛ ✷✳✶✺✳ P❛r❛ t♦❞♦ δ, θ > 0✱ s❡ r(D) é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ R(D) é s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦ ❡①✐st❡ g ∈ Diff rω(M) t❛❧ q✉❡

✭✶✮ dC1(f, g) < δ

✭✷✮ dC0(f, g) < θ ❡

✭✸✮ ❈❛❞❛ D ∈ D é ❝♦❜❡rt♦ ♣♦r ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s βV1, . . . , βVk t❛❧ q✉❡ g é θ−❛❝❡ssí✈❡❧

❡♠ Vi ♣❛r❛ ❝❛❞❛ i✳
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❖❜s❡r✈❛çã♦ ✷✳✸✳ ❙❡ θ ❡ δ sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s✱ ❡♥tã♦ q✉❛❧q✉❡r g ∈ Diff rω(M)

s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (1)− (3) ❞♦ ▲❡♠❛ ✭✷✳✶✺✮ é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♠ D✿ P♦✐s ♦

▲❡♠❛ ✷✳✾ ✐♠♣❧✐❝❛ q✉❡ g é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♠ ❝❛❞❛ βVi✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❡stá✈❡❧ ❡♠ s✉❛ ✉♥✐ã♦ q✉❡ ❝♦♥té♠ D✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✺✳ ❙❡❥❛ D ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✼

❛❜❛✐①♦✱ ❝♦❜r✐r❡♠♦s ❝❛❞❛ D ∈ D ❝♦♠ c−❞✐s❝♦s βV1, . . . , βVk✳ ❖ ❧❡♠❛ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ i

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ✭q✉❡ é ❛ ✉♥✐ã♦ ❞❡ ❜♦❧❛s✮ N(D, i) ⊂ Nη(D) t❛❧ q✉❡✱ ♣❛r❛ i✬s ❞✐❢❡r❡♥t❡s✱

❡ss❡s ❝♦♥❥✉♥t♦s sã♦ ❞✐s❥✉♥t♦s✳ ❊♠ s❡❣✉✐❞❛✱ ♣❡rt✉r❜❛r❡♠♦s ❞❡♥tr♦ ❞❡ N(D, i) ♣❛r❛ ♦❜t❡r

θ−❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ Vi✳

❙❡♠❡❧❤❛♥t❡♠❡♥t❡ ❛♦ ❝❛s♦ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡✱ ♣r❡❝✐s❛r❡♠♦s ♠♦str❛r q✉❡ s❡ r(D)

é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ R(D) é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ D ∈ D ❡

❝❛❞❛ c−❞✐s❝♦ Vi ♥❛ ❝♦❜❡rt✉r❛ ❞❡ D✱ ❤á ✉♠ C∞−❞✐❢❡♦♠♦r✜s♠♦ s✐♠♣❧ét✐❝♦ ψ✱ s✉♣♦rt❛❞♦

❡♠ N(D, i)✱ ❝♦♠

✭❛✮ dC1(ψ, ✐❞) < δ

✭❜✮ dC0(ψ, ✐❞) < θ

✭❝✮ ❙❡ f é q✉❛❧q✉❡r ❞✐❢❡♦♠♦r✜s♠♦ ❝♦♠ f−1f s✉♣♦rt❛❞❛ ❡♠ Nη(|D|)\N(D, i) ❡

dC1(f, f) < δ✱ ❡♥tã♦ ψ ◦ f é θ−❛❝❡ssí✈❡❧ ❡♠ Vi✳

❈❛❞❛ ♣❡rt✉r❜❛çã♦✱ ψ é s✉♣♦rt❛❞❛ ♥✉♠❛ ✉♥✐ã♦ ❞❡ ❜♦❧❛s ✭❡♠ ♦♣♦s✐çã♦ ❛ ✉♠❛

✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r✮❀ ■ss♦ ♣❡r♠✐t❡ ♣❡rt✉r❜❛çõ❡s s✐♠♣❧ét✐❝❛s✳ ❖ ♣ró①✐♠♦ ❧❡♠❛ s✉❜st✐t✉✐ ♦

▲❡♠❛ ✭✷✳✶✷✮ ♣❛r❛ ♦ ❝❛s♦ s✐♠♣❧ét✐❝♦✳

▲❡♠❛ ✷✳✶✻✳ ❊①✐st❡ T > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❛r❛ ❝❛❞❛

p ∈ M ❡ q ∈ B 1

2

(p)✱ ❡①✐st❡♠ C∞−✢✉①♦s s✐♠♣❧ét✐❝♦s ξit = ξi,qt : M → M ✱ i = 1, . . . , c t❛❧

q✉❡✱ ♣❛r❛ ❝❛❞❛ i✿

✭✶✮ ξit = ✐❞ ❢♦r❛ ❞❡ B2ε(q)

✭✷✮ P❛r❛ x ∈ Bε(q)✱

ξit(x) = ζ iεt(x)

✭❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ξit ♣r❡s❡r✈❛ ❛s ❢♦❧❤❛s W̃c ∩Bε(q)✮
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✭✸✮ dC1(✐❞, ξit) < T |t|✳

❆q✉✐✱ t♦❞❛s ❛s ❜♦❧❛s sã♦ ♠❡❞✐❞❛s ♥❛ ♠étr✐❝❛ dp✱ ❡ t♦❞❛s ❛s ♦✉tr❛s ❡str✉t✉r❛s ✐♥✈❛r✐✲

❛♥t❡s W̃c✱ζ i✱ ❡t❝✳ sã♦ ❛❞❛♣t❛❞❛s ❛ p✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✻✳ ❙❡❥❛♠ p, q, i ❞❛❞♦s ❡ s❡❥❛ v = ϕ−1
p (q) ∈ Bn(0, 1

2
)✳ ▼❛✐s t❛r❞❡ ❞✐r❡♠♦s

❝♦♠♦ T é ❡s❝♦❧❤✐❞♦✳ ❈♦♠♦ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❝♦♥st❛♥t❡s sã♦ ❧♦❝❛❧♠❡♥t❡ ❍❛♠✐❧t♦♥✐❛♥♦s

❡♠ r❡❧❛çã♦ ❛ ϕ∗
pω = A∗

p (
∑
dpi ∧ dqi) ✱ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❍❛♠✐❧t♦♥✐❛♥♦ X i

s✉♣♦rt❛❞♦ ❡♠ Bn(v, 1
2
) t❛❧ q✉❡ X i = ei ❡♠ Bn(v, 1

4
)✳ ❈♦♠♦ ♦ C1−t❛♠❛♥❤♦ ❞❡ ϕp é

✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tr♦❧❛❞♦✱ ❡①✐st❡ T0 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ p, q, i t❛❧ q✉❡ ‖X i‖C1 < T0✳

❉❛❞♦ ε < 1
4
✱ s❡❥❛

Y i(x) = εX i

(
x− v

4ε

)

❆ss✐♠✱ s❡ X i t❡♠ ❍❛♠✐❧t♦♥✐❛♥♦ H ❡♥tã♦ Y i t❡♠ ❍❛♠✐❧t♦♥✐❛♥♦ 4ε2H((x− v)/4ε)✳

P♦rt❛♥t♦ Y i s❛t✐s❢❛③ ‖Y i‖C1 6 4T0✳ ❆❧é♠ ❞✐ss♦✱ Y i = εei ❡♠ Bn(v, ε)✳ ❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

(ϕp)∗Y i ❣❡r❛ ♦ ✢✉①♦ ❞❡s❡❥❛❞♦ ξi✳

❊♠ s❡❣✉✐❞❛✱ ❡s❝♦❧❤❡♠♦s ❛s ❜♦❧❛s✳ ❆ ♣r♦✈❛ ❞♦ ♣ró①✐♠♦ ❧❡♠❛ é ✉♠ ❡①❡r❝í❝✐♦ ❡❧❡✲

♠❡♥t❛r ❞❡ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛✳

▲❡♠❛ ✷✳✶✼✳ ❊①✐st❡ m > 2✱ ❞❡♣❡♥❞❡♥❞♦ s♦♠❡♥t❡ ❞❡ c ❡ ❞✐♠(M)✱ t❛❧ q✉❡✱ ♣❛r❛ ε > 0

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ ♣❛r❛ t♦❞♦ p ∈M ✱ ❡①✐st❡ k > 0 ❡ ♣♦♥t♦s

{qi,j | i = 1, . . . , c, j = 1, . . . , k} ⊂ N(m−2)ε(D)

❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✶✮ ❊①✐st❡♠ p1, . . . , pk ∈ D ❡ εi,j > 0 t❛❧ q✉❡ τu−εi,j(qi,j) = pj✱

✭✷✮ ❆s ❜♦❧❛s ❞❛ ❝♦❧❡çã♦

{B2ε(qi,j), B2ε(τ
u
εi,j

)), B2ε(τ
u
εi,j
τ sεi,j(qi,j)) | i = 1, . . . , c, j = 1, . . . , k}

sã♦ ❞✉❛s ❛ ❞✉❛s ❞✐s❥✉♥t❛s

✭✸✮ ❆s ❜♦❧❛s

Bβε(p1), . . . , Bβε(pk)

❝♦❜r❡♠ D



✽✽

❙❡❣✉❡ q✉❡✱ ❞❛❞♦ δ ❡ θ✱ s❡❥❛ T ❞❛❞♦ ♣❡❧❛ ▲❡♠❛ ✷✳✶✻✱ s❡❥❛ γ = θδ
100cT

✱ ❡ ❡s❝♦❧❤❛

J ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✶✳ ❙❡❥❛ D ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❞✐s❝♦s c−❛❞♠✐ssí✈❡✐s

❝♦♠ R(D) > J ❡ r(D) < J−1✳ ❙❡❥❛ D ∈ D ❝♦♠ ❝❡♥tr♦ p✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ♣r♦✈❛

❞♦ ▲❡♠❛ ✷✳✶✵✱ ❡s❝♦❧❤❛ ε < θ
4mc

s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✶✻✱ ♦♥❞❡ m é ❞❛❞♦

♣❡❧♦ ▲❡♠❛ ✷✳✶✼✳ ❋✐①❡ 1 6 i 6 c✱ ❡ s❡❥❛ ♦s ♣♦♥t♦s {qi,j}, pi ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✼✳ ❙❡❥❛

Vi = Vε(pi)✳ P❡❧♦ ▲❡♠❛ ✷✳✶✼ ♦s ❞✐s❝♦s βV1, . . . , βVk ❝♦❜r❡♠ D✳ ❙❡❥❛

N(D, i) =
⋃

{B2ε(qi,j), B2ε(τ
s
εi,j

(qi,j)), B2ε(τ
u
εi,j
τ sεi,j(qi,j)) | j = 1, . . . , c}

❈♦♠ ✐ss♦✱ ♠♦str♦✉✲s❡ q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s (a)− (c) ❛❝✐♠❛ ❢♦r❛♠ s❛t✐s❢❡✐t❛s ♣❛r❛

t♦❞♦ i✳

❊♠ ❝❛❞❛ ❜♦❧❛ B2ε(qi,j)✱ s❡❥❛ ξ
i,j
t = ξ

i,qj
t ♦ ✢✉①♦ ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✻✱ ❝♦♠ q = qj✳

❉❡✜♥❛ ψ :M →M ♣♦r

ψ(q) =





ξi,jδ
T

s❡ q ∈ B2ε(qi,j), ♣❛r❛ ❛❧❣✉♠ ❥,

q ❝❛s♦ ❝♦♥trár✐♦

P♦rt❛♥t♦ ψ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❼ ψ∗ω = ω✱

❼ ψ = ✐❞ ❢♦r❛ ❞❡ N(D, i)✱

❼ ψ ♣r❡s❡r✈❛ ❛s ❢♦❧❤❛s ❞❡ W̃c ❢♦r❛ ❞❡
⋃
j Bε(qi,j)✱

❼ dC1(ψ, ✐❞) < δ✳

❙❡❥❛ f ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ q✉❛❧q✉❡r ❝♦♠ f−1f s✉♣♦rt❛❞❛ ❡♠ Nη(|D|)\N(D, i)✱ ❡

s❡❥❛ g = ψ ◦ f ✳ ❘❡st❛ s♦♠❡♥t❡ ♠♦str❛r q✉❡ g é θ−❛❝❡ssí✈❡❧ ❡♠ Vi✳

P❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♥ós ♦❜t❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈
Vi ❡①✐st❡ ✉♠ us−❝❛♠✐♥❤♦ ❞❡ ✹ ❛r❝♦s ❡♠ g ❞❡ x ♣❛r❛ y ∈ N(m−2)ε(D) t❛❧ q✉❡ d(y, ζ it0(x)) <

θt0✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ g é ❛❝❡ssí✈❡❧ ❡♠ Vi✳



✽✾

✸ ❊r❣♦❞✐❝✐❞❛❞❡ ❊stá✈❡❧

Pr✐♠❡✐r❛♠❡♥t❡ ✈❡❥❛♠♦s ♦ ♣❛♣❡r ❞❡ ❋✳ ❍❡rt③✱ ▼✳ ❍❡rts ❡ ❘✳ ❯r❡s✳ ✭❱❡r ❬✶✼❪✮ ♦♥❞❡

é tr❛t❛❞♦ ❞❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡ ❞❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡

❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ ❞✐♠❡♥sã♦ ❞♦ ❝❡♥tr❛❧ ✐❣✉❛❧ ❛ ✉♠✳ ◆♦ tr❛❜❛❧❤♦ ❞❡ ❍❡rt③✲❍❡rt③✲❯r❡s ✭❱❡r

❬✶✼❪✮ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ é Cr−❞❡♥s❛ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝❡♥tr❛❧ é ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❡ ♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡ ✭❱❡r ❈♦♥❥❡❝t✉r❛ ✷✳✸✮ ❆ s❡❣✉✐r t❡♠♦s ♦ ❚❡♦r❡♠❛

♣r✐♥❝✐♣❛❧ ❞❡ ❍❡rt③ ✲ ❍❡rt③ ✲ ❯r❡s✳ ❆ s❡❣✉✐r t❡♠♦s ♦ ❚❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❛q✉❡❧❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ✸✳✶✳ ✭❚❡♦r❡♠❛ ❞❡ ❍❡rt③✲❍❡rt③✲❯r❡s✮ ❆ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é Cr−❞❡♥s❛ ♥♦

❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡ ❡ q✉❡ t❡♥❤❛♠

✜❜r❛❞♦ ❝❡♥tr❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛ t♦❞♦ r > 2✳

❚❡♠♦s t❛♠❜é♠ ♦✉tr♦s ❞♦✐s t❡♦r❡♠❛s✳

❚❡♦r❡♠❛ ✸✳✷ ✭❚❡♦r❡♠❛ ❆✮✳ ❙❡ ❞✐♠(Ec) = 1✱ ❡♥tã♦ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ é C1−❛❜❡rt❛ ❡

Cr−❞❡♥s❛ ❡♠ PHr
µ✱ ♣❛r❛ t♦❞♦ 1 6 r 6 ∞✳

❆ s❡❣✉✐r ❞❡✜♥✐♠♦s ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ❢♦rt❡ q✉❡ ❡r❣♦❞✐❝✐❞❛❞❡ ❛ q✉❛❧ ❡stá ♣r❡✲

s❡♥t❡ ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❍❡rt③✲❍❡rt③✲❯r❡s✳

❉❡✜♥✐çã♦ ✸✳✶ ✭❙✐st❡♠❛s ❑♦❧♠♦❣♦r♦✈✮✳ ❙❡❥❛ (M,B, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥ã♦

tr✐✈✐❛❧✳ ❘❡♣r❡s❡♥t❛♠♦s ♣♦r ∨αUα ❛ σ−á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ s✉❜❝♦♥✲

❥✉♥t♦s Uα ❞❡ B✳ ❉✐③❡♠♦s q✉❡ (f, µ) é ✉♠ s✐st❡♠❛ ❑♦❧♠♦❣♦r♦✈ s❡ ❡①✐st❡ ❛❧❣✉♠❛ σ−á❧❣❡❜r❛

A ⊂ B t❛❧ q✉❡

✭❛✮ f−1(A) ⊂ A ❛ ♠❡♥♦s ❞❡ ♠❡❞✐❞❛ ♥✉❧❛❀

✭❜✮
⋂∞
n=0 f

−n(A) = {∅,M} ❛ ♠❡♥♦s ❞❡ ♠❡❞✐❞❛ ♥✉❧❛❀

✭❝✮
∨∞
n=0{B ∈ B : f−n(B) ∈ A} = B ❛ ♠❡♥♦s ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❚❡♦r❡♠❛ ✸✳✸ ✭❚❡♦r❡♠❛ ❇✮✳ ❆❝❡ss✐❜✐❧✐❞❛❞❡ ❊ss❡♥❝✐❛❧ ✐♠♣❧✐❝❛ ❑♦❧♠♦❣♦r♦✈ ✭❊♠ ♣❛rt✐❝✉❧❛r

❡r❣♦❞✐❝✐❞❛❞❡✮ ❡♠ PH2
µ s❡ ❞✐♠(Ec) = 1✳



✾✵

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❇ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❡♠ ♠❡❛❞♦s ❞❡ ✷✵✵✽ ♣♦r ❑✳ ❇✉r♥s ❡

❆✳❲✐❧❦✐♥s♦♥ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳ ◆❛ ✈❡r❞❛❞❡✱ ❡❧❡s ❞❡❞✉③❡♠ ♦ ❚❡♦r❡♠❛ ❇ ❞❡ ✉♠

❚❡♦r❡♠❛ ❞❡ ❇✉r♥s ♠❛✐s ❣❡r❛❧ ❡♥✈♦❧✈❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝❡♥t❡r ❜✉♥❝❤❡❞ q✉❡ é tr✐✈✐❛❧♠❡♥t❡

s❛t✐s❢❡✐t❛ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❝❡♥tr❛❧ é ✶✳

❆❧é♠ ❞✐ss♦✱ ❍♦♣❢ t❛♠❜é♠ ♣r♦✈♦✉ q✉❡ ♦s C1+δ−❞✐❢❡♦♠♦r✜s♠♦s ❝♦♥s❡r✈❛t✐✈♦s

✭❤♦❥❡ ❝❤❛♠❛❞♦s✮ ❞❡ ❆♥♦s♦✈ sã♦ ❡r❣ó❞✐❝♦s✳ ❊✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦✲

s♦✈ sã♦ ❛❜❡rt♦s t❡♠♦s q✉❡ ♦s s✐st❡♠❛s ❆♥♦s♦✈ ❝♦♥s❡r✈❛t✐✈♦s sã♦ ❡st❛✈❡❧♠❡♥t❡ ❡r❣ó❞✐❝♦s✳

✭❱❡r ❬✷✶❪✮

❈♦♠♦ ❥á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡♠ ❬✶✸❪ ❉♦❧❣♦♣②❛rt ❡ ❲✐❧❦✐♥s♦♥ ♣r♦✈❛r❛♠ q✉❡ ❛

❛❝❡ss✐❜✐❧✐❞❛❞❡ s❡ ♠❛♥té♠ ♣❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ C1−❛❜❡rt♦ ❡ Cr−❞❡♥s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡ ♦✉ ♥ã♦✳ ❊st❡ r❡s✉❧t❛❞♦ é ❝❡♥tr❛❧ ❡♠ ♥♦ss♦

tr❛❜❛❧❤♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❙❛♠❜❛r✐♥♦✱ ▼✳ ❡ ❍♦r✐t❛✱ ❱✳ tr❛t❛♠ ❞❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡ ❡r❣♦❞✐❝✐✲

❞❛❞❡ ❡stá✈❡❧ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛s ❢♦❧❤❛s ❝❡♥tr❛✐s sã♦ ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ✭❱❡r ❬✷✶❪✮ ❈♦♥s✐❞❡r❡

❝❧❛ss❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f : M → M ❝♦♠ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐✲

♥❛❞❛ TM = Es⊕Ec⊕Eu ❡ dimEc = 2✳ ❊ss❛s ❝❧❛ss❡s ✐♥❝❧✉❡♠✱ ♣♦r ❡①❡♠♣❧♦ ✭♣❡rt✉r❜❛çã♦

❞♦✮ ♣r♦❞✉t♦ ❞❡ ❆♥♦s♦✈ ❡ ❞✐❢❡♦♠♦r✜s♠♦s ❝♦♥s❡r✈❛t✐✈♦s ❡♠ s✉♣❡r❢í❝✐❡✱ s✐♠♣❧❡❝t♦♠♦r✜s♠♦s

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ q✉❛tr♦ ❝♦♠ ❢♦❧❤❡❛çã♦ ❝❡♥tr❛❧ ❜✐❞✐✲

♠❡♥s✐♦♥❛❧ ❝✉❥❛s ❢♦❧❤❛s ❝❡♥tr❛✐s sã♦ ❝♦♠♣❛❝t❛s✳ ❉❡ss❡ ♠♦❞♦✱ ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ ❞❡

❙❛♠❜❛r✐♥♦ ❡ ❍♦r✐t❛ ❢♦✐ ❛ Cr−❞❡♥s✐❞❛❞❡ ❞❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❝❡♥✲

tr❛❧ é ❞♦✐s✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡ ❡❧❡s ♣r♦✈❛r❛♠ q✉❡ ♣❛r❛ ❣r❛♥❞❡s ❝❧❛ss❡s ❞❡ Cr−❞✐❢❡♦♠♦r✜s♠♦s

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡ ❝♦♠ ❡s♣❛ç♦ ❝❡♥tr❛❧ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❛ ❡r✲

❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ é ♠❛♥t✐❞❛ ❡♠ s✉❜❝♦♥❥✉♥t♦s Cr−❞❡♥s♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ t❡♠♦s

❚❡♦r❡♠❛ ✸✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❙❛♠❜❛r✐♥♦✲❍♦r✐t❛✮✳ ❆ ❡r❣♦❞✐❝✐❞❛❞❡ s❡ ♠❛♥té♠ ❡♠ ✉♠ s✉❜✲

❝♦♥❥✉♥t♦ C1−❛❜❡rt♦ ❡ Cr−❞❡♥s♦ ♥❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s✿

❼ ❉✐❢❡♦♠♦r✜s♠♦s s❦❡✇✲♣r♦❞✉❝ts ❝♦♥s❡r✈❛t✐✈♦s ❡♠ s✉♣❡r❢í❝✐❡s s♦❜r❡ ❞✐❢❡♦♠♦r✜s♠♦s

❝♦♥s❡r✈❛t✐✈♦s ❞❡ ❆♥♦s♦✈✳

❼ ❙✐♠♣❧❡❝t♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❡♠ (M,ω) ♦♥❞❡ dimM = 4 ❝♦♠ ❢♦✲

❧❤❡❛çã♦ ❝❡♥tr❛❧ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❝✉❥❛s ❢♦❧❤❛s sã♦ t♦❞❛s ❝♦♠♣❛❝t❛s✳

❆ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ q✉❡ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♣r♦✈❛r ❡r❣♦❞✐❝✐❞❛❞❡ ❢♦✐ ❛ ❛❝❡ss✐❜✐✲



✾✶

❧✐❞❛❞❡✳ ❆ss✐♠✱ t❡rí❛♠♦s q✉❡ ♣r♦✈❛r q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ s❡ ♠❛♥té♠ ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦

C1−❛❜❡rt♦ ❡ Cr−❞❡♥s♦ ♥♦ ❛♠❜✐❡♥t❡ ❝♦♠ ♦ q✉❛❧ s❡ ❡stá tr❛❜❛❧❤❛♥❞♦✳ ❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ é

✉s❛r r❡s✉❧t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛ ❝♦♥s❡r✈❛t✐✈❛ ❡♠ s✉♣❡r❢í❝✐❡ ♣❛r❛ ♠♦str❛r q✉❡ ❛ ❣❡♥❡r✐❝✐❞❛❞❡

✐♠♣❧✐❝❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳ ❉❡ ❢❛t♦✱ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❝❡♥tr❛❧ é ❞♦✐s s❡ ♦❧❤❛r♠♦s ♣❛r❛ ❛ ❝❧❛ss❡

❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ ✉♠❛ ❢♦❧❤❛ ❝❡♥tr❛❧ ❝♦♠♣❛❝t❛ ✭♣❡r✐ó❞✐❝❛✮✱ t❡r❡♠♦s três ♣♦ss✐❜✐❧✐❞❛❞❡s✿

❡❧❛ t❡♠ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ③❡r♦✱ ✉♠ ♦✉ ❞♦✐s✳ Pr♦✈♦✉✲s❡ q✉❡ ❣❡♥❡r✐❝❛♠❡♥t❡ ❝❧❛ss❡s ❞❡

❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ ③❡r♦ ♥ã♦ ❡①✐st❡♠✳ ❯s♦✉✲s❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛

❝♦♥s❡r✈❛t✐✈❛ ❡♠ s✉♣❡r❢í❝✐❡ ♣❛r❛ ♣r♦✈❛r q✉❡ t❛♠❜é♠ ♥ã♦ ❡①✐st❡♠ ❝❧❛ss❡s ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❣❡♥❡r✐❝❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡✱ ♣♦rt❛♥t♦✱ ❛s ❝❧❛ss❡s ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ sã♦ ❛❜❡rt❛s ♥❛

❢♦❧❤❛ ❝❡♥tr❛❧✳ ▲♦❣♦✱ ❤á ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ R ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛✐r❡ é ❝❤❛♠❛❞♦ ❘❡s✐❞✉❛❧ s❡ ❡❧❡

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✐♥t❡rs❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❡ ❞❡♥s♦s

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥❢♦r♠❡ ✐♥tr♦❞✉③✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡♠ ❬✹❪ ❇✉r♥s ❡ ❲✐❧❦✐♥s♦♥

♣r♦✈❛r❛♠ ❛ ❝♦♥❥❡❝t✉r❛ ✷✳✸ ❞❡ P✉❣❤ ❡ ❙❤✉❜ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ ❝❡♥t❡r ❜✉♥❝❤❡❞✱ ♦ q✉❡ é

s❛t✐s❢❡✐t♦ ❡♠ ♣❛rt✐❝✉❧❛r ♣♦r t♦❞♦s ♦s s✐st❡♠❛s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ ❡s♣❛ç♦ ❝❡♥tr❛❧

✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❊❧❡s t❛♠❜é♠ ♣r♦✈❛r❛♠ r❡s✉❧t❛❞♦s ❡♠ ❡r❣♦❞✐❝✐❞❛❞❡ ♣❛r❛ C1+δ−s✐st❡♠❛s

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ ❝♦♠ δ > 0✳ ❊❧❡s ♠❡❧❤♦r❛r❛♠ ♠✉✐t♦ ♦ r❡s✉❧t❛❞♦ ❞❡ P✉❣❤ ❡

❙❤✉❜ ❡♠ ❞♦✐s s❡♥t✐❞♦s✿ ❛ ❝♦❡rê♥❝✐❛ ❞✐♥â♠✐❝❛ ♥ã♦ ♠❛✐s é ♥❡❝❡ssár✐❛ ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝❡♥t❡r

❜✉♥❝❤❡❞ é ♠❛✐s s✉❛✈❡ ❞♦ q✉❡ ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡❝❧❛r❛❞❛✳ ❊ss❡ r❡s✉❧t❛❞♦ é ❡♥✉♥❝✐❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✸✳✺ ✭❚❡♦r❡♠❛ ❞❡ ❇✉r♥s✲❲✐❧❦✐♥s♦♥✮✳ ❙❡❥❛ f ∈ PH2
µ(M) ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

❝❡♥t❡r ❜✉♥❝❤❡❞✳ ❙❡ f é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♥tã♦ f é ❡r❣ó❞✐❝♦ ❡ ♠❛✐s q✉❡ ✐ss♦✱ t❡♠

❛ ♣r♦♣r✐❡❞❛❞❡ ❑♦❧♠♦❣♦r♦✈✳

❇r✐♥ ❡ P❡s✐♥ ❬✾❪ ❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ P✉❣❤ ❡ ❙❤✉❜ ❬✷✾❪ ❡①❛♠✐♥❛r❛♠ ♣❡❧❛ ♣r✐♠❡✐r❛

✈❡③ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡r❣ó❞✐❝❛s ❞❡ s✐st❡♠❛s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❧♦❣♦ ❛♣ós ♦ tr❛❜❛❧❤♦

❞❡ ❆♥♦s♦✈ ❡ ❙✐♥❛✐✳ ❆ ❞❡✜♥✐çã♦ ❛t✉❛❧ ❞❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧ é ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❛

❞❡❧❡s✱ ♠❛s t❡♠ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❜ás✐❝❛s✳

P♦r ♠❛✐s q✉❡ ♦ ❛r❣✉♠❡♥t♦ ❞❡ ❇r✐♥ ❡ P❡s✐♥ s❡ ❛♣❧✐❝❛♠ ❛ ♠✉✐t♦s ❡①❡♠♣❧♦s ❞❡

❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ ❡❧❡ é✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ♠✉✐t♦ r❡str✐t✐✈♦ ♣♦✐s

♣❡❞✐❛ q✉❡ Wc ❢♦ss❡ ▲✐♣s❤✐t✐③✐❛♥❛✳ ❉❡ss❡ ♠♦❞♦✱ r❡t✐r♦✉✲s❡ ❡ss❛ ❝♦♥❞✐çã♦ ♣♦r ♠❡✐♦ ❞❡

✉♠❛ ♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦ ♥❛s ❝❛rt❛s✳ ❖ t❡♦r❡♠❛ ❞❡ ❇r✐♥ ❡ P❡s✐♥ ✭❱❡r ❬✾❪✮✱ q✉❡ s❡rá
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❡♥✉♥❝✐❛❞♦ ❛ s❡❣✉✐r✱ s❡ ❛♣❧✐❝❛ ♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♣❛r❛ ❛♣❧✐❝❛çã♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦ τ ❞♦

✢✉①♦ ❣❡♦❞és✐❝♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ♥❡❣❛t✐✈❛✳ ❙❡ ✜③❡r♠♦s

✉♠❛ C1−♣❡rt✉r❜❛çã♦ ❡♠ τ t♦❞❛s ❛s ♦✉tr❛s ❤✐♣ót❡s❡s ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❝♦♥t✐♥✉❛♠ ✈❛❧❡♥❞♦✱

❡①❝❡t♦ ♦ ❢❛t♦ ❞❛ Wc s❡r ▲✐♣s❤✐t✐③✐❛♥❛✳

❚❡♦r❡♠❛ ✸✳✻ ✭❚❡♦r❡♠❛ ❞❡ ❇r✐♥✲P❡s✐♥✮✳ ❙❡❥❛ f ✉♠ C2−❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐✲

♣❡r❜ó❧✐❝♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ ❝♦♠♣❛❝t❛ M ✳ ❈♦♥s✐❞❡r❡ x ∈ M ❡ ❞♦✐s ❞✐s❝♦s D1 ❡ D2

tr❛♥s✈❡rs❛✐s ❛ ❢❛♠í❧✐❛ L(x) ❞❡ ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❧♦❝❛✐s V (y), B(x, r)✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛✲

çã♦ ❞❡ ❤♦❧♦♥♦♠✐❛ π é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ✭❝♠ r❡s♣❡✐t♦ ❛s ♠❡❞✐❞❛s mD1 ❡ mD2 ❡ ♦

❏❛❝♦❜✐❛♥♦ ❏❛❝(π) é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳

❈♦r♦❧ár✐♦ ✸✳✶✳ ❙❡❥❛ f ✉♠ C2−❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣r❡s❡r✈❛♥❞♦ ✈♦✲

❧✉♠❡ ❝♦♠ dim(Ec) = 1✳ ❙❡ f é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛❝❡ssí✈❡❧ ❡♥tã♦ f é ❡r❣ó❞✐❝♦ ❡ ♠❛✐s q✉❡

✐ss♦✱ f t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳

■ss♦ ❡st❛❜❡❧❡❝❡ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ P✉❣❤✲❙❤✉❜ ♥♦ ❝❛s♦ ❡♠ q✉❡ Ec é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❈♦♠❜✐♥❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✺ ♦❜t❡♠♦s ♦✉tr♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✸✳✷✳ ❙❡❥❛ f ✉♠ C1+δ−❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣r❡s❡r✈❛♥❞♦ ✈♦✲

❧✉♠❡ ❝♦♠ dim(Ec) = 1✳ ❙❡ f é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛❝❡ssí✈❡❧✱ ❡♥tã♦ f é ❡r❣ó❞✐❝♦ ❡ ❞❡ ❢❛t♦ f

t❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❑♦❧♠♦❣♦r♦✈✳

❆ s❡❣✉✐r ❢❛❧❛r❡♠♦s ✉♠ ♣♦✉❝♦ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ ❡♥❞♦♠♦r✜s♠♦s✳

❉❡✜♥✐çã♦ ✸✳✸✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❯♠ ❡♥❞♦♠♦r✜s♠♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f :

M →M t❛❧ q✉❡ f é ✉♠❛ ✐♠❡rsã♦ ❞❡M ♥❡❧❛ ♠❡s♠❛✱ ♦✉ s❡❥❛✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ f é s♦❜r❡❥❡t✐✈❛✳

❈❛s♦ ❛ ❞✐♠❡♥sã♦ ❞❡ M s❡❥❛ ✜♥✐t❛✱ f t❛♠❜é♠ é ✐♥❥❡t✐✈❛ ❡ ♣♦rt❛♥t♦ ✉♠ ✐s♦♠♦r✜s♠♦✳ ❆❧é♠

❞✐ss♦✱ ❡♠ ❣❡r❛❧✱ ♦s ❡♥❞♦♠♦r✜s♠♦s ♥ã♦ sã♦ ✐♥✈❡rtí✈❡✐s ❝♦♠♦ ♦s ❞✐❢❡♦♠♦r✜s♠♦s✳

❍á ❝❛s♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦s ✐♥✈❡rtí✈❡✐s✱ ♣♦r ❡①❡♠♣❧♦ ♦s ❞✐❢❡♦♠♦r✜s♠♦s sã♦ ❡♥❞♦✲

♠♦r✜s♠♦s ❞❡ ❣r❛✉ 1✳

❊♠ s❡✉ tr❛❜❛❧❤♦✱ ❍❡ ♣r♦✈❛ ❡♠ ❬✶✻❪ q✉❡ ❡♥❞♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s

❝♦♠ ❡s♣❛ç♦s ❝❡♥tr❛✐s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s sã♦ ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡✐s✳ ❊ ❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠

s✉❜❝♦♥❥✉♥t♦ r❡s✐❞✉❛❧ R ❞❡ ❡♥❞♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ ❡s♣❛ç♦s ❝❡♥tr❛✐s

✉♥✐❞✐♠❡♥s✐♦♥❛✐s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡✱ ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ f ∈ R é ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡❧✳
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■r❡♠♦s ✐♥tr♦❞✉③✐r ❛❣♦r❛ ❛ ♥♦çã♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ❛

q✉❛❧ é s❡♠❡❧❤❛♥t❡ ❛ ❞❡✜♥✐çã♦ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s✳

❉❡✜♥✐çã♦ ✸✳✹✳ ❯♠ ❡♥❞♦♠♦r✜s♠♦ f é ❞✐t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s❡ ♦ ✜❜r❛❞♦ t❛♥✲

❣❡♥t❡ TM s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦ TM = Es ⊕ Ec ⊕ Eu✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ l ∈ N t❛❧ q✉❡

∀x ∈M ✱ θs ∈ Es✱ θc ∈ Ec ❡ θu ∈ Eu t❡♠♦s

❼ ‖Df l(x)(θs)‖ < 1
2

❼ ‖Df l(x)(θu)‖ > 2

❼ ‖Df l(x)(θs)‖ < 1
2
‖Df l(x)(θc)‖ < 1

4
‖Df l(x)(θu)‖

P❛r❛ ❞❡✜♥✐r ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❞❡ ❍❡ ✐r❡♠♦s ❞❡✜♥✐r ✉♠❛ ❝❧❛ss❡ ❞❡ ❛❝❡s✲

s✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡♥❞♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✸✳✺✳ P❛r❛ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f ✱ ❛ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐✲

❞❛❞❡ Af (x) é ♦ ❝♦♥❥✉♥t♦ ❝♦♥st✐t✉í❞♦ ♣❡❧♦s ♣♦♥t♦s q✉❡ ♣♦ss✉❡♠ us−❝❛♠✐♥❤♦s ❞❡ss❡s ♣♦♥t♦s

❛té ♦ ♣♦♥t♦ x✳ ❆q✉✐✱ ♦ us−❝❛♠✐♥❤♦ é ✉♠❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ♠✉✐t♦s s✉❜❝❛♠✐♥❤♦s✱ ❝❛❞❛ ✉♠

❞❡❧❡s ✐♥t❡✐r❛♠❡♥t❡ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❧♦❝❛❧ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧✳

❆ss✐♠ t❡♠♦s

❉❡✜♥✐çã♦ ✸✳✻✳ ❯♠ ❡♥❞♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f é ❞✐t♦ ❛❝❡ssí✈❡❧ s❡ ❡①✐st✐r

s♦♠❡♥t❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❖❜s❡r✈❡ q✉❡ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❢♦rt❡s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞❛s ór❜✐t❛s✳

❊♥tã♦✱ s❡ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♥ã♦ t❡♠ s✉❜✜❜r❛❞♦ ✐♥stá✈❡❧✱ ❡❧❡ ♥ã♦

♣♦❞❡ s❡r ❛❝❡ssí✈❡❧✳ P♦ré♠✱ ♣♦❞❡♠♦s ✉s❛r ❛s ❞✐✈❡rs❛s ór❜✐t❛s ❞♦ ♣♦♥t♦ ♣❛r❛ s✐st❡♠❛s ♥ã♦

✐♥✈❡rtí✈❡✐s ♣❛r❛ ♦❜t❡r ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡✳ P♦rt❛♥t♦✱ dimEs ♣♦❞❡ s❡r ③❡r♦✳

❉❡ss❡ ♠♦❞♦✱ ❛♥á❧♦❣♦ ❛ ❞❡✜♥✐çã♦ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s✱ ♦s ❡♥❞♦♠♦r✜s♠♦s ♣❛r❝✐❛❧✲

♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s f sã♦ ❝♦♥s✐❞❡r❛❞♦s ❡st❛✈❡❧♠❡♥t❡ ❛❝❡ssí✈❡✐s✱ s❡ ❤♦✉✈❡r ✉♠❛C1−✈✐③✐♥❤❛♥ç❛

U t❛❧ q✉❡ t♦❞♦ g ∈ U s❡❥❛ ❛❝❡ssí✈❡❧✳

❖ ❛rt✐❣♦ ❞❡ ❍❡ é ♠♦t✐✈❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

Pr♦❜❧❡♠❛ ✸✳✶✳ ❙❡❥❛ f ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♥♦ 2−t♦r♦ R
2/Z2 ❞❛❞♦ ♣♦r

f(x, y) = (2x, y + λ sin(2πx)), ❝♦♠ λ 6= 0
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❊♥tã♦ f é ❡r❣ó❞✐❝❛❄

❖ ❡①❡♠♣❧♦ ❛❝✐♠❛ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ➱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

♠♦t✐✈❛❞♦ ♣❡❧❛ ❢❛♠♦s❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧ ❞❡ P✉❣❤✲❙❤✉❜✳ ✭❱❡r ❝♦♥❥❡❝t✉r❛

✷✳✸✮

❊♠ tr❛❜❛❧❤♦s s♦❜r❡ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❡r❣♦❞✐❝✐❞❛❞❡ ❡stá✈❡❧✱ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❞❛ ❞✐✲

♥â♠✐❝❛ é ❛ ❢❡rr❛♠❡♥t❛ ❝❤❛✈❡ ♣❛r❛ ♣r♦✈❛r ❡r❣♦❞✐❝✐❞❛❞❡✳ ◆♦ ❛rt✐❣♦ ❞❡ ❇❛♦❧✐♥✱ ❣❡♥❡r❛❧✐③❛✲s❡

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❝✐❛✐s ❞❡ ❉✐❞✐❡r ❬✶✷❪ ❡ ❍❡rt③✲❍❡rt③✲❯r❡s ❬✶✼❪ ♣❛r❛ ❡♥❞♦✲

♠♦r✜s♠♦s✳

❉❡✜♥✐çã♦ ✸✳✼✳ ❙❡❥❛ PH1,1(M) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s

❞❡ M ❝♦♠ dim(Es) ≤ 1 ❡ dim(Eu) ≥ 1✳

❉❡✜♥✐çã♦ ✸✳✽✳ ❙❡❥❛ r ≥ 1✳ ❉❡✜♥✐♠♦s PHr,1
m (M) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s Cr−❡♥❞♦♠♦r✜s♠♦s

♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ♣r❡s❡r✈❛♥❞♦ ✈♦❧✉♠❡ ❡♠ M ❝♦♠ dim(Es) ≤ 1 ❡ dim(Eu) ≥ 1✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡ ❇❛♦❧✐♥✳

❚❡♦r❡♠❛ ✸✳✼ ✭✭❱❡r ❬✶✻❪✮✮✳ ❙❡❥❛ f ∈ PH1,1(M)✳ ❙❡ f é ❛❝❡ssí✈❡❧ ❡♥tã♦ f é ❡st❛✈❡❧♠❡♥t❡

❛❝❡ssí✈❡❧✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❝❛r❛❝t❡r✐③❛ ❛ Cr−❞❡♥s✐❞❛❞❡ ❞❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡♠ PHr,1
m (M)✳

❚❡♦r❡♠❛ ✸✳✽ ✭✭❱❡r ❬✶✻❪✮✮✳ ❊①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ r❡s✐❞✉❛❧ R ⊂ PHr,1
m t❛❧ q✉❡ ♣❛r❛ q✉❛❧✲

q✉❡r f ∈ R✱ ♦♥❞❡ f é ❛❝❡ssí✈❡❧✱ r > 1✳



✾✺

✹ ❈♦♥❝❧✉sõ❡s

◆❡ss❡ tr❛❜❛❧❤♦ ❜✉s❝♦✉✲s❡ ❞❡✐①❛r ❝❧❛r♦ ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡ ❡r❣♦❞✐✲

❝✐❞❛❞❡✳ ◆♦s ✈♦❧t❛♠♦s ❜❛s✐❝❛♠❡♥t❡ ❛♦ tr❛❜❛❧❤♦ ❞❡ ❉♦❧❣♦♣②❛t ❡ ❲✐❧❦✐♥s♦♥ ♣❛r❛ ❡♥t❡♥✲

❞❡r ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳

❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st✉❞❛♠♦s q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❡stá✈❡❧ é C1−❞❡♥s❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s

Cr−❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❞❡ M ✱ ♣❛r❛ t♦❞♦ r > 1✱ ♣r❡s❡r✈❛♥❞♦ ✈♦✲

❧✉♠❡ ♦✉ ♥ã♦✳ ❱✐♠♦s t❛♠❜é♠ q✉❡ s❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❡♥tã♦ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡

❡stá✈❡❧ é C1 ❞❡♥s❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s s✐♠♣❧ét✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳

❇✉s❝❛♠♦s ❡♠ ♦✉tr♦s tr❛❜❛❧❤♦s ♠❛✐s r❡❝❡♥t❡s ♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦ ❡♠ r❡❧❛çã♦ à ❛❝❡ss✐❜✐❧✐❞❛❞❡✱

q✉❛✐s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛ ❡❧❛✱ q✉❛✐s ❝♦♥s❡q✉ê♥❝✐❛s é ♣♦ssí✈❡❧ s❡ ♦❜t❡r

❡ ♦ q✉❡ ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦ ♥❡ss❡ ❝❛♠♣♦✳ ❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❛❝❡ss✐❜✐❧✐❞❛❞❡

é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ♥♦s ♣❡r♠✐t❡ r❡s♣♦♥❞❡r s❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ é ❡r❣♦❞✐❝❛♠❡♥t❡

❡stá✈❡❧ ♦✉ ♥ã♦✳ ❆ ❛♥á❧✐s❡ é ❢❡✐t❛ ✉s❛♥❞♦ ❝♦♠♦ ❜❛s❡s ♣❡rt✉r❜❛çõ❡s ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡

✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡ ❡st✉❞❛♥❞♦ ❝♦♠♦ s❡ ❝♦♠♣♦rt❛♠ t❛✐s ♣❡rt✉r❜❛çõ❡s ♥♦s ❡s♣❛ç♦s ❡stá✈❡❧✱

✐♥stá✈❡❧ ❡ ❝❡♥tr❛❧✳
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t✐❝ ♠❛♥✐❢♦❧❞s ❛r❡ ❤②♣❡r❜♦❧✐❝✱ ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ♦r ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡❧② ❡❧❧✐♣t✐❝ ♣❡r✐♦❞✐❝
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❡♥tr♦♣②✱ P✉❜❧✳ ▼❛t❤✳ ■♥st✳ ❍❛✉t❡s ➱t✉❞❡s ❙❝✐✳ ✷✵✶✻✱ ♣✳ ✸✶✾✕✸✹✼✳
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❝❡♥tr❛❧ ❞✐r❡❝t✐♦♥ ✐s ♠♦st❧② ❝♦♥tr❛❝t✐♥❣✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✷✵✵✵✱ ♣✳ ✶✺✼✲✶✾✹✳

❬✹❪ ❇❯❘◆❙✱ ❑✳✱❲✐❧❦✐♥s♦♥✱ ❆✳ ❖♥ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ s②st❡♠s✳ ❆♥♥✳

▼❛t❤✳

❬✺❪ ❇❯❘◆❙✱ ❑✳✱ P❯●❍✱ ❙✳ ❡ ❲■▲❑■◆❙❖◆✱ ❆✳✱ ❙t❛❜❧❡ ❡r❣♦❞✐❝ ❛♥❞ ❆♥♦s♦✈ ✢♦✇s✱ ❚♦♣♦✲

❧♦❣✐❛✳ ❱♦❧✉♠❡ ✸✾✱ ❡❞✐çã♦ ✶ ✱ ♣✳ ✶✹✾✲✶✺✾✳ ❥❛♥❡✐r♦ ❞❡ ✷✵✵✵✳

❬✻❪ ❇❯❘◆❙✱ ❑✳ ❡ ❲■▲❑■◆❙❖◆✱ ❆✳ ❙t❛❜❧❡ ❡r❣♦❞✐❝ ♦❢ s❦❡✇ ♣r♦❞✉❝ts✳ ❆♥♥❛❧❡s s❝✐❡♥t✐✜q✉❡s

❞❡ ❧✬➱✳◆✳❙✳ ❡❞✐çã♦ ✹✳ ✶✾✾✾✱ ♣✳ ✽✺✾✲✽✽✾✳

❬✼❪ ❇❘■◆✱ ▼✳ ❚♦♣♦❧♦❣✐❝❛❧ tr❛♥s✐t✐✈✐t② ♦❢ ♦♥❡ ❝❧❛ss ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛♥❞ ✢♦✇s ♦❢

❢r❛♠❡s ♦♥ ♠❛♥✐❢♦❧❞s ♦❢ ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ❋✉♥❝ ❆♥❛❧✳ ✶✾✼✺✱ ♣✳ ✾✲✶✾✳

❬✽❪ ❇❘■◆✱ ▼✳ ❚❤❡ t♦♣♦❧♦❣② ♦❢ ❣r♦✉♣ ❡①t❡♥s✐♦♥s ♦❢ ❈ s②st❡♠s✳ ▼❛t ❩❛♠❡t❦✐✱ ✶✽ ✭✶✾✼✺✮✱

✹✺✸✕✹✻✺✳

❬✾❪ ❇❘■◆✱ ▼✳ ❡ P❊❙■◆✱ ❨✳ P❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ■③✈✳ ❆❦❛❞✳ ◆❛✉❦ ❙❙❙❘

❙❡r✳ ▼❛t✳ ✶✾✼✹✱ ♣✳ ✶✼✵✕✷✶✷✳

❬✶✵❪ ❈❆▼❆❈❍❖✱ ❈✳❀ ◆❊❚❖✱ ❆✳✱ ■♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞❛s ❋♦❧❤❡❛çõ❡s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿

■▼P❆✱ ✶✾✼✼✳✈♦❧ ✶✳ ✸✷✵ ♣✳

❬✶✶❪ ❈❖❙❚❆✱ ❏✳ ❚r❛♥s✐t✐✈✐❞❛❞❡ ❡ ❈❧❛ss❡s ❤♦♠♦❝❧í♥✐❝❛s✳ ❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✲ Pr♦✲

❣r❛♠❛ ❞❡ ♣ós✲❣r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ❙ã♦

▲✉✐s✱ ✷✵✶✷✳ ✻✹ ♣✳
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❬✶✸❪ ❉❖▲●❖P❨❆❚✱ ❉✳ ❡ ❲■▲❑■◆❙❖◆✱ ❆✳ ❆❝❝❡ss✐❜✐❧✐t② ✐s C1 ❞❡♥s❡✳ ❆stér✐q✉❡✳ ❋r❛♥ç❛✱
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❞❡ ❉❡ ❘❤❛♠✳ ❘❡✈✐st❛ ❊❧❡trô♥✐❝❛ P❛✉❧✐st❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ❇❛✉r✉✱ ♣✳ ✶✵✲✶✺✱ ❞❡③✳ ✷✵✶✺✳

❬✶✺❪ ▼✳ ●❘❆❨❙❖◆✱ ❈✳ P❯●❍ ❡ ▼✳ ❙❍❯❇✱ ▼✳✱ ❙t❛❜❧② ❡r❣♦❞✐❝ ❞✐❢❡♦♠♦r♣❤✐s♠s✱ ❆♥♥❛❧s ♦❢

▼❛t❤❡♠❛t✐❝s ✶✾✾✹✱ ♣✳ ✷✾✺✲✸✷✾✳

❬✶✻❪ ❍❊✱ ❇❆❖▲■◆✳ ❆❝❝❡ss✐❜✐❧✐t② ♦❢ ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ❡♥❞♦♠♦r♣❤✐s♠ ✇✐t❤ 1D ❝❡♥t❡r✲
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