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❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ♣❡❧❛ s❛ú❞❡ ❡ ♣♦r ♣r♦♣♦r❝✐♦♥❛r ❛ ♠✐♠✱ ❡ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❜♦♥s ♠♦♠❡♥✲

t♦s❀
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♠❡♥t❡✳ ❙❡r❡✐ ❡t❡r♥❛♠❡♥t❡ ❣r❛t♦ ♣♦r t♦❞♦ ♦ ✐♥❝❡♥t✐✈♦✱ ♣❡❧❛ ❣r❛♥❞❡ ♣❛❝✐ê♥❝✐❛✱ ❛♠✐✲

③❛❞❡ ❡ ❞❡❞✐❝❛çã♦ q✉❡ s❡♠♣r❡ t✐✈❡r❛♠ ♣♦r ♠✐♠ ❡ ♣❡❧❛s ♠✐♥❤❛s ✐r♠ãs❀

➚s ♠✐♥❤❛s ✐r♠ãs✱ ❊♠❛♥✉❡❧❛ ❡ ❍✐❛s♠②♥✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❝♦♠♣r❡❡♥sã♦ ❡ ❣r❛♥❞❡

✐♥❝❡♥t✐✈♦ ❞✉r❛♥t❡ t♦❞♦s ❡ss❡ ❛♥♦s❀

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢✳ ▼❛r❝♦ ❙❝❤r❡❝❦✱ ♣❡❧❛ ❣r❛♥❞❡ ❛♠✐③❛❞❡ ❝♦♥str✉í❞❛✱ ♣♦r

t♦❞♦ ♦ ❛♣♦✐♦ ❡ ♣♦r ♠❡ ❛❥✉❛❞❛r ❛ ❞❛r ✉♠ ❣r❛♥❞❡ ♣❛ss♦ ♥❛ ♠✐♥❤❛ ❝❛rr❡✐r❛ ❝✐ê♥t✐✜❝❛✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ♣❡❧❛s ♥♦tá✈❡s ❝♦♥tr✐❜✉✐çõ❡s à ♠✐♥❤❛ ❞✐ss❡rt❛çã♦

❡ ❛ ♠✐♥❤❛ ❛♣r❡s❡♥t❛çã♦✳ ❱✐❡❧❡♥ ❉❛♥❦✦✦

❆♦ ♠❡✉ ❝♦♦r✐♥t❛❞♦r✱ Pr♦❢✳ ▼❛♥♦❡❧ ▼❡ss✐❛s✱ ♣♦r t♦❞♦ ♦ s✉♣♦rt❡✱ ♣❡❧❛ ❛♠✐③❛❞❡

❡ ♣♦r ❛❝r❡❞✐t❛r ❡♠ ♠❡✉ ♣♦t❡♥❝✐❛❧✳ ●r❛ç❛s ❛ s✉❛ ❝♦♥✜❛♥ç❛ ❢♦✐ ♣♦ssí✈❡❧ ❞❡s❡♥✈♦❧✈❡r

✉♠ ❣r❛♥❞❡ tr❛❜❛❧❤♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ♣❡❧❛s ❣r❛♥❞❡s s✉❣❡stõ❡s ♥♦ ♠❛♥✉s❝r✐t♦❀

❆♦ Pr♦❢✳ ❘♦❞♦❧❢♦ ❈❛s❛♥❛✱ ♣♦r ❝♦♥tr✐❜✉✐r ✐♠❡♥s❛♠❡♥t❡ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱

s❡❥❛ ♣❡❧❛s ❜♦❛s ❞✐s❝✉ssõ❡s ♦✉ ♣❡❧❛s ót✐♠❛s ❞✐s❝✐♣❧✐♥❛s ❧❡❝✐♦♥❛❞❛s✱ ❛s q✉❛✐s t✐✈❡ ♦

♣r✐✈✐❧é❣✐♦ ❞❡ ❝✉rs❛r ✭❡ ❝♦♥s❡❣✉✐ s♦❜r❡✈✐✈❡r✦✦✮✳ ❚❛♠❜é♠ s♦✉ ❣r❛t♦ ♣♦r t❡r ❛❝❡✐t❛❞♦

♣❛rt✐❝✐♣❛r ❞❛ ♠✐♥❤❛ q✉❛❧✐✜❝❛çã♦ ❡ ❞❛ ♠✐♥❤❛ ❞❡❢❡s❛❀

❆♦ Pr♦❢✳ ▼❛r❝♦s ❙❛♠♣❛✐♦ ✭❯❋▼●✮ ♣♦r ❛❝❡✐t❛r ❝♦♠♣♦r ❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛

❞❛ ♠✐♥❤❛ ❞✐ss❡rt❛çã♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ♣❡❧❛s ❜♦❛s s✉❣❡stõ❡s ❛♦ ♠❛♥✉s❝r✐t♦ ❡

♣❡❧❛s ♣❡r❣✉♥t❛s ❢❡✐t❛s ❞✉r❛♥t❡ ❛ ❞❡❢❡s❛✳

➚ ♠✐♥❤❛ ❧✐♥❞❛ ♥❛♠♦r❛❞❛✱ ▲❡tí❝✐❛ ▲✐s❜♦❛✱ ♣❡❧♦ ❣r❛♥❞❡ ❛♣♦✐♦✱ ❜♦❛s ❞✐s❝✉ssõ❡s

❡ ♣♦r ❡st❛r ♣r❡s❡♥t❡ ❡♠ ♠❛✐s ✉♠❛ ❣r❛♥❞❡ ❡t❛♣❛ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ◗✉❡ ✈❡♥❤❛♠ ♦s

♥♦ss♦s ♣ró①✐♠♦s ❞❡s❛✜♦s✦✦

❆♦ Pr♦❢✳ ❆♥tô♥✐♦ P✐♥t♦ ◆❡t♦✱ ♣❡❧❛ ❣r❛♥❞❡ ❛♠✐③❛❞❡✱ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♣♦r

❝♦♥t✐♥✉❛r s❡♥❞♦ ✉♠ ❣r❛♥❞❡ ❛♠✐❣♦❀

❆♦ ♠❡✉ ❣r❛♥❞❡ ❛♠✐❣♦✱ ▼❛r❝♦s ▲✐♠❛ ❉✐❛s✱ ♣❡❧❛ ❣r❛♥❞❡ ❛♠✐③❛❞❡✱ ♣❡❧❛s ❧♦♥❣❛s

❞✐s❝✉ssõ❡s s♦❜r❡ ♦s ♠❛✐s ✈❛r✐❛❞♦s t❡♠❛s✱ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♣♦r ❡st❛r ♣r❡s❡♥t❡

❡♠ ♠❛✐s ✉♠❛ ❝♦♥q✉✐st❛❀

➚ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞♦ ●❋❚P❈✱ ♣♦✐s ❝♦♥tr✐❜✉ír❛♠ ❞❡ ♠❛✲
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❞✐♥❤♦✮✱ ●✉✐❧❧❡r♠♦ ✭❣r✐♥❣♦✮✱ ▲✉✐③ ❋❡r♥❛♥❞♦✱ ❋r❡❞ ❏♦r❣❡✱ ❊❧✈✐s ❏♦❤❡❧✱ ✳✳✳

➚ t♦❞♦s ♦s ❛❧✉♥♦s ❞♦ ❣r✉♣♦ ●❋❚P❈❀

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛ q✉❡ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈♦✉ ❞✉r❛♥t❡ t♦❞❛ ❡st❛ ❧♦♥❣❛ ❥♦r♥❛❞❛❀

➚ t♦❞♦s ♦s ♠❡✉s ♣r✐♠♦s✱ ❡♠ ❡s♣❡❝✐❛❧✱ ▼♦♥✐q✉❡✱ ❘❛✐❛♥❡✱ ❋❡❧❧✐♣❡ ❡ ❉❛♥✐❧❧♦ ♣♦r

t♦❞♦ ♦ ✐♥❝❡♥t✐✈♦❀

➚ t♦❞♦s ❞♦ PP● ✲ ❋ís✐❝❛ ❯❋▼❆✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ▲✉❝② ❡ ❆♥❣r❛ ♣♦r ❞❛r❡♠ ❣r❛♥❞❡

❛ss✐stê♥❝✐❛ ♥❛ ❝♦♦r❞❡♥❛çã♦❀

➚ ❈❛♣❡s ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦❀

P♦r ✜♠✱ à t♦❞♦s ❛q✉❡❧❡s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛ ♣❛r❛ ❛ ♠✐♥❤❛

❢♦r♠❛çã♦ ❡ q✉❡✱ ♣♦r✈❡♥t✉r❛✱ t❡♥❤❛ ❡sq✉❡❝✐❞♦✳

①



✏❱✐✈❡r é s❡♠♣r❡ ❞✐③❡r ❛♦s ♦✉tr♦s q✉❡ ❡❧❡s sã♦ ✐♠♣♦r✲

t❛♥t❡s✳ ◗✉❡ ♥ós ♦s ❛♠❛♠♦s✳ P♦rq✉❡ ✉♠ ❞✐❛ ❡❧❡s s❡

✈ã♦✱ ❡ ✜❝❛♠♦s ❝♦♠ ❛ ♥ít✐❞❛ ✐♠♣r❡ssã♦ ❞❡ q✉❡ ♥ós ♥ã♦

♦s ❛♠❛♠♦s ♦ s✉✜❝✐❡♥t❡✳✑

❈❤✐❝♦ ❳❛✈✐❡r

①✐



①✐✐



❘❡s✉♠♦

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❤♦✉✈❡ ✉♠ ❛✉♠❡♥t♦ s✐❣♥✐✜❝❛t✐✈♦ ♥♦ ✐♥t❡r❡ss❡ ❡♠ t❡♦r✐❛s q✉❡

✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ❊st✉❞♦s tê♠ s✐❞♦ r❡❛❧✐③❛❞♦s ♥❛ t❡♥t❛t✐✈❛ ❞❡ ✐♥❝❧✉✐r

t❡r♠♦s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ♥♦ ▼♦❞❡❧♦ P❛❞rã♦ ✭▼P✮✳ ❊st❛ t❡♥t❛t✐✈❛

❝✉❧♠✐♥♦✉ ♥♦ s✉r❣✐♠❡♥t♦ ❞♦ ❝❤❛♠❛❞♦ ▼♦❞❡❧♦ P❛❞rã♦ ❊st❡♥❞✐❞♦ ✭▼P❊✮✳ ❊st❡ ♠♦✲

❞❡❧♦ ❝♦♥t❡♠♣❧❛ t♦❞❛s ❛s ♣♦ssí✈❡✐s ♠♦❞✐✜❝❛çõ❡s q✉❡ sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛s ♣r♦♣r✐✲

❡❞❛❞❡s ❥á ❜❡♠ ❡st❛❜❡❧❡❝✐❞❛s✱ t❛✐s ❝♦♠♦ r❡♥♦r♠❛❧✐③❛❜✐❧✐❞❛❞❡ ❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡

❞♦ ▼P✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ✉♠❛ ✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛ ❞♦ ▼P❊ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛

♣❛r❛ ♦s s❡t♦r❡s ❞♦s ❢ót♦♥s✱ ♥❡✉tr✐♥♦s ❡ ♣❛r❛ ♦s ❢ér♠✐♦♥s✳ ❊st❛ ✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛

❝❛r❛❝t❡r✐③❛✲s❡ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ❛❧t❛s ❞❡r✐✈❛❞❛s✳ ❯♠❛ ❞❛s ♥♦✈❛s ♣r♦♣r✐❡❞❛❞❡s ♥❡st❛

✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛ é ❛ ♣❡r❞❛ ❞❛ r❡♥♦r♠❛❧✐③❛❜✐❧✐❞❛❞❡✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s ❛s♣❡❝t♦s ❞❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛

♥♦ ▼P❊ ♥ã♦✲♠í♥✐♠♦✳ ◆ós ♥♦s ❝♦♥❝❡♥tr❛♠♦s ❡♠ ❞♦✐s t✐♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❛ s❛❜❡r✱

♦♣❡r❛❞♦r❡s ♣s❡✉❞♦✈❡t♦r✐❛✐s ❡ t❡♥s♦r✐❛✐s✳ ❊st❡s ❞♦✐s ♦♣❡r❛❞♦r❡s ❡①✐❜❡♠ ✉♠❛ ♣r♦♣r✐✲

❡❞❛❞❡ ✐♥❝♦♠✉♠✱ ❡❧❡s q✉❡❜r❛♠ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳ ❊st❛ ♥♦✈❛ ♣r♦♣r✐❡❞❛❞❡

♠❛♥✐❢❡st❛✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞✉❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❞✐❢❡r❡♥t❡s✱

✉♠❛ ♣❛r❛ ❝❛❞❛ ♣r♦❥❡çã♦ ❞♦ s♣✐♥✳ P❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r

❡ss❡s ♦♣❡r❛❞♦r❡s✱ ✐♥tr♦❞✉③✐♠♦s ✉♠ ♥♦✈♦ ♠ét♦❞♦ q✉❡ ❢♦✐ s✉❣❡r✐❞♦ ♣♦r ❑♦st❡❧❡❝❦ý ❡

▼❡✇❡s ❡♠ ✉♠ tr❛❜❛❧❤♦ r❡❝❡♥t❡✳ ❊st❡ ♠ét♦❞♦ ♣❡r♠✐t❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛r ❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ❡✱ ❛ss✐♠✱ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ♥♦✈❛ ♠❛♥❡✐r❛ ❞❡ ♦❜t❡r ♦s ❡s♣✐♥♦r❡s✳

❖s ♦❜❥❡t✐✈♦s ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ sã♦ ♦s s❡❣✉✐♥t❡s✳ Pr✐♠❡✐r♦✱ ✐r❡♠♦s r❡✈❡r ❛❧❣✉♥s

❝♦♥❝❡✐t♦s ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ▼P❊✳ ❙❡❣✉♥❞♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❡①✲

t❡♥sã♦ ❞♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ♣❛r❛ ♦ ♥ã♦✲♠í♥✐♠♦✳ ❚❡r❝❡✐r♦✱ ❞❡s❝r❡✈❡r❡♠♦s

♦ ♠ét♦❞♦ q✉❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ❡ ❝❛❧❝✉❧❛r❡♠♦s ❛s

❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✳ P♦r ✜♠✱ ❝❛❧❝✉❧❛r❡♠♦s ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛s ❡ ❛s

s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❝❛❞❛ ❝♦♥✜❣✉r❛çã♦ ♥ã♦✲♠í♥✐♠❛ ❞♦s ♦♣❡r❛❞♦r❡s ❝✐t❛❞♦s✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ ❱✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱ ▼♦❞❡❧♦✲P❛❞rã♦ ❊st❡♥❞✐❞♦✱

❚❡♦r✐❛ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✱ ❊q✉❛çã♦ ❞❡ ❉✐r❛❝✱ ❊s♣✐♥♦r❡s ❡ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✳

①✐✐✐



①✐✈



❆❜str❛❝t

❋♦r t❤❡ r❡❝❡♥t ②❡❛rs✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st ✐♥ ▲♦r❡♥t③✲✈✐♦❧❛t✐♥❣ t❤❡✲

♦r✐❡s✳ ❙t✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❛❞❞r❡ss✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ▲♦r❡♥t③✲✈✐♦❧❛t✐♥❣

t❡r♠s ✐♥t♦ t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧ ✭❙▼✮✳ ❚❤✐s ❤❛s ❧❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❙t❛♥✲

❞❛r❞ ▼♦❞❡❧ ❊①t❡♥s✐♦♥ ✭❙▼❊✮✱ ✇❤✐❝❤ ✐s ❛ ❢r❛♠❡✇♦r❦ ❝♦♥t❛✐♥✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s t❤❛t

❛r❡ ♣♦✇❡r✲❝♦✉♥t✐♥❣ r❡♥♦r♠❛❧✐③❛❜❧❡ ❛♥❞ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❣❛✉❣❡ str✉❝t✉r❡ ♦❢ t❤❡

❙▼✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❛ ♥♦♥♠✐♥✐♠❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❙▼❊ ✇❛s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ♣❤♦t♦♥✱

♥❡✉tr✐♥♦✱ ❛♥❞ ❢❡r♠✐♦♥ s❡❝t♦r ❛❞❞✐t✐♦♥❛❧❧② ✐♥❝❧✉❞✐♥❣ ❤✐❣❤❡r✲❞❡r✐✈❛t✐✈❡ t❡r♠s✳ ❖♥❡

♦❢ t❤❡ ♥❡✇ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♥♦♥♠✐♥✐♠❛❧ ✈❡rs✐♦♥ ✐s t❤❡ ❧♦st ♦❢ r❡♥♦r♠❛❧✐③❛❜✐❧✐t②✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ♠❛✐♥ ❛s♣❡❝ts ♦❢ ❛ ♠♦❞✐✜❡❞ ❉✐r❛❝ t❤❡♦r② ✐♥ t❤❡ ♥♦♥✲

♠✐♥✐♠❛❧ ❙t❛♥❞❛r❞✲▼♦❞❡❧ ❊①t❡♥s✐♦♥✳ ❲❡ ❢♦❝✉s ♦♥ t✇♦ t②♣❡s ♦❢ ♦♣❡r❛t♦rs ♥❛♠❡❧②✱

♣s❡✉❞♦✈❡❝t♦r ❛♥❞ t✇♦✲t❡♥s♦r ♦♣❡r❛t♦rs✳ ❚❤❡s❡ t✇♦ ♦♣❡r❛t♦rs ❞✐s♣❧❛② ❛♥ ✉♥✉s✉❛❧

♣r♦♣❡rt②❀ t❤❡② ❜r❡❛❦ t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ s♣✐♥✳ ❚❤✐s ♥❡✇ ♣r♦♣❡rt② ❜❡❝♦♠❡s ♠❛♥✐❢❡st

✐♥ ♣r♦✈✐❞✐♥❣ t✇♦ ❞✐✛❡r❡♥t ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✱ ♦♥❡ ❢♦r ❡❛❝❤ s♣✐♥ ♣r♦❥❡❝t✐♦♥✳ ❚♦

s♦❧✈❡ t❤❡ ❉✐r❛❝ ❡q✉❛t✐♦♥ ♠♦❞✐✜❡❞ ❜② t❤♦s❡ ♦♣❡r❛t♦rs✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠❡t❤♦❞

t❤❛t ✇❛s s✉❣❣❡st❡❞ ❜② ❑♦st❡❧❡❝❦ý ❛♥❞ ▼❡✇❡s ✐♥ ❛ r❡❝❡♥t r❡s❡❛r❝❤ ♣❛♣❡r✳ ❚❤✐s

♠❡t❤♦❞ ❛❧❧♦✇s t♦ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✐③✐♥❣ t❤❡ ♠♦❞✐✜❡❞ ❉✐r❛❝ ❡q✉❛t✐♦♥ ❛♥❞✱ t❤✉s✱ ♣❡r✲

♠✐ts ✉s t♦ ♦❜t❛✐♥ t❤❡ s♣✐♥♦rs✳ ❚❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ❝✉rr❡♥t ✇♦r❦ ❛r❡ ❛s ❢♦❧❧♦✇s✳

❋✐rst✱ ✇❡ ✇✐❧❧ r❡✈✐❡✇ t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❙▼❊✳ ❙❡❝♦♥❞✱ ✇❡

✇✐❧❧ ✐♥tr♦❞✉❝❡ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ♠✐♥✐♠❛❧ ❢❡r♠✐♦♥ s❡❝t♦r t♦ t❤❡ ♥♦♥♠✐♥✐♠❛❧ ♦♥❡✳

❚❤✐r❞✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ t❤❛t ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✐③❡s t❤❡ ♠♦❞✐✜❡❞ ❉✐r❛❝

❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s✳ ❆♥❞✱ ✜♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❣❡t t❤❡

❡①❛❝t ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❛♥❞ t❤❡ s♣✐♥♦r s♦❧✉t✐♦♥s ❢♦r ♦♣❡r❛t♦rs ♦❢ ❛r❜✐tr❛r② ♠❛ss

❞✐♠❡♥s✐♦♥✳

❑❡②✇♦r❞s✿ ▲♦r❡♥t③ ✈✐♦❧❛t✐♦♥✱ ❙t❛♥❞❛r❞✲▼♦❞❡❧ ❊①t❡♥s✐♦♥✱ ▼♦❞✐✜❡❞ ❉✐r❛❝ t❤❡✲

♦r②✱ ❉✐r❛❝ ❡q✉❛t✐♦♥✱ ❙♣✐♥♦rs ❛♥❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✳

①✈



①✈✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❙✐♠❡tr✐❛s✿ ❯♠❛ ✐♥tr♦❞✉çã♦ ✼

✷✳✶ ❙✐♠❡tr✐❛s ❞✐s❝r❡t❛s✿ ❈✱ P ❡ ❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✶✳✶ ❈♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ✭❈✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✶✳✷ P❛r✐❞❛❞❡ ✭P✮ ❡ ❘❡✈❡rsã♦ t❡♠♣♦r❛❧ ✭❚✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✷ ●r✉♣♦s ❞❡ ▲✐❡✿ ✉♠❛ ✐♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷✳✷ ❊①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷✳✸ ●r✉♣♦ ❞❡ ▲♦r❡♥t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸ ❖ ▼♦❞❡❧♦ P❛❞rã♦ ❊st❡♥❞✐❞♦ (MPE) ✷✼

✸✳✶ ❖s s❡t♦r❡s ❞♦ MPE ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✷ ❖ s❡t♦r ❞❡ ❢ér♠✐♦♥s ♥♦ ▼P❊✲♠í♥✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹ ❊q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✿ ❯♠ ❡st✉❞♦ ♣r❡❧✐♠✐♥❛r ✹✸

✹✳✶ ❖ s❡t♦r ♥ã♦✲♠í♥✐♠♦ ❞♦s ❢ér♠✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✷ ❊q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✸ ❘❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✸✳✶ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✹ ❊s♣✐♥♦r❡s ❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✺ ❚❡♦r✐❛ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ✻✸

✺✳✶ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✺✳✶✳✶ ❊♥❡r❣✐❛s ❞❛s ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

①✈✐✐



✺✳✶✳✷ ❖❜t❡♥çã♦ ❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❡s♣✐♥♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✷ ❈♦♥✜❣✉r❛çã♦ ✏✐s♦tró♣✐❝❛✑ ❣❡♥❡r❛❧✐③❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸ ❙♦❧✉çõ❡s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧ Âµ ✼✷

✺✳✸✳✶ ❖♣❡r❛❞♦r Âi ❝♦♠ i = {1, 2} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✸✳✷ ❖♣❡r❛❞♦r Â3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✹ ❙♦❧✉çõ❡s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧ T̂ µν ✳ ✳ ✳ ✽✷

✺✳✹✳✶ ❖♣❡r❛❞♦r T̂ 0i ❝♦♠ i = {1, 2} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✺✳✹✳✷ ❖♣❡r❛❞♦r T̂ 03 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✹✳✸ ❖♣❡r❛❞♦r T̂ i3 ❝♦♠ i = {1, 2} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✺✳✹✳✹ ❖♣❡r❛❞♦r T̂ 12 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✺ ❙♦❧✉çõ❡s ♣❛r❛ ♦ ♦♣❡r❛❞♦r P̂ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✻ ❈♦♥s✐stê♥❝✐❛ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✼ ❉❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ❛❞✐❝✐♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✼✳✶ ❙❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✼✳✷ ❙❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥ã♦✲♠í♥✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✻ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ✶✶✶

❆ ❈á❧❝✉❧♦ ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ✶✶✺

❇ ❊s♣✐♥♦r❡s ❡①❛t♦s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❡s♣❡❝✐❛✐s ✶✷✺

❇✳✶ ❈♦❡✜❝✐❡♥t❡ b ✐s♦tró♣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❇✳✷ ❈♦❡✜❝✐❡♥t❡ g ✐s♦tró♣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❈ ❋♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❡ s✉❛s s♦❧✉çõ❡s ✶✷✾

❈✳✶ ❖❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ tr❛♥s❢♦r♠❛❞❛ ❡ s✉❛s s♦❧✉çõ❡s✳ ✳ ✳ ✳ ✳ ✶✷✾

❈✳✷ ❱❡r✐✜❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s (C.19− C.28)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

❈✳✸ ❈♦♥❡①ã♦ ❡♥tr❡ ♦s ❡s♣✐♥♦r❡s ♥♦s ❢♦r♠❛❧✐s♠♦s q✉✐r❛❧ ❡ ❙t❛♥❞❛r❞✳ ✳ ✳ ✳ ✶✸✽

❉ ❙♦❧✉çõ❡s ❡①❛t❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s

❞❡ s♣✐♥ ❞❡❣❡♥❡r❛❞♦ ✶✹✸

❉✳✶ ❙♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

❊ Pr♦♣❛❣❛❞♦r❡s ✶✹✼

❊✳✶ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽
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❊✳✷ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r Âµ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

❊✳✸ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r T̂ µν ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

❊✳✹ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r P̂ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

❊✳✺ ❖❜s❡r✈❛çõ❡s ✜♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

❋ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ✶✺✸

❋✳✶ ❆❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r Âµ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❋✳✶✳✶ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r Â0 = −b(3)0 ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❋✳✶✳✷ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r Â3 = −b(3)3 ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

❋✳✷ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r T̂ µν ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

❋✳✸ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ❞♦ ♦♣❡r❛❞♦r ♥ã♦✲♠í♥✐♠♦ P̂ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

❋✳✹ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ❞♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂ ♠í♥✐♠♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

● ❚r❛❜❛❧❤♦s P✉❜❧✐❝❛❞♦s ✶✻✶

①✐①



①①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tór✐❝❛ ❞❡ ✉♠ ♠❛♥✐❢♦❧❞ M q✉❛❧q✉❡r ❡ s❡✉ ❡s♣❛ç♦

t❛♥❣❡♥t❡✱ TpM✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ I ∈M✳ ❖s ❣r♦✉♣♦s ❞❡

▲✐❡ ✏♠♦r❛♠✑ ♥♦ ♠❛♥✐❢♦❧❞✱ ❥á ❛ á❧❣❡❜r❛ ✏♠♦r❛✑ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳

Pró①✐♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ é ♣♦ssí✈❡❧✱ ❛tr❛✈és ❞❛ ❡①♣❛♥sã♦ ✷✳✶✾✱ ❡s❝r❡✈❡r

♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❡♠ t❡r♠♦s ❞♦s ❣❡r❛❞♦r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✶ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tór✐❝❛ ❞❛s ✢✉t✉❛çõ❡s q✉❡ ♦❝♦rr❡♠ ♥❛ ❡str✉t✉r❛ ❞♦

❡s♣❛ç♦✲t❡♠♣♦ ♥❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳ ❋✐❣✉r❛ ❞✐s♣♦♥í✈❡❧ ❡♠ ❬✻✸❪ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tór✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s s❡ ♣r♦♣❛❣❛♥❞♦ ♥♦ ❡s♣❛ç♦✲

t❡♠♣♦✳ ❆s ♣❛rtí❝✉❧❛s ❛♦ s❡ ♣r♦♣❛❣❛r❡♠ ✏s❡♥t❡♠✑ ❛ ♣r❡s❡♥ç❛ ❞❛s

✢✉t✉❛çõ❡s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❈♦♠♦ ❛s ✢✉t✉❛çõ❡s sã♦ ❛❧❡❛tór✐❛s✱ ❛s

♣❛rtí❝✉❧❛s ❡①✐❜✐rã♦ ♣r♦♣r✐❡❞❛❞❡s ❞✐❢❡r❡♥t❡s ❛♦ s❡ ♣r♦♣❛❣❛r❡♠ ❡♠ ❞✐✲

r❡çõ❡s ❞✐❢❡r❡♥t❡s✳ ❋✐❣✉r❛ ❞✐s♣♦♥í✈❡❧ ❡♠ ❬✻✹❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✸ ❉✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❇❛❝❦❣r♦✉♥❞ ✜❡❧❞ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦ ❡

✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❝✉r✈♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✹ ❉✐❛❣r❛♠❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s✳ ❆ ❞✐❢❡r❡♥ç❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♥✲

tr❡ ❡st❡s ❞♦✐s ❞✐❛❣r❛♠❛s r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s

♥♦ ▼P❊ ❛♣r❡s❡♥t❛r❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐❢❡r❡♥t❡s✱ t❛✐s ❝♦♠♦

r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ♠♦❞✐✜❝❛❞❛s ✭❞❡s✐❣♥❛♠♦s ✐ss♦ ❝♦♠ ✉♠ˆ s♦❜r❡

❛s ♣❛rtí❝✉❧❛s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶ ◆❛ ✜❣✉r❛ ❛❝✐♠❛✱ ✏♣❛rt✑ ❞❡s✐❣♥❛ ♣❛rtí❝✉❧❛s ❡ ✏♣❛rt✑ ❛♥t✐♣❛rtí❝✉❧❛s✳

❱❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡✱ ❛♣ós ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ U ❛t✉❛r s♦❜r❡

♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝✱ ❛ ❡q✉❛çã♦ t♦r♥❛✲s❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ❛s

✐♥❢♦r♠❛çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛s ♣❛rtí❝✉❧❛s ❡stã♦ ❞❡s❛❝♦♣❧❛❞❛s ❞❛s

❛♥t✐♣❛rtí❝✉❧❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

①①✐



①①✐✐



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ❙✐♠❡tr✐❛s ❡ s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✷ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ C✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✸ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦

❞❡ ♣❛r✐❞❛❞❡ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✹ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦

❞❡ r❡✈❡rsã♦ t❡♠♣♦r❛❧ T ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✺ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ CPT ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✻ ▼❛tr✐③❡s ❞❡ P❛✉❧✐✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✼ ▼❛tr✐③❡s ❞❡ ●❡❧❧✲▼❛♥♥✳ ◆❛ ♣r✐♠❡✐r❛ ♠❛tr✐③ ♦ í♥❞✐❝❡ i s✉❜❡♥t❡♥❞❡

i = 1, 2, 3. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✽ ❙❡t♦r❡s ❞♦ ❣r✉♣♦ O (3, 1)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✾ ❆ t❛❜❡❧❛ ❛❝✐♠❛ ♥♦s ♠♦str❛ ❝♦♠♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♣❛r✐❞❛❞❡ P

❡ r❡✈❡rsã♦ t❡♠♣♦r❛❧ ❚ ❝♦♥❡❝t❛ t♦❞♦s ♦s s❡t♦r❡s ❞✐s❥✉♥t♦s ❞♦ ❣r✉♣♦

O(3, 1) ❛ ♣❛rt✐r ❞♦ s✉❜❣r✉♣♦ ❞❡ ▲♦r❡♥t③ SO(3, 1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✶✵ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦

❞❡ ▲♦r❡♥t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✶ ❉✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✷ ❈❛ss✐✜❝❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♠í♥✐♠♦s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦

❈P❚✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✶ ❈❧❛ss✐✜❝❛çã♦ ❞♦s 10 ♦♣❡r❛❞♦r❡s ❝♦♥t✐❞♦s ❡♠ ✭✹✳✸✮ s♦❜ tr❛♥s❢♦r♠❛✲

çõ❡s ❈P❚ ❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③ ❬✷✷❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

①①✐✐✐



✺✳✶ ❱❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ξ(β)s ❡ ς(β)s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛ ❡

❛♥✐s♦tró♣✐❝❛ Â3. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✺✳✷ ❱❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ξ(β)s ❡ ς(β)s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛

T̂ 03 ❡ T̂ 12. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✻✳✶ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡ ❡s♣✐✲

♥♦r❡s ♠♦❞✐✜❝❛❞♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

①①✐✈



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖ ❛❞✈❡♥t♦ ❞❛ ▼❡❝â♥✐❝❛ ◗✉â♥t✐❝❛ ✭▼◗✮ ❡ ❞❛ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ❘❡str✐t❛

✭❚❘❘✮ ♥♦ sé❝✉❧♦ ❳❳ ❡❧❡✈♦✉ ❛ ❋ís✐❝❛ ❛ ✉♠ ♥♦✈♦ ♣❛t❛♠❛r✳ ❋❡♥ô♠❡♥♦s ♦✉tr♦r❛ ❞❡s✲

❝♦♥❤❡❝✐❞♦s ❡ ♥ã♦ ❝♦♠♣r❡❡♥❞✐❞♦s ❛ ❧✉③ ❞❛s t❡♦r✐❛s ✈✐❣❡♥t❡s ♣❛ss❛r❛♠ ❛ s❡r ❡♥tã♦

❡♥t❡♥❞✐❞♦s✳ ❊❢❡✐t♦s ❝♦♠♦ ❛ r❛❞✐❛çã♦ ❞❡ ❝♦r♣♦ ♥❡❣r♦✱ ❡❢❡✐t♦ ❢♦t♦✲❡❧étr✐❝♦✱ ✐♥t❡r✲

♣r❡t❛çã♦ ❝♦♥s✐st❡♥t❡ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ▼✐❝❤❡❧s♦♥✲▼♦r❧❡② ❡♠ ✶✽✽✼✱ ❡♥tr❡

♦✉tr♦s✱ ❣❛♥❤❛r❛♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❝♦♥s✐st❡♥t❡✳ ❖s ❡s❢♦rç♦s ❡♠♣r❡❣❛❞♦s ♣❛r❛ s❡

❡♥t❡♥❞❡r ❝❛❞❛ ✈❡③ ♠❛✐s ❡ss❛s t❡♦r✐❛s ❝✉❧♠✐♥❛r❛♠ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛s ♠♦❞❡r✲

♥❛s ❚❡♦r✐❛s ◗✉â♥t✐❝♦✲❘❡❧❛t✐✈íst✐❝❛s ✭❚◗❘✮✳ ❆s ❚◗❘✬s sã♦ út❡✐s ♥❛ ❞❡s❝r✐çã♦ ❞❡

❢❡♥ô♠❡♥♦s q✉❡ ❡♥✈♦❧✈❡♠ ♣❛rtí❝✉❧❛s ❡♠ ❛❧t❛s ❡♥❡r❣✐❛s✱ ♣♦r ❡①❡♠♣❧♦✳

❯♠❛ ❞❛s ❚◗❘✬s ❞❡ ♠❛✐♦r s✉❝❡ss♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❉✐r❛❝ ❡♠ ✶✾✷✽ ❡ ❢♦✐

r❡♣♦rt❛❞❛ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ ❛rt✐❣♦ ❬✶❪✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✱ ❝♦♠♦ ✜❝♦✉ ❝♦✲

♥❤❡❝✐❞❛✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ s❛♥❛r ✈ár✐♦s ♣r♦❜❧❡♠❛s✳ Pr✐♠❡✐r♦✱

♦❜s❡r✈♦✉✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❡st❛❝✐♦♥ár✐♦s ❡♠ át♦♠♦s ❤✐❞r♦❣❡♥♦✐❞❡s ❡r❛♠

❞✉❛s ✈❡③❡s ♠❛✐♦r q✉❡ ❛q✉❡❧❡s ♣r❡✈✐st♦s ♣♦r ♠♦❞❡❧♦s t❡ór✐❝♦s q✉❛♥❞♦ tr❛t❛✈❛♠ ❡❧é✲

tr♦♥s ❝♦♠♦ ♦❜❥❡t♦s ♣♦♥t✉❛✐s s❡♠ ♥❡♥❤✉♠ ♥ú♠❡r♦ q✉â♥t✐❝♦ ✐♥t❡r♥♦✳ ❖ ♣r✐♠❡✐r♦

♠♦❞❡❧♦ t❡ór✐❝♦ q✉❡ ❝♦♥❝♦r❞❛✈❛ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❢♦✐ ♣r♦♣♦st♦ ♣♦r

P❛✉❧✐✳ P❛✉❧✐ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ s♣✐♥ ♥❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ❡①♣❧✐❝❛r

♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ é♣♦❝❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛ ♥♦çã♦ ❞❡ s♣✐♥ ✐♥tr♦❞✉③✐❞❛

♣❛r❛ ❡①♣❧✐❝❛r t❛✐s r❡s✉❧t❛❞♦s ♥ã♦ s✉r❣✐♦ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ♠❛s s✐♠ ✐♥tr♦❞✉③✐❞❛ à

♠ã♦✳ P♦rt❛♥t♦✱ ✉♠❛ ❞❛s ♠♦t✐✈❛çõ❡s ❞❡ ❉✐r❛❝ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ♥♦✈❛ t❡♦r✐❛ ❢♦✐

t❡♥t❛r ❞❡s❝r❡✈❡r ❡ss❛ ♥♦✈❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ♥❛t✉r❛❧✳ ❙❡❣✉♥❞♦✱ ❛❧❣✉✲

✶



♠❛s ✐♥❝♦♥s✐stê♥❝✐❛s ❝♦♠ ❛ ♣r♦♣♦st❛ ❞❡ ✉♥✐✜❝❛çã♦ ❡♥tr❡ ▼◗ ❡ ❚❘❘✱ ❞❡s❡♥✈♦❧✈✐❞❛

✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❑❧❡✐♥ ❡ ●♦r❞♦♥✱ ♠♦t✐✈❛r❛♠ ❉✐r❛❝ ❛ ❜✉s❝❛r ✉♠❛ ♥♦✈❛ ♠❛♥❡✐r❛

❞❡ ❛❜♦r❞❛r ❡ss❡ ♣r♦❜❧❡♠❛✳ ❆ s❡❣✉✐r✱ ♠❡♥❝✐♦♥❛♠♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛

❡❧❛❜♦r❛❞❛ ♣♦r ❑❧❡✐♥ ❡ ●♦r❞♦♥✿ ❢❛❧t❛ ❞❡ ❡①♣❧✐❝❛çõ❡s ♣❧❛✉sí✈❡✐s✱ à é♣♦❝❛✱ ♣❛r❛ ❛s

❡♥❡r❣✐❛s ♥❡❣❛t✐✈❛ ♦❜t✐❞❛s ❡ ❛ ♦❜t❡♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♥❡❣❛t✐✈❛s✱ ❢♦r❛♠ ❛❧❣✉♥s

❞♦s ♣r♦❜❧❡♠❛s✳ ❖ ♣r♦❜❧❡♠❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ♥❡❣❛t✐✈❛s✱ ✉♠❛ ❡①♣❧✐❝❛çã♦ s❛t✐s✲

❢❛tór✐❛ ♣❛r❛ ❛s ❡♥❡r❣✐❛s ♥❡❣❛t✐✈❛✱ ❛ ❞❡s❝r✐çã♦ ♥❛t✉r❛❧ ♣❛r❛ ♦ s♣✐♥ ❞❛s ♣❛rtí❝✉❧❛s ❡

♠✉✐t❛s ♦✉tr❛s ✐♥❝♦♥s✐stê♥❝✐❛s ❢♦r❛♠ r❡s♦❧✈✐❞❛s ❝♦♠ s✉❝❡ss♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❉✐r❛❝✳

❈♦♠ ♦ s✉r❣✐♠❡♥t♦ ❞❛s ❚❡♦r✐❛s ◗✉â♥t✐❝❛s ❞❡ ❈❛♠♣♦s ✭❚◗❈✮ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

❣❛♥❤♦✉ ✉♠❛ ♥♦✈❛ ✐♥t❡r♣r❡t❛çã♦✿ ❛ ❡q✉❛çã♦ q✉❡ ❞❡s❝r❡✈❡ ♣❛rtí❝✉❧❛s ❢❡r♠✐ô♥✐❝❛s ❞❡

s♣✐♥ 1
2
✳ ❏á ❛ t❡♦r✐❛ ❞❡ ❑❧❡✐♥ ❡ ●♦r❞♦♥ ❞❡s❝r❡✈❡ ❛♣❡♥❛s ♣❛rtí❝✉❧❛s s❡♠ s♣✐♥✳

❆s ❚◗❈✬s ♣❡r♠✐t✐r❛♠ ✉♠ ❡♥t❡♥❞✐♠❡♥t♦ ♠❛✐s ♣r♦❢✉♥❞♦ ❞❛s ❝❤❛♠❛❞❛s ✐♥t❡r❛✲

çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✱ q✉❡ ❝❧❛ss✐✜❝❛♠✲s❡ ❝♦♠♦✿ ❡❧❡tr♦♠❛❣♥ét✐❝❛✱ ♥✉❝❧❡❛r ❢♦rt❡✱ ♥✉❝❧❡❛r

❢r❛❝❛ ❡ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❈♦♠ ❡①❝❡çã♦ ❞❛ ❣r❛✈✐t❛çã♦✱ ❛s ♠♦❞❡r♥❛s ❚◗❈✬s ♣❡r♠✐t✐r❛♠

✉♠❛ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛ ♣❛r❛ ❡ss❛s ✐♥t❡r❛çõ❡s✳ ❆s t❡♦r✐❛s ♠❛✐s ❜❡♠ s✉❝❡❞✐❞❛s ❡♠

❡①♣❧✐❝❛r ♦s ❢❡♥ô♠❡♥♦s q✉❡ ❛❞✈é♠ ❞❛s ✐♥t❡r❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s sã♦✿ ❊❧❡tr♦❞✐♥â♠✐❝❛

◗✉â♥t✐❝❛ ✭◗❊❉✮✱ ❈r♦♠♦❞✐♥â♠✐❝❛ ◗✉â♥t✐❝❛ ✭◗❈❉✮ ❡ ❚❡♦r✐❛ ❊❧❡tr♦❢r❛❝❛✳ ❚♦❞❛s

❡st❛s t❡♦r✐❛s ❥✉♥t❛s ❢♦r♠❛♠ ✉♠ ❣r❛♥❞❡ ❛r❝❛❜♦✉ç♦ t❡ór✐❝♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▼♦❞❡❧♦

P❛r❞ã♦ ✭▼P✮✳ ❖ ▼P é ✉♠ ❣r❛♥❞❡ ♠♦❞❡❧♦ t❡ór✐❝♦ q✉❡ ❞❡s❝r❡✈❡ t❛♥t♦ ❛s ✐♥t❡r❛çõ❡s

❡❧❡tr♦♠❛❣♥ét✐❝❛✱ ♥✉❝❧❡❛r ❢♦rt❡ ❡ ♥✉❝❧❡❛r ❢r❛❝❛✱ q✉❛♥t♦ ❛s ♣❛rtí❝✉❧❛s ❢✉♥❞❛♠❡♥t❛✐s

q✉❡ ❝♦♠♣õ❡♠ t♦❞❛ ❛ ♠❛tér✐❛✳ ❆ s✐♠❡tr✐❛ ❞❡ ❣❛✉❣❡✱ ❝✉❥♦ ❣r✉♣♦ ❝♦♥tí♥✉♦ é r❡♣r❡✲

s❡♥t❛❞♦ ♣♦r SUc (3) × SUL (2) × UY (1) , é ✉♠ ✐♥❣r❡❞✐❡♥t❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞♦

MP✳ ❖✉tr♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ ✈✐t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ MP é ♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❍✐❣❣s✱

r❡s♣♦♥sá✈❡❧ ♣♦r q✉❡❜r❛r ❡s♣♦♥tâ♥❡❛♠❡♥t❡ ❛ s✐♠❡tr✐❛ ❞❡ ❣❛✉❣❡✳ ❯♠❛ ❞❛s ♣r✐♥❝✐✲

♣❛✐s ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ss❡ ♠❡❝❛♥✐s♠♦ ♠❛♥✐❢❡st❛✲s❡ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❜♦s♦♥s ❞❡ ❣❛✉❣❡

♠❛ss✐✈♦s✳ ❊ss❡ ♠❡❝❛♥✐s♠♦ t❛♠❜é♠ é r❡s♣♦♥sá✈❡❧ ♣♦r ❞❛r ♠❛ss❛ ❛s ♣❛rtí❝✉❧❛s

❡❧❡♠❡♥tár❡s✳ ❆♣❡s❛r ❞❡ s❡r ✉♠ ❣r❛♥❞❡ ♠♦❞❡❧♦✱ ♦ ▼P ❞❡✐①❛ ✈ár✐❛s q✉❡stõ❡s ❡♠

❛❜❡rt♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♥ã♦ ❢♦r♥❡❝❡ ✉♠❛ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛ ❝♦♥s✐st❡♥t❡ ♣❛r❛ ❛

✐♥t❡r❛çã♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳

❖ ♣❛❧❝♦ ♦♥❞❡ t♦❞♦s ♦s ❡✈❡♥t♦s s✉♣r❛❝✐t❛❞♦s ♦❝♦r❡♠ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡s♣❛ç♦✲

t❡♠♣♦✳ ❆ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ s✉❛s s✐♠❡tr✐❛s sã♦ ♦s ♣✐❧❛r❡s q✉❡ s✉st❡♥t❛♠

t❡♦r✐❛s ❝♦♠♦ ❛ ❚❘❘✱ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ✭❚❘●✮ ❡ ❛ ♣ró♣r✐❛ ❋ís✐❝❛ ❞❛s ♣❛rtí❝✉✲

❧❛s ❡❧❡♠❡♥t❛r❡s✳ P♦rt❛♥t♦✱ ♦ ❡st✉❞♦ ❞❛s s✐♠❡tr✐❛s ❞❡ss❛ ❡str✉t✉r❛ ❡ s✉❛s ♣♦ssí✈❡✐s

✷



✈✐♦❧❛çõ❡s ♥♦s ♦❢❡r❡❝❡♠ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡①♣❧♦r❛r ❛s♣❡❝t♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ♥❛✲

t✉r❡③❛✳ ❙❛❜❡♠♦s q✉❡ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ é ❛ s✐♠❡tr✐❛ ❢✉♥❞❛♠❡♥t❛❧ q✉❡ ❞❡s❝r❡✈❡

♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❖ ❡st✉❞♦ ❞❛ ✈✐♦❧❛çã♦ ❞❡ss❛ s✐♠❡tr✐❛ t❡♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ✐♥t❡♥s♦

❡st✉❞♦ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ❣r❛ç❛s ❛ ❝♦♥st❛t❛çã♦ ❞❡ q✉❡ t❡♦r✐❛s ❞❡ ❝❛rát❡r ♠❛✐s

❢✉♥❞❛♠❡♥t❛✐s ♣♦❞❡r✐❛♠ ✐♥❞✉③✐r ❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ❈♦♠♦

❡①❡♠♣❧♦s✱ ❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ♣♦❞❡ ♦❝♦rr❡r ❡♠ ❛❧❣✉♥s ♠♦❞❡❧♦s ❞❡

t❡♦r✐❛s ❞❡ ❝♦r❞❛s ❬✷✕✻❪✱ ❡♠ t❡♦r✐❛s ❞❡ ❧♦♦♣ q✉❛♥t✉♠ ❣r❛✈✐t② ❬✼✱ ✽❪✱ ❡♠ t❡♦r✐❛s ❞❡

❝❛♠♣♦s ❡♠ ❡s♣❛ç♦s✲t❡♠♣♦s ♥ã♦ ❝♦♠✉t❛t✐✈♦s ❬✾✱ ✶✵❪✱ ❡♠ ♠♦❞❡❧♦s q✉❡ ❞❡s❝r❡✈❡♠ ❛

❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡♠ ♣❡q✉❡♥❛s ❡s❝❛❧❛s ❬✶✶✕✶✸❪✱ ❡♠ ❚◗❈✬s ❡♠ ❡s♣❛ç♦s✲

t❡♠♣♦s ❝♦♠ t♦♣♦❧♦❣✐❛s ♥ã♦ tr✐✈✐❛✐s ❬✶✹✱ ✶✺❪ ❡✱ ♣♦r ✜♠✱ ❡♠ t❡♦r✐❛s ❞❡ ❣r❛✈✐❞❛❞❡ ❞❡

❍♦➦❛✈❛✲▲✐❢s❤✐t③ ❬✶✻❪✳

❖ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♠♦❞❡❧♦s q✉❡ s✉❣❡r❡♠ ❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ ❞❡

▲♦r❡♥t③✱ ❛❧✐♥❤❛❞♦ ❛♦ ❢❛t♦ ❞❡ ♥ã♦ ❡①✐st✐r ✉♠ ♠♦❞❡❧♦ ♣r❡❢❡r❡♥❝✐❛❧ ❡♥tr❡ ❡❧❡s✱ ❛❝❛❜❛

✐♥✈✐❛❜✐❧✐③❛♥❞♦ ❛ ❡①tr❛çã♦ ❞❡ ✐♥❢♦r♠❛çõ❡s ♣r❡❝✐s❛s✳ ❆ss✐♠✱ ♥ã♦ é t❛r❡❢❛ ❢á❝✐❧ s♦♥❞❛r

s❡ ❡❢❡✐t♦s ❛❞✈✐♥❞♦s ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♠♦❞❡❧♦ ♣♦❞❡rá s❡r ❣❡r❛❞♦ ♣♦r ♦✉tr♦ ❡ ✈✐❝❡✲

✈❡rs❛✳ P♦rt❛♥t♦✱ ❢❡③✲s❡ ♥❡❝❡ssár✐♦ ❛ ❝r✐❛çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❡❢❡t✐✈♦ q✉❡ ♣✉❞❡ss❡

❝♦♥t❡♠♣❧❛r t♦❞♦s ♦s ❡❢❡✐t♦s q✉❡ ❛❞✈é♠ ❞❛ ✈✐♦❧❛çã♦ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ ❞❡

▲♦r❡♥t③ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥❤❡❝❡r ♣r❡❝✐s❛♠❡♥t❡ q✉❛❧ t❡♦r✐❛ ❞❡ ❣r❛✈✐t❛çã♦

q✉â♥t✐❝❛ é ❝♦rr❡t❛✳ ❖ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ❞❡✈❡ ✐♥❝❧✉✐r ❡♠ s❡✉ ❛r❝❛❜♦✉ç♦ t♦❞♦s

♦s ♣♦ssí✈❡✐s t❡r♠♦s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ❊ss❡s t❡r♠♦s ❞❡✈❡♠ s❡r

❝♦♥s✐st❡♥t❡s ❝♦♠ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡ ❥á ❜❡♠

❡st❛❜❡❧❡❝✐❞❛ ❞♦ ▼P✳ ❖ ♠♦❞❡❧♦ ❡❢❡t✐✈♦ q✉❡ ✐♥❝❧✉✐ t♦❞♦s ♦s ♣♦ssí✈❡✐s ❡❢❡✐t♦s ❞❛

✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❞❡ ♠❛♥❡✐r❛ ❝♦♥s✐st❡♥t❡ ❡♠ t♦❞♦s ♦s s❡t♦r❡s ❞♦ ▼P

❡ ♥❛ ❚❘● é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▼♦❞❡❧♦ P❛❞rã♦ ❊st❡♥❞✐❞♦ ✭▼P❊✮ ❬✶✼✕✶✾❪✳ ❖s t❡r♠♦s

q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st♦s ❡♠ ♦♣❡r❛❞♦r❡s q✉❡ sã♦

✐♥t❡r♣r❡t❛❞♦s ❝♦♠♦ ❝❛♠♣♦s ❞❡ ❢✉♥❞♦ ✭❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✮ ❡ ♣❡r♠❡✐❛♠ ♦ ✈á❝✉♦✳ ❏á

q✉❡ ❛ ♣ró♣r✐❛ ❡str✉t✉r❛ ❞♦ ✈á❝✉♦ é ♠♦❞✐✜❝❛❞❛✱ ♥♦✈♦s ❡❢❡✐t♦s ♣♦❞❡♠ s✉r❣✐r✱ t❛✐s

❝♦♠♦✱ ♥♦✈♦s ♠♦❞♦s ❞❡ ♣r♦♣❛❣❛çã♦✱ ❡❢❡✐t♦s t✐♣♦ ❜✐rr❡❢r✐❣ê♥❝✐❛ ❡♥tr❡ ♦✉tr♦s✳

❖s ♦♣❡r❛❞♦r❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ sã♦ ❝❧❛ss✐✜❝❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠

s✉❛ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛✳ ❖ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛

3 ❡ 4 ❝♦♠♣õ❡♠ ♦ ❝❤❛♠❛❞♦ ▼P❊ ♠í♥✐♠♦ ❬✶✽❪✳ ❖ r❡st❛♥t❡ ❞♦s ♦♣❡r❛❞♦r❡s ❝♦♠

❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ d > 4 ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ▼P❊ ♥ã♦✲♠í♥✐♠♦ ❬✷✵✕✷✹❪✳ ❖ ▼P❊

♥ã♦✲♠í♥✐♠♦ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞❛ ✈❡rsã♦ ♠í♥✐♠❛ ❞♦ ▼P❊ q✉❡ t♦r♥❛✲s❡

✸



r❡❧❡✈❛♥t❡ ❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛s ♠❛✐♦r❡s✳ ❯♠❛ ♦✉tr❛ r❛③ã♦ ♣❛r❛ s❡ ❝♦♥s✐❞❡r❛r

✉♠❛ ✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛ ❞♦ ▼P❊ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ ❛❧❣✉♠❛s t❡♦r✐❛s q✉❡ ♣r❡✈❡❡♠

❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ s❡r❡♠ ♠❛♣❡❛❞❛s ❛♣❡♥❛s ♥❡st❡ s❡t♦r✳ ❯♠ ❞♦s

❡①❡♠♣❧♦s ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛ sã♦ ❛s t❡♦r✐❛s ❞❡ ❝❛♠♣♦s ❡♠ ❡s♣❛ç♦s✲t❡♠♣♦s

♥ã♦ ❝♦♠✉t❛t✐✈♦s✳ ◆❡st❛ t❡♦r✐❛✱ ♦ t❡♥s♦r q✉❡ ❞❡s❝r❡✈❡ ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦

❡s♣❛ç♦✲t❡♠♣♦ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ♥❡❣❛t✐✈❛ ❡✱ ♣♦rt❛♥t♦✱ é ♠❛♣❡❛❞♦ ❛♣❡♥❛s

♥♦ ▼P❊ ♥ã♦✲♠í♥✐♠♦ ❬✷✺✱ ✷✻❪✳ ❆ss✐♠✱ ♥♦ ❝❡♥ár✐♦ ❛t✉❛❧ ❡♠ q✉❡ ♦ ▼P é ✐♥t❡r♣r❡✲

t❛❞♦ ❝♦♠♦ ✉♠❛ t❡♦r✐❛ ❡❢❡t✐✈❛ ✭❛ ❜❛✐①❛s ❡♥❡r❣✐❛s✮ ❞❡ ✉♠ ♠♦❞❡❧♦ ♠❛✐s ❢✉♥❞❛♠❡♥t❛❧

✭❚❡♦r✐❛ ❞❡ ●r❛✈✐t❛çã♦ ◗✉â♥t✐❝❛✮✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❡❜❡r ♦ ▼P❊ ♠í♥✐♠♦ ❡ ♦

▼P❊ ♥ã♦✲♠í♥✐♠♦ ❝♦♠♦ ❝♦rr❡çõ❡s ♥❛t✉r❛✐s ❛♦ ▼P✳ ❊ss❛ ❝♦♥❝❡♣çã♦ ♥♦s ♣❡r♠✐t❡ ❢❛✲

③❡r ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐✜❝❛çã♦✿ ●r❛✈✐t❛çã♦ ◗✉â♥t✐❝❛ = ▼P + ▼P❊ ♠í♥✐♠♦ + ▼P❊

♥ã♦✲♠í♥✐♠♦ + · · · ✳ ❊♠ ✈✐st❛ ❞✐ss♦✱ ✉♠ ♠♦❞❡❧♦ ❡❢❡t✐✈♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ●r❛✈✐✲

t❛çã♦ ◗✉â♥t✐❝❛ ❡♠ ❞✐❢❡r❡♥t❡s ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛s r❡q✉❡r ❛ ✐♥tr♦❞✉çã♦ ❞❡ t❡r♠♦s

q✉❡ ❞❡s❝r❡✈❛♠ ♥♦✈♦s ❡❢❡✐t♦s✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✐❞❡❛❧✐③á✲❧♦ ❝♦♠♦ ✉♠❛ sér✐❡ ✭♦♥❞❡ ♦s

♥♦✈♦s t❡r♠♦s sã♦ ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ❝♦rr❡çõ❡s r❡❧❡✈❛♥t❡s ❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛ ♠❛✐✲

♦r❡s q✉❡ ❛ ❞♦ ▼P✮ ♦♥❞❡ ✈❛♠♦s ❛❣❧♦♠❡r❛♥❞♦ ♠❛✐s ✐♥❢♦r♠❛çõ❡s ❡✱ ❛ss✐♠✱ t❡♠♦s ♦

❝♦♥❤❡❝✐♠❡♥t♦ ♠❛✐s ♣r❡❝✐s♦ ❞❛ t❡♦r✐❛ ❢✉♥❞❛♠❡♥t❛❧✳

❆ ♣r✐♠❡✐r❛ ❞❡ss❛s ❝♦rr❡çõ❡s✱ ♦ ▼P❊✲♠í♥✐♠♦✱ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ❡st✉❞❛❞♦

❡ ❝❛❞❛ ✈❡③ ♠❛✐s ♦s ❝♦❡✜❝✐❡♥t❡ q✉❡ ✐♥❞✉③❡♠ ❛ ✈✐♦❧❛çã♦ ❡stã♦ s❡♥❞♦ ❧✐♠✐t❛❞♦s✳ ❆❧✲

❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❛ tr❡❡✲❧❡✈❡❧ ❢♦r❛♠ ✐♥✈❡st✐❣❛❞❛s ❡♠ ✉♠❛ ❧❛r❣❛ sér✐❡ ❞❡ ❛rt✐❣♦s

❬✷✼✕✸✻❪ ❡ ❝♦rr❡çõ❡s r❛❞✐❛t✐✈❛s ❡♠ ❬✸✼✕✹✾❪✳ ❖ s❡t♦r ♠í♥✐♠♦ ❞♦s ❢ér♠✐♦♥s ❢♦✐ ❡st✉✲

❞❛❞♦ ❡♠ ❬✺✵❪✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♣r♦♣r✐❡❞❛❞❡s ❝♦♠♦ ❡st❛❜✐❧✐❞❛❞❡✱ ♠✐❝r♦❝❛✉s❛❧✐❞❛❞❡s

❡ ♥ã♦✲❧♦❝❛❧✐❞❛❞❡ ❢♦r❛♠ ❛♠♣❧❛♠❡♥t❡ ✐♥✈❡st✐❣❛❞❛s✳ ❊♠ ❬✺✶❪ ❢♦r❛♠ ✐♥✈❡st✐❣❛❞♦s ♦s

❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s a ❡ b ❡

s✉❛s ❝♦♥s❡q✉ê♥❝✐❛s✳

◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦✱ ♦♣❡r❛❞♦r❡s ✈❡t♦r✐❛✐s ❡ ♣s❡✉❞♦✈❡t♦r✐✲

❛✐s ❞❡ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 5 ❢♦r❛♠ ❡st✉❞❛❞♦s ❡♠ ❬✺✷✱ ✺✸❪✳ ◆❡ss❡s ❞♦✐s tr❛❜❛❧❤♦s✱

♦s ❛✉t♦r❡s ✐♠♣õ❡♠ r❡str✐çõ❡s ❛♦s ✈❛❧♦r❡s ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❖s ♦♣❡r❛❞♦r❡s

♥ã♦✲♠í♥✐♠♦ â✱ ĉ✱ f̂ ❡ m̂ ❞❡ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 5 ❢♦r❛♠ ❡st✉❞❛❞♦s ❡♠ ❬✺✹❪✳ ❊ss❡

ú❧t✐♠♦ ❛rt✐❣♦ ❞❡st❛❝❛✲s❡ ♣♦r ✐♥✈❡st✐❣❛r ❛ ✉♥✐t❛r✐❡❞❛❞❡ ♣❛r❛ t♦❞❛ ❛ ❝❧❛ss❡ ❞❡ ♦♣❡✲

r❛❞♦r❡s ❝♦♥❤❡❝✐❞♦s ♣♦r s❡r❡♠ ❞❡❣❡♥❡r❛❞♦s ❝♦♠ r❡s♣❡✐t♦ ❛♦ s♣✐♥✳ ❊ss❡ tr❛❜❛❧❤♦

❢♦r♥❡❝❡ ❞❡ ♠❛♥❡✐r❛ ❞❡t❛❧❤❛❞❛ ♦s ♣r♦♣❛❣❛❞♦r❡s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♥✜❣✉r❛çõ❡s✳

■♥✈❡st✐❣❛çõ❡s ❞❡t❛❧❤❛❞❛s ♣❛r❛ ❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s ♥ã♦✲♠í♥✐♠♦s q✉❡ q✉❡❜r❛♠

✹



❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥ ✭♦♣❡r❛❞♦r❡s b̂✱ d̂✱ Ĥ✱ ❡ ĝ ❝♦♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❛r✲

❜✐trár✐❛✮ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ r❡♣♦rt❛❞♦s à ❧✐t❡r❛t✉r❛✳ P♦rt❛♥t♦✱ ❝❛r❛❝t❡r✐③á✲❧♦s sã♦

t❛r❡❢❛s ❡♠ ❛❜❡rt♦✳ ❆ss✐♠✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ♥❡st❡ tr❛❜❛❧❤♦ é ✐♥✈❡st✐❣❛r

❡st❡s ♦♣❡r❛❞♦r❡s✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❝♦♠♦ s❡❣✉❡✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ❞❡s❝r❡✈❡♠♦s ❞❡

♠❛♥❡✐r❛ s✉❝✐♥t❛ ♦s ❝♦♥❝❡✐t♦s ❡ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛ ♣r❡s❡♥ç❛ ❞❡ s✐♠❡tr✐❛s ❡♠ s✐st❡♠❛s

❢ís✐❝♦s✳ ❆♣r❡s❡♥t❛♠♦s ❛s s✐♠❡tr✐❛s ❞✐s❝r❡t❛s ❈✱ P✱ ❚ ❡ ❈P❚ ❡ s✉❛s ❝♦♥s❡q✉ê♥❝✐❛s ♥❛

t❡♦r✐❛ ❞❡ ❉✐r❛❝❀ ❞❡♠♦s ê♥❢❛③❡ ❡s♣❡❝✐❛❧ ❡♠ ❝♦♠♦ ♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s❡ tr❛♥s✲

❢♦r♠❛♠ s♦❜ ❛ ❛çã♦ ❞❡ss❛s s✐♠❡tr✐❛s✳ ❆❜♦r❞❛♠♦s t❛♠❜é♠ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s

❡♥✈♦❧✈❡♥❞♦ ♦s ❣r✉♣♦s ❞❡ ▲✐❡✳ ❊ss❡s ❣r✉♣♦s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

♥❛ ❋ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ❡ ♥❛ t❡♦r✐❛ ❞❡ ❈❛♠♣♦s✳ ❆♣r❡s❡♥t❛♠♦s s✉❝✐♥t❛♠❡♥t❡ ♦s

❣r✉♣♦s U (1)✱ SU (2) ❡ SU (3) ❝♦♠♦ ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡✱ ✈✐st♦ q✉❡ ❞❡✲

s❡♠♣❡♥❤❛♠ ♣❛♣❡❧ ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥♦ ▼P✳ P♦r s❡r ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ s❡r

❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥❛ ❋ís✐❝❛ ❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③ t❛♠❜é♠ ❢♦✐

❡st✉❞❛❞♦ s✐st❡♠❛t✐❝❛♠❡♥t❡✳

◆♦ ❝❛♣ít✉❧♦ ✸ ❞❡s❝r❡✈❡♠♦s ❝♦♠♦ ❡stá ♦r❣❛♥✐③❛❞♦ ♦ ▼P❊ ❬✶✼✱ ✶✽❪✱ ❜❡♠ ❝♦♠♦

❛s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ▼♦str❛♠♦s ❝♦♠♦ ❛ ✈✐♦❧❛çã♦ ❡①♣❧í❝✐t❛ ❞❛ s✐♠❡tr✐❛

❞❡ ▲♦r❡♥t③ é ✐♠♣❧❡♠❡♥t❛❞❛ ❞❡♥tr♦ ❞♦s ✈ár✐♦s s❡t♦r❡s ❞❡ss❡ ♠♦❞❡❧♦✳ ◆❡ss❡ ❝❛♣ít✉❧♦

❞❛♠♦s ê♥❢❛s❡ ❛♦s s❡t♦r ❞♦s ❢ér♠✐♦♥s✱ ❥á q✉❡ ❡ss❡ é ♦ s❡t♦r q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s

❡♠ ❛✈❛❧✐❛r✳ ▼♦str❛♠♦s ❝♦♠♦ ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ❞♦ ▼P❊✲♠í♥✐♠♦ ❡st❛ ♦r❣❛♥✐③❛❞♦

❡ ❞✐s❝✉t✐♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛ ❧✐t❡r❛t✉r❛✳

◆♦ ❝❛♣ít✉❧♦ ✹ ❡st✉❞❛♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❝♦♠♦ ❡st❡♥❞❡r ♦s ❝♦❡✜❝✐❡♥t❡s r❡♥♦r✲

♠❛❧✐③á✈❡✐s✱ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✸✱ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛

q✉❡ ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ▼P❊✲♥ã♦✲♠í♥✐♠♦✳ ❊ss❡ s❡t♦r ❝♦♥❣r❡❣❛ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s

♥ã♦✲r❡♥♦r♠❛❧✐③á✈❡✐s ❡ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡❧❡s✳

❆♣ós ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ s✐st❡♠át✐❝♦ ❞❛

❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ❛♣r❡s❡♥t❛❞❛ ♥❡q✉❡❧❛ s❡çã♦✳ ❆ ♣❛rt✐r ❞❛ ❞❡♥s✐❞❛❞❡ ▲❛✲

❣r❛♥❣❡❛♥❛ ❣❡♥❡r❛❧✐③❛❞❛ ♦❜t✐✈❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦

❡①❛t❛✱ ❛❧é♠ ❞❡ s♦♥❞❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❡✈❛♥t❡s ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❉❡s❝r❡✈❡♠♦s ❛✐♥❞❛ ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ út✐❧ ♣❛r❛ r❡s♦❧✈❡r ❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s ♥ã♦✲♠í♥✐♠♦✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛ ♣♦s✲

s✐❜✐❧✐t❛ ❣❡♥❡r❛❧✐③❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ❜❡♠ ❝♦♠♦ ❝♦♥t♦r♥❛r ❛❧❣✉♥s ♣r♦❜❧❡♠❛s

q✉❡ s✉r❣❡♠ ♥❛ ♦❜t❡♥çã♦ ❞❛ss❛s s♦❧✉çõ❡s ❞❡✈✐❞♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ♦♣❡r❛❞♦r❡s ♣s❡✉❞♦✲

✺



✈❡t♦r✐❛✐s ❡ t❡♥s♦r✐❛✐s✳ ❊ss❡ ❝❛♣ít✉❧♦ é✱ ❡♠ ❣r❛♥❞❡ ♣❛rt❡✱ ✉♠❛ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛

❡✱ ♣♦rt❛♥t♦✱ ❜❛s❡✐❛✲s❡ ❢♦rt❡♠❡♥t❡ ♥♦ ❛rt✐❣♦ ❬✷✷❪❀ ♣♦r ❡ss❡ ♠♦t✐✈♦✱ t❡♥t❛♠♦s ❞❡t❛❧❤❛r

♦ ♠á①✐♠♦ ♣♦ssí✈❡❧ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❡✈❛♥t❡s✳

■♥✐❝✐❛♠♦s ♦ ❝❛♣ít✉❧♦ ✺ ❡①♣♦♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦

q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s✳ ❉❡s❝r❡✈❡♠♦s t❛♠❜é♠ ♦ ♣r♦❝❡❞✐♠❡♥t♦

❛ s❡r ✉t✐❧✐③❛❞♦ ♥❛ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦r❡s✱ ❞♦s ❛♥t✐✲❡s♣✐♥♦r❡s ❡ s✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s✳

❆ ♥♦r♠❛❧✐③❛çã♦ ❛❞♦t❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦ t❛♠❜é♠ ❢♦✐ ❞✐s❝✉t✐❞❛✳ Pr♦ss❡❣✉✐✲

♠♦s ❢❛③❡♥❞♦ ✉s♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹ ♣❛r❛ ♦❜t❡r ❛ ❢♦r♠❛

❜❧♦❝♦ ❞✐❛❣♦♥❛❧ ❡ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♣❛r❛ t♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦s

♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν ✳ ❈♦♠❡ç❛♠♦s ♦ ❡st✉❞♦ ❞❡ss❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❝♦♠ ❛ ❝♦♥✲

✜❣✉r❛çã♦ ✏✐s♦tró♣✐❝❛✑ ❡✱ ❧♦❣♦ ❡♠ s❡❣✉✐❞❛✱ ❛✈❛❧✐❛♠♦s ❛s ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s

❞♦s ♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν s❡♣❛r❛❞❛♠❡♥t❡✳ P♦r ✜♠✱ ❛♥❛❧✐s❛♠♦s ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s

s♦❧✉çõ❡s ❡ ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ♥❛ ❞✐♥â♠✐❝❛ ❡ ♥❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❞❡✈✐❞♦

❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ❡①tr❛s✳

❆s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❧✉sõ❡s ❞❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✻✳ ◆♦

❛♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ♣❛ss♦s ♥❡❝❡ssár✐♦s ♥❛ ♦❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ ❞❡

❞✐s♣❡rsã♦ ❡①❛t❛ ♦❜t✐❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹✳ ◆♦ ❛♣ê♥❞✐❝❡ ❇ ❝❛❧❝✉❧❛♠♦s ❛s s♦❧✉çõ❡s ❡①❛t❛s

❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ s❡t♦r ♠í♥✐♠♦ ❞♦

▼P❊ ✈✐❛ ♣r♦❝❡❞✐♠❡♥t♦ ✉s✉❛❧✳ ❖ ❛♣ê♥❞✐❝❡ ❈ ❞❡st✐♥❛✲s❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛

❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹ ❛♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s✱ ❛ s❛❜❡r✿ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❧✐✈r❡✳

◆❡st❡ ❛♣ê♥❞✐❝❡ ❝❛❧❝✉❧❛♠♦s ❡①♣❧í❝✐t❛♠❡♥t❡ ❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ❧✐✈r❡✱ ♦❜t❡♠♦s ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✱ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❡✱ ♣♦r ✜♠✱

♠♦str❛♠♦s ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s q✉✐r❛❧ ❡ st❛♥❞❛r❞✳ ❏á ♦ ❛♣ê♥❞✐❝❡ ❉

♥♦s ♠♦str❛ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛çã♦ U ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ❛t✉❛ s♦❜r❡

❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ✳ P❛r❛ ❡ss❡ ❝❛s♦✱ ♦❜t❡♠♦s

❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✱ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦

❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✳ ❘❡s❛❧t❛♠♦s q✉❡ t♦❞❛s ❡ss❛s s♦❧✉çõ❡s sã♦ ❡①❛t❛s ❡ ♣♦❞❡♠

s❡r ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ q✉❛❧q✉❡r ❝♦♥✜❣✉r❛çã♦✱ s❡❥❛ ❡❧❛ ♠í♥✐♠❛ ♦✉ ♥ã♦✲♠í♥✐♠❛✳ ◆♦

❛♣ê♥❞✐❝❡ ❊ ♦❜t✐✈❡♠♦s ♦s ♣r♦♣❛❣❛❞♦r❡s ♣❛r❛ t♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r

Q̂✳ P♦r ✜♠✱ ♣♦ré♠ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ ♦❜t✐✈❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ ❛s

♠❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♥♦ ❛♣ê♥❞✐❝❡ ❋✳ ❆ ♠❡♥♦s q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✱ ✉♥✐❞❛❞❡s

♥❛t✉r❛✐s s❡rã♦ ✉s❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✱ ♦✉ s❡❥❛✱ ❢❛r❡♠♦s ℏ = c = 1✳

✻



❈❛♣ít✉❧♦ ✷

❙✐♠❡tr✐❛s✿ ❯♠❛ ✐♥tr♦❞✉çã♦

❙❛❜❡♠♦s q✉❡ ❛s s✐♠❡tr✐❛s sã♦ ❡♥t❡s ♦♥✐♣r❡s❡♥t❡s ♥❛ ♥❛t✉r❡③❛✳ ❆ ♣❡r❝❡♣çã♦

❞♦ ♣❛♣❡❧ ❝r✉❝✐❛❧ ❞❡s❡♠♣❡♥❤❛❞♦ ♣❡❧❛s s✐♠❡tr✐❛s é ♠✉✐t♦ ❛♥t✐❣❛✳ ❖s ❣r❡❣♦s✱ ♣♦r

❡①❡♠♣❧♦✱ ❛♣❛r❡♥t❡♠❡♥t❡ ❛❝r❡❞✐t❛✈❛♠ q✉❡ ❛s s✐♠❡tr✐❛s ❞❛ ♥❛t✉r❡③❛ ❞❡✈❡r✐❛♠ ❡st❛r

r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦s ♠♦✈✐♠❡♥t♦s ❞♦s ♦❜❥❡t♦s✿ ❡str❡❧❛s ❞❡✈❡♠ s❡ ♠♦✈❡r ❡♠ ❝ír❝✉✲

❧♦s ♣♦r q✉❡ ❡st❛s sã♦ ❛s tr❛❥❡tór✐❛s ♠❛✐s s✐♠étr✐❝❛s✳ ❈♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦ ❡ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❝✐❡♥tí✜❝♦ ♦s ❝♦♥❝❡✐t♦s ❡ ✐♠♣❧✐❝❛çõ❡s ❞❛s s✐♠❡tr✐❛s ❢♦✲

r❛♠ s❡ t♦r♥❛♥❞♦ ♠❛✐s ♣r❡❝✐s♦s✳ ◆❡✇t♦♥✱ ♣♦r ❡①❡♠♣❧♦✱ r❡❝♦♥❤❡❝❡✉ q✉❡ ❛s s✐♠❡tr✐❛s

❢✉♥❞❛♠❡♥t❛✐s ♥ã♦ sã♦ r❡✈❡❧❛❞❛s ♥♦ ♠♦✈✐♠❡♥t♦ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ♦❜❥❡t♦s✱ ♠❛s s✐♠ ♥♦

❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s ♠♦✈✐♠❡♥t♦s ✲ s✐♠❡tr✐❛s sã♦ ♠❛♥✐❢❡st❛s ♥❛s ❡q✉❛çõ❡s

❞❡ ♠♦✈✐♠❡♥t♦ ❡ ♥ã♦ ❡♠ ✉♠❛ ♣❛rt✐❝✉❧❛r s♦❧✉çã♦ ❞❡st❛s✳ ❆ ♣ró♣r✐❛ ♠❡❝â♥✐❝❛ ♥❡✇t♦✲

♥✐❛♥❛ ♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛s q✉❡ ❛ ❞❡✐①❛ ✐♥✈❛r✐❛♥t❡✳ ❊st❛s s✐♠❡tr✐❛s sã♦

❝♦♥❤❡❝✐❞❛s ❛t✉❛❧♠❡♥t❡ ❝♦♠♦ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ●❛❧✐❧❡✉✳ ❆s s✐♠❡tr✐❛s ❞❡ ●❛❧✐❧❡✉

sã♦✿ t❡♠♣♦ ❛❜s♦❧✉t♦ ❡ tr❛♥s❢♦r♠❛çõ❡s ❡♥tr❡ r❡❢❡r❡♥❝✐❛✐s ✐♥❡r❝✐❛✐s✳ P❡♥s♦✉✲s❡ ♣♦r

♠✉✐t♦s ❛♥♦s q✉❡ ❡st❛ s✐♠❡tr✐❛ ❢♦ss❡ ❡①❛t❛✳ P♦ré♠✱ ❝♦♠ ♦ ❛❞✈❡♥t♦ ❞❛s ❡q✉❛çõ❡s ❞❡

▼❛①✇❡❧❧ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛s ♥ã♦ ❢✉♥❝✐♦♥❛✈❛♠✳ ❆s ❡q✉❛çõ❡s

❞❡ ▼❛①✇❡❧❧ ♣♦r s❡r❡♠ ❧❡✐s ❢ís✐❝❛s ❝♦♥s✐st❡♥t❡s ❞❡✈❡r✐❛♠ s❡r ✐♥✈❛r✐❛♥t❡s ♣♦r t❛✐s

tr❛♥s❢♦r♠❛çõ❡s✳ ❈♦♠ ♦ ❛❞✈❡♥t♦ ❞❛ ❚❘❘ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛s

♠❛✐s ❢✉♥❞❛♠❡♥t❛❧✱ ❡ q✉❡ ❞❡✐①❛✈❛ ❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ✐♥✈❛r✐❛♥t❡s✱ ❡r❛ ❛ s✐♠❡tr✐❛

❞❡ ▲♦r❡♥t③✳ ❈♦♠♦ ❢♦✐ ❞✐s❝✉t✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✶✱ ❛s s✐♠❡tr✐❛s t❛♠❜é♠ ❞❡s❡♠♣❡♥❤❛♠

✉♠ ♣❛♣❡❧ ❞❡ ❡①tr❡♠❛ r❡❧❡✈â♥❝✐❛ ♥❛ ❋ís✐❝❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s✳

❖ ❡st✉❞♦ ❞❛s s✐♠❡tr✐❛s ❞❡ ✉♠ s✐st❡♠❛ ❢ís✐❝♦ ♥♦s ♣❡r♠✐t❡ ✐♥❢❡r✐r ♣r❡✈✐❛♠❡♥t❡

✼



❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❡✈❛♥t❡s ♠❡s♠♦ s❡♠ ❝♦♥❤❡❝❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ s✉❛ ❞✐✲

♥â♠✐❝❛✳ ❆ t❡♦r✐❛ q✉❡ ❢✉♥❞❛♠❡♥t❛ ❞❡ ♠❛♥❡✐r❛ ❝♦♥s✐st❡♥t❡ ❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛

♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ s✐♠❡tr✐❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❛♣❡♥❛s ❡♠ ✶✾✶✼✳ ◆❛q✉❡❧❡

❛♥♦✱ ❛ ♠❛t❡♠át✐❝❛ ❊♠♠② ◆♦❡t❤❡r ♣✉❜❧✐❝♦✉ s❡✉ ❢❛♠♦s♦ t❡♦r❡♠❛ r❡s♣♦♥sá✈❡❧ ♣♦r

r❡❧❛❝✐♦♥❛r s✐♠❡tr✐❛s ❡ q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s✱ ♦✉ s❡❥❛

❚❡♦r❡♠❛ ❞❡ ◆♦❡t❤❡r✿ ❙✐♠❡tr✐❛←→ ▲❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦✳

❖ t❡♦r❡♠❛ ❞❡ ◆öt❤❡r ♥♦s ♣❡r♠✐t❡ ❛♥t❡✈❡r q✉❛✐s q✉❛♥t✐❞❛❞❡s sã♦ ❝♦♥s❡r✈❛❞❛s ❛♣ós

❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ s♦❜ ❛ ❛çã♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❧❡✐ ❞❡ s✐♠❡tr✐❛✳ ◆❛ t❛❜❡❧❛

✷✳✶ ✈❡♠♦s q✉❛✐s ❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ ❛❧❣✉♠❛s s✐♠❡tr✐❛s s♦❜ ❛ ❧✉③ ❞♦ t❡♦r❡♠❛ ❞❡

◆öt❤❡r✳

❙✐♠❡tr✐❛ ▲❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦

❚r❛♥s❧❛çõ❡s t❡♠♣♦r❛✐s ↔ ❈♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛
7→ ❙✐♠❡tr✐❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦❚r❛♥s❧❛çõ❡s ❡s♣❛❝✐❛✐s ↔ ❈♦♥s❡r✈❛çã♦ ❞♦ ♠♦♠❡♥t♦

❘♦t❛çõ❡s ↔ ❈♦♥s❡r✈❛çã♦ ❞♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r

❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ❣❛✉❣❡ ↔ ❈♦♥s❡r✈❛çã♦ ❞❛ ❝❛r❣❛ 7→ ❙✐♠❡tr✐❛ ✐♥t❡r♥❛

❚❛❜❡❧❛ ✷✳✶✿ ❙✐♠❡tr✐❛s ❡ s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦✳

◆❡st❡ ❝❛♣ít✉❧♦ tr❛t❛r❡♠♦s ❞❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛ ❞♦✐s t✐♣♦s ❞❡ s✐♠❡tr✐❛s✿ ❞✐s❝r❡t❛s

❡ ❝♦♥tí♥✉❛s✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛s s✐♠❡tr✐❛s ❞✐s❝r❡t❛s✱ ❡st✉❞❛r❡♠♦s ❛s s✐♠❡tr✐❛s

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ❈✱ ♣❛r✐❞❛❞❡ P✱ ❡ r❡✈❡rsã♦ t❡♠♣♦r❛❧ ❚✳ ❊st❛s s✐♠❡tr✐❛s✱

❜❡♠ ❝♦♠♦ ❛ s✉❛ ❝♦♠♣♦s✐çã♦ ❈P❚ ❡stã♦ ♣r❡s❡♥t❡s t❛♥t♦ ♥♦ ▼P q✉❛♥t♦ ♥♦ ▼P❊✳

❋✐♥❛❧✐③❛♠♦s ❡st✉❞❛♥❞♦ ❛s s✐♠❡tr✐❛s ❝♦♥tí♥✉❛s✳ ❆ ❝♦♠♣r❡❡♥sã♦ ❞❛s s✐♠❡tr✐❛s ❝♦♥✲

tí♥✉❛s ♣❛ss❛✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ♣❡❧♦ ❡st✉❞♦ ❞♦s ❝❤❛♠❛❞♦s ❣r✉♣♦s ❞❡ ▲✐❡✳ ❋❛r❡♠♦s

✉♠ ❛♣❛♥❤❛❞♦ ❣❡r❛❧ s♦❜r❡ ❛ t❡♦r✐❛ ❞♦s ❣r✉♣♦s ❝♦♥tí♥✉♦s ❡✱ ❝♦♠♦ ❡①❡♠♣❧♦✱ ❡st✉✲

❞❛r❡♠♦s ❛❧❣✉♥s ❣r✉♣♦s ❞❡ ▲✐❡✱ ❢♦❝❛♥❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③✳ ❍á

✉♠❛ ✐♠❡♥s❛ ❧✐t❡r❛t✉r❛ q✉❡ tr❛t❛ ❞❛s s✐♠❡tr✐❛s ❞✐s❝r❡t❛s ❡ ❝♦♥tí♥✉❛s✳ ❊st❡ ❝❛♣ít✉❧♦

❜❛s❡✐❛✲s❡ ♥❛s ❧✐t❡r❛t✉r❛s ❬✺✺✕✻✷❪✳ ❊st❡s ❧✐✈r♦s ♥♦s ♣❡r♠✐t❡♠ t❡r ✉♠❛ ❝❧❛r❛ ♥♦çã♦

❞♦s ❝♦♥❝❡✐t♦s ❡♥✈♦❧✈❡♥❞♦ s✐♠❡tr✐❛s ❡ s✉❛s ✐♠♣❧✐❝❛çõ❡s ♥❛ ❋ís✐❝❛✳

✷✳✶ ❙✐♠❡tr✐❛s ❞✐s❝r❡t❛s✿ ❈✱ P ❡ ❚

❖s ❣r✉♣♦s ❞❡ s✐♠❡tr✐❛ ❞✐s❝r❡t❛ sã♦ ❛q✉❡❧❡s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r r❡♣r♦❞✉③✐❞♦s

❛ ♣❛rt✐r ❞❡ ✉♠❛ s✉❝❡ssã♦ ❞❡ ♦♣❡r❛çõ❡s ✐♥✜♥✐t❡s✐♠❛✐s✳ ❖s ❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡✲

✽



s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❞❡s❞❡ ❛ ♠❛tér✐❛ ❝♦♥❞❡♥s❛❞❛ à ♣ró♣r✐❛ ❚❡♦r✐❛

❞❡ ❈❛♠♣♦s✳ ❍á três tr❛♥s❢♦r♠❛çõ❡s ❞✐s❝r❡t❛s q✉❡ s✉r❣❡♠ ♥❛t✉r❛❧♠❡♥t❡ ❞❡♥tr♦

❞❡ q✉❛❧q✉❡r s✐st❡♠❛ q✉â♥t✐❝♦✲r❡❧❛t✐✈íst✐❝♦✳ ❉✉❛s ❞❡❧❛s − P❛r✐❞❛❞❡ ✭P✮ ❡ r❡✈❡rsã♦

t❡♠♣♦r❛❧ ✭❚✮ − ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ✭✐✳❡✳ ❛✉t♦♠♦r✜s♠♦✶✮ ❝♦♠ ♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③

❡♠ s✐✳ ❆ t❡r❝❡✐r❛ tr❛♥s❢♦r♠❛çã♦ ❞✐s❝r❡t❛ − ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ✭❈✮ − ❝♦♥s✐st❡

❡♠ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❛ ❝❛r❣❛ ❞❛s ♣❛tí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s✳

❊①✐st❡ ✉♠❛ ✐♠❡♥s❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❣r✉♣♦s ❞✐s❝r❡t♦s✱ ❝✐t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❛

s❡❣✉✐r✿

❼ ●r✉♣♦s ♣♦♥t✉❛✐s ✭s✐♠❡tr✐❛ ❞♦s ❝r✐st❛✐s✮❀

❼ ❖s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ Z✱ ❢♦r♠❛♠ ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞♦s r❡❛✐s R❀

❼ ❈♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ✭❈✮❀

❼ P❛r✐❞❛❞❡ ✭P✮❀

❼ ❘❡✈❡rsã♦ t❡♠♣♦r❛❧ ✭❚✮✳

❆s s✐♠❡tr✐❛s ❞✐s❝r❡t❛s ❞❡ ✐♥t❡r❡ss❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛ss✐♠ ❝♦♠♦✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s

❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❡♠ ❚◗❈✱ sã♦ ❈✱ P ❡ ❚✳ ❆ s❡❣✉✐r✱ tr❛t❛r❡♠♦s ❡ss❛s s✐♠❡tr✐❛s ♥♦

❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝✳

✷✳✶✳✶ ❈♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ✭❈✮

❆ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ é ❛ ♦♣❡r❛çã♦ q✉❡ tr♦❝❛ ❛ ❝❛r❣❛ ❞❛ ♣❛rtí❝✉❧❛ ♣❡❧❛ ❝❛r❣❛

❞❛ s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♥t✐♣❛tí❝✉❧❛✳ ❆ ♦♣❡r❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ❈ ♣♦ss✉✐

✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✉♥✐tár✐❛✱ ❛q✉✐ ❞❡♥♦t❛❞❛ ♣♦r C = U (C)✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

❡ ♣♦ss✉✐ ✉♠❛ ❢♦r♠❛ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❝❛❞❛ t❡♦r✐❛✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ❛

r❡♣r❡s❡♥t❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ♥❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝✳ ❈♦♠♦

C ♠✉❞❛ e 7→ −e ✭e r❡♣r❡s❡♥t❛ ❛ ❝❛r❣❛ ❡❧❡♠❡♥t❛r✮✱ ❡♥tã♦ ❛✈❛❧✐❛r❡♠♦s ❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝ ❛❝♦♣❧❛❞❛ ♠✐♥✐♠❛♠❡♥t❡ ❝♦♠ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦♠ Aµ✱ ❥á q✉❡ ♥❡ss❛

✶❆✉t♦♠♦r✜s♠♦✿ ❊♠ ♠❛t❡♠át✐❝❛ ✉♠ ❛✉t♦♠♦r✜s♠♦ é ✉♠ t✐♣♦ ❞❡ ✐s♦♠♦r✜s♠♦ ✭♠❛♣❡❛♠❡♥t♦✮
❞❡ ✉♠ ♦❜❥❡t♦ ♠❛t❡♠át✐❝♦ ❡♠ s✐ ♣ró♣✐♦✳ ❖ ❛✉t♦♠♦r✜s♠♦ ❝♦♥st✐t✉✐✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❛ s✐♠❡tr✐❛
❞♦ ♦❜❥❡t♦ q✉❡✱ q✉❛♥t♦ ❛♣❧✐❝❛❞❛ s♦❜r❡ s✐ ♠❡s♠♦✱ ♣r❡s❡r✈❛ t♦❞❛ ❛ s✉❛ ❡str✉t✉r❛✳ ❖ ❝♦♥❥✉♥t♦ ❞❡
t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ♦❜❥❡t♦ ❢♦r♠❛ ✉♠ ❣r✉♣♦✱ ❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦✳

✾



s✐t✉❛çã♦ t❡♠♦s ❛ ♣r❡s❡♥ç❛ ❞❛ ❝❛r❣❛ ❡❧étr✐❝❛✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❛❝♦♣❧❛❞❛ ♠✐♥✐✲

♠❛♠❡♥t❡ ❝♦♠ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ é✿

(iγµ∂µ − eAµγµ −mψ)ψ = 0. ✭✷✳✶✮

❙❡ ❡①✐st❡ ✉♠ ❡s♣✐♥♦r ❝♦♥❥✉❣❛❞♦✱ ψc✱ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❛♥t✐♣❛rtí❝✉❧❛ ❞♦ ❡❧étr♦♥✱ ♣♦r

❡①❡♠♣❧♦✱ ❡♥tã♦ ψc ❞❡✈❡ s❛t✐s❢❛③❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

(iγµ∂µ + eAµγ
µ −mψ)ψ

c = 0, ✭✷✳✷✮

♦♥❞❡ ❛ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ C ❡♥①❡r❣❛ ❛♣❡♥❛s ❛ ♥❛t✉r❡③❛ ❞❛ ❝❛r❣❛ ❡❧étr✐❝❛ ❡ ❛

tr❛♥s❢♦r♠❛ ✭e 7→ −e✮✳ ❈♦♠ ❡ss❛s ❡q✉❛çõ❡s ❡♠ ♠❡♥t❡ ♣♦❞❡♠♦s ❡♥❝♦♥t❛r ❛ ❢♦r♠❛

❞❛ r❡♣r❡s❡♥t❛çã♦ C ♣❛r❛ ❛ t❡♦r✐❛ ❡♠ q✉❡stã♦✳

❈❛❧❝✉❧❛♥❞♦ ♦ ❝♦♥❥✉❣❛❞♦ ❤❡r♠✐t✐❛♥♦ ❞❛ ❡q✉❛çã♦ (2.1)✱ t❡♠♦s✿

ψ†
(
−iγµ†←−∂ µ − eAµγµ† −mψ

)
= 0. ✭✷✳✸✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r γ0 ♣❡❧❛ ❞✐r❡✐t❛ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❤❡r♠✐t✐✲

❝✐❞❛❞❡ γµ† = γ0γµγ0✱ ♦❜t❡♠♦s✿

ψ†
(
−iγ0γµγ0←−∂ µ − eAµγ0γµγ0 −mψ

)
γ0 = 0, ✭✷✳✹❛✮

ψ̄
(
−iγµ←−∂ µ − eAµγµ −mψ

)
= 0. ✭✷✳✹❜✮

❚r❛♥s♣♦♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ t❡♠♦s✿

(
−iγµT∂µ − eAµγµT −mψ

)
ψ̄T = 0. ✭✷✳✺✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r C ♣❡❧❛ ❡sq✉❡r❞❛✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

C
(
−iγµT∂µ − eAµγµT −mψ

)
C−1Cψ̄T = 0, ✭✷✳✻❛✮

(
−iCγµTC−1∂µ − eAµCγµTC−1 −mψ

)
Cψ̄T = 0, ✭✷✳✻❜✮

♦✉ s❡❥❛✱ ♣❛r❛ q✉❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ s❡❥❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ❡q✉❛çã♦ (2.2)✱ ❞❡✈❡♠♦s ✐♠♣♦r

✶✵



q✉❡

CγµTC−1 = −γµ. ✭✷✳✼✮

P♦rt❛♥t♦✱ t❡♠♦s

(iγµ∂µ + eAµγ
µ −mψ)ψ

c = 0, ✭✷✳✽✮

♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ♦ ❡s♣✐♥♦r ❝♦♥❥✉❣❛❞♦ ♣♦r

ψc = Cψ̄T . ✭✷✳✾✮

❆♦ s❡ ✐♠♣♦r ❛ ❝♦♥❞✐çã♦ (2.7)✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❛ r❡♣r❡s❡♥✲

t❛çã♦ ❞❡ C = UDirac (C)

C = UDirac (C) = ±iγ2γ0, ✭✷✳✶✵✮

♦♥❞❡ +iγ2γ0 é ❛ tr❛♥s❢♦r♠❛çã♦ C ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ P❛✉❧✐✲❉✐r❛❝ ❡ −iγ2γ0 ♥❛

r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✳ ❊st❛ r❡♣r❡s❡t❛çã♦ é ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s

❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s q✉❡ s❡rá ❛❜♦r❞❛❞❛ ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✷✳✶✳✷ P❛r✐❞❛❞❡ ✭P✮ ❡ ❘❡✈❡rsã♦ t❡♠♣♦r❛❧ ✭❚✮

❈♦♠♦ ✈❡r❡♠♦s ♥❛ s✉❜s❡çã♦ ✷✳✷✳✸✱ ❛ ❡①✐stê♥❝✐❛ ❞♦s ♦♣❡r❛❞♦r❡s ♣❛r✐❞❛❞❡ ❡ r❡✲

✈❡rsã♦ t❡♠♣♦r❛❧ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③ ✭s✉❜✲

❣r✉♣♦ ❞♦ ❣r✉♣♦ O (3, 1)✮✳ ▼♦str❛r❡♠♦s q✉❡ ♥❡♠ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ♣❡r♠✐✲

t✐❞❛s ♥❛ r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧ ♣♦❞❡♠ s❡r ❝♦♥str✉✐❞❛s ❛ ♣❛rt✐r ❞❛ ✐❞❡♥t✐❞❛❞❡✳ ❉✉❛s

tr❛♥s❢♦r♠❛çõ❡s q✉❡ s❡ ❞❡st❛❝❛♠ ♥❡st❡ ❣r✉♣♦ sã♦✿ P ❡ ❚✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❞❡

♣❛r✐❞❛❞❡ P ❝❛r❛❝t❡r✐③❛✲s❡ ♣♦r tr❛♥s❢♦r♠❛r ❛s ❝♦♠♣♦♥❡♥t❡s ❡s♣❛❝✐❛✐s ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ xi 7→ −xi✳ ❆♦ ❛t✉❛r ❡♠ ✉♠ 4✲✈❡t♦r xµ ❛ tr❛♥s❢♦r♠❛çã♦ P ♠♦❞✐✜❝❛✲♦

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ xµ = (t, xi) 7→ (t,−xi) = xµ✳ ❏á ❛ r❡✈❡rsã♦ t❡♠♣♦r❛❧ ❚

❝❛r❛❝t❡r✐③❛✲s❡ ♣♦r tr❛♥s❢♦r♠❛r ❛ ❝♦♠♣♦♥❡♥t❡ t❡♠♣♦r❛❧ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ t 7→ −t✳
❆♦ ❛t✉❛r ❡♠ ✉♠ 4✲✈❡t♦r xµ ❛ tr❛♥s❢♦r♠❛çã♦ ❚ ♠♦❞✐✜❝❛✲♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

xµ = (t, xi) 7→ (−t, xi) = −xµ✳ ❖s ♦♣❡r❛❞♦r❡s P ❡ ❚ r❡s♣♦♥sá✈❡✐s ♣♦r ❢❛③❡r ❡st❛s

tr❛♥s❢♦r♠❛çõ❡s sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r✿

xµ 7→ Pµνx
ν ❡ xµ 7→ Tµ

νx
ν , ✭✷✳✶✶✮

✶✶



♦♥❞❡

Pµν =




1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1



, ✭✷✳✶✷❛✮

Tµ
ν =




−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



. ✭✷✳✶✷❜✮

❙❡ ♦s ♦♣❡r❛❞♦r❡s P ❡ ❚ sã♦ s✐♠❡tr✐❛s ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ t❡♦r✐❛✱ ❡♥tã♦ ❛ r❡♣r❡✲

s❡♥t❛çã♦ ❞❡st❡s ♦♣❡r❛❞♦r❡s✱ ❞❡♥♦t❛❞❛s ♣♦r P ❡ T ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦ ❡s♣❛ç♦ ❞❡

❍✐❧❜❡rt ❞❛ t❡♦r✐❛ s✉❜❥❛❝❡♥t❡ ❞❡✈❡♠ s❡r ❡s❝♦❧❤✐❞♦s ❞❡ ♠❛♥❡✐r❛ ❝♦♥s✐st❡♥t❡✳ ❯♠❛

r❡♣r❡s❡♥t❛çã♦ ✉♥✐tár✐❛ ❞♦ ♦♣❡r❛❞♦r P é s❡♠♣r❡ ♣♦ssí✈❡❧❀ ❥á ❛ r❡♣r❡s❡♥t❛çã♦ T ♥ã♦ é

❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ✉♥✐t❛r✐❡❞❛❞❡✱ ♠❛s s✐♠ ❝♦♠ ❛ ❛♥t✐✲✉♥✐t❛r✐❡❞❛❞❡ ✭✐st♦ é✱ ❡❧❡ ♠✉❞❛

♦ s✐♥❛❧ ❞❛ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛ ✐✮✳ ❆ r❛③ã♦ ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ T s❡r ❛♥t✐✲✉♥✐tár✐❛

❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ H s❡ tr❛♥s❢♦r♠❛r ❞❡ ♠♦❞♦ ❛ ♣r❡s❡r✈❛r ❛ ♣♦s✐t✐✈✐✲

❞❛❞❡ ❞♦ s❡✉ ❡s♣❡❝tr♦❀ ❡st❛ ❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛ s❡ PHP† = H ❡ T HT † = H✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ e−iHt✱ ❞❡✈❡ s❡ tr❛♥s❢♦r♠❛r ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ Pe−iHtP† = e−iHt ❡ T e−iHtT † = eiHt✳ P♦rt❛♥t♦✱ ♣❛r❛ s❛t✐s❢❛③❡r t♦❞❛s ❡st❛s

❝♦♥❞✐çõ❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ P ❞❡✈❡ s❡r ✉♥✐tár✐♦ ❡ T ❞❡✈❡ s❡r ❛♥t✐✲✉♥✐tár✐♦✳ ◆♦

❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s P ❡ ❚ s❛t✐s❢❛③❡♠ ❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡s❝r✐t❛s ❛❝✐♠❛✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s

P = UDirac (P) ❡ T = UDirac (T) ♥♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝✱ ❞❡✈❡♠♦s ✐♠♣♦r

q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠❛♥t❡♥❤❛✲s❡ ✐♥✈❛r✐❛♥t❡ ♣❡r❛♥t❡ ❡st❛s tr❛♥s❢♦♠❛çõ❡s✱ ♦✉

s❡❥❛✱

P (iγµ∂µ −mψ)P†Pψ = (iγµ∂µ −mψ)ψ (t,−x) = 0, ✭✷✳✶✸❛✮

T (iγµ∂µ −mψ) T †T ψ = (iγµ∂µ −mψ)ψ (−t,x) = 0. ✭✷✳✶✸❜✮

✶✷



❆♦ s❡ ✐♠♣♦r ❡ss❛s ❝♦♥❞✐çõ❡s✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❛s r❡♣r❡s❡♥t❛çõ❡s

❞❡ P = UDirac (P) ❡ T = UDirac (T)

P = UDirac (P) = γ0, ✭✷✳✶✹❛✮

T = UDirac (T) = iγ1γ3K, ✭✷✳✶✹❜✮

♦♥❞❡ K é ✉♠ ♦♣❡r❛❞♦r q✉❡✱ ❛♦ ❛t✉❛r s♦❜r❡ ✉♠ ♦❜❥❡t♦✱ ♥♦s ❢♦r♥❡❝❡ ♦ s❡✉ ❝♦♠♣❧❡①♦

❝♦♥❥✉❣❛❞♦✱ ♦✉ s❡❥❛✿

T ψ = iγ1γ3Kψ = iγ1γ3ψ∗. ✭✷✳✶✺✮

◆❛s t❛❜❡❧❛s ✷✳✷✱ ✷✳✸✱ ✷✳✹ ❡ ✷✳✺ ♠♦str❛♠♦s ❝♦♠♦ ♦s 16 ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s❡

tr❛♥s❢♦r♠❛♠ s♦❜ ❛ ❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s C✱ P ✱ T ❡ CPT ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦♠❡ ❋♦r♠❛ ❇✐❧✐♥❡❛r ★a ✪ b P❛r✐❞❛❞❡ C

❊s❝❛❧❛r ❙ ψψ 1 ψψ +

Ps❡✉❞♦❡s❝❛❧❛r P ✐ψγ5ψ 1 ✐ψγ5ψ +

❱❡t♦r ❱ ψγµψ 4 −ψγµψ −
Ps❡✉❞♦✈❡t♦r ❆ ψγ5γµψ 4 ψγ5γµψ +

❚❡♥s♦r ❚ ψσµνψ 6 ψσµνψ +

❛ ★ s✐❣♥✐✜❝❛ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s

❜ ✪ ❆♣ós tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛

❝ γ5 = iγ0γ1γ2γ3✳ ❖ i q✉❡ ❛♣❛r❡❝❡ ♥❛ ❝♦♠♣♦♥❡♥t❡ ♣s❡✉❞♦❡s❝❛❧❛r é ♥❡❝❡ssár✐❛ ♣❛r❛ t♦r♥á✲❧♦ ❤❡r♠✐t✐❛♥♦✳

❚❛❜❡❧❛ ✷✳✷✿ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦
❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ C✳

◆♦♠❡ ❋♦r♠❛ ❇✐❧✐♥❡❛r ★a ✪ b P❛r✐❞❛❞❡ P
❊s❝❛❧❛r ❙ ψψ 1 ψψ +

Ps❡✉❞♦❡s❝❛❧❛r P ✐ψγ5ψ 1 −✐ψγ5ψ −
❱❡t♦r ❱ ψγµψ 4 ψγµψ −
Ps❡✉❞♦✈❡t♦r ❆ ψγ5γµψ 4 −ψγ5γµψ +

❚❡♥s♦r ❚ ψσµνψ 6 ψσµνψ +

❜ ✪ ❆♣ós tr❛♥s❢♦r♠❛çã♦ ❞❡ ♣❛r✐❞❛❞❡

❚❛❜❡❧❛ ✷✳✸✿ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦
❞❡ ♣❛r✐❞❛❞❡ P ✳

✶✸



◆♦♠❡ ❋♦r♠❛ ❇✐❧✐♥❡❛r ★a ✪ b P❛r✐❞❛❞❡ T
❊s❝❛❧❛r ❙ ψψ 1 ψψ +

Ps❡✉❞♦❡s❝❛❧❛r P ✐ψγ5ψ 1 −✐ψγ5ψ −
❱❡t♦r ❱ ψγµψ 4 −ψγµψ −
Ps❡✉❞♦✈❡t♦r ❆ ψγ5γµψ 4 −ψγ5γµψ −
❚❡♥s♦r ❚ ψσµνψ 6 ψσµνψ +

❜ ✪ ❆♣ós tr❛♥s❢♦r♠❛çã♦ ❞❡ r❡✈❡rsã♦ t❡♠♣♦r❛❧

❚❛❜❡❧❛ ✷✳✹✿ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦
❞❡ r❡✈❡rsã♦ t❡♠♣♦r❛❧ T ✳

◆♦♠❡ ❋♦r♠❛ ❇✐❧✐♥❡❛r ★a ✪ b P❛r✐❞❛❞❡ CPT
❊s❝❛❧❛r ❙ ψψ 1 ψψ +

Ps❡✉❞♦❡s❝❛❧❛r P ✐ψγ5ψ 1 ✐ψγ5ψ +

❱❡t♦r ❱ ψγµψ 4 −ψγµψ −
Ps❡✉❞♦✈❡t♦r ❆ ψγ5γµψ 4 −ψγ5γµψ −
❚❡♥s♦r ❚ ψσµνψ 6 ψσµνψ +

❜ ✪ ❆♣ós ❛ tr❛♥s❢♦r♠❛çã♦ CPT

❚❛❜❡❧❛ ✷✳✺✿ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦
❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ CPT ✳

❖❜s❡r✈❛♥❞♦ ❛t❡♥t❛♠❡♥t❡ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s ❛❝✐♠❛ é

♣♦ssí✈❡❧ ❝♦♥st❛t❛r ❛s s❡❣✉✐♥t❡s r❡❣r❛s ❣❡r❛✐s✿

❼ ❯♠ ❜✐❧✐♥❡❛r ❢❡r♠✐ô♥✐❝♦ ❝♦♠ n í♥❞✐❝❡s ♣❛r❡s s❡rá ♣❛r s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦

CPT ❀

❼ ❯♠ ❜✐❧✐♥❡❛r ❢❡r♠✐ô♥✐❝♦ ❝♦♠ n í♥❞✐❝❡s í♠♣❛r❡s s❡rá í♠♣❛r s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦

CPT ❀

❼ ❖ ♠❡s♠♦ ❛♣❧✐❝❛✲s❡ ❛s ❞❡r✐✈❛❞❛s ∂µ✳

❊st❛ r❡❣r❛ ❣❡r❛❧ s❡rá ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥❛ ❤♦r❛ ❞❡ ❝❧❛ss✐✜❝❛r ♦s ♦♣❡r❛❞♦r❡s

q✉❡ ♠♦❞✐✜❝❛♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❛❧t❛s ❞❡r✐✈❛❞❛s✳ ■r❡♠♦s ❝❤❛♠á✲

❧❛s ❞❡ ✏r❡❣r❛s CPT ✑ ❡ ❛s ✐♥✈♦❝❛r❡♠♦s ♣♦r ❡ss❡ ♥♦♠❡ ♠❛✐s ❛ ❢r❡♥t❡✳

✶✹



✷✳✷ ●r✉♣♦s ❞❡ ▲✐❡✿ ✉♠❛ ✐♥tr♦❞✉çã♦

●r✉♣♦s ❞❡ ▲✐❡ ❡ s✉❛s r❡s♣❡❝t✐✈❛s á❧❣❡❜r❛s sã♦ ✉s❛❞❛s ♣❛r❛ ❞❡s❝r❡✈❡r s✐♠❡tr✐❛s

❣❧♦❜❛✐s ❡ ❞❡ ❣❛✉❣❡ ❡♠ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✱ q✉â♥t✐❝❛ ❡ ❡♠ t❡♦r✐❛s ❞❡ ❈❛♠♣♦ ❞❡ ♠♦❞♦

❣❡r❛❧✳ ❯♠ ❡①❡♠♣❧♦ ✉s✉❛❧ é ❛ ❞❡s❝r✐çã♦ ❞❡ r♦t❛çõ❡s ❡♠ s✐st❡♠❛s q✉â♥t✐❝♦s✳ ◆❛

❋ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ♦s ❣r✉♣♦s ❞❡ ▲✐❡ sã♦ út❡✐s ♥ã♦ só ♥❛ ❞❡s❝r✐çã♦ ❞❛s s✐♠❡tr✐❛s

❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ t❛✐s ❝♦♠♦ tr❛♥s❧❛çõ❡s✱ r♦t❛çõ❡s ❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③✱

♠❛s t❛♠❜é♠ ♥❛s ❝❤❛♠❛❞❛s s✐♠❡tr✐❛s ✐♥t❡r♥❛s t❛✐s ❝♦♠♦ ❛ s✐♠❡tr✐❛ ❞❡ ✐s♦s♣✐♥✳

❉❡✈✐❞♦ ❛ ✐♠❡♥s❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ t❡♦r✐❛ ❞♦s ❣r✉♣♦s ❞❡ ▲✐❡✱ ❞❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r

❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❡ss❡s ❣r✉♣♦s✳

✷✳✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s

❯♠ ❣r✉♣♦ H é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s h1, h2, · · · ♥♦ q✉❛❧ ✉♠❛ ♦♣❡r❛çã♦ ❞❡

♠✉❧t✐♣❧✐❝❛çã♦ ❡stá ❞❡✜♥✐❞❛ ❡ ❞❡✈❡ ♦❜❡❞❡❝❡r ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❯♠❛ ❧❡✐ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❛ss♦❝✐❛t✐✈❛✱ s♦❜ ❛ q✉❛❧ h1h2 = h3 ♣❛r❛ t♦❞♦ h1,2 ∈ H
❝♦♠ h3 ∈ H ✭❡st❛ ❝♦♥❞✐çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝❧❛✉s✉r❛✮ ❡ (h1h2)h3 = h1(h2h3)

✭❡st❛ ❝♦♥❞✐çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ss♦❝✐❛t✐✈✐❞❛❞❡✮

✷✳ ❯♠ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ I ∈ H ❞❡✈❡ ❡①✐st✐r ✭❡ ❞❡✈❡ s❡r ú♥✐❝♦✮ ❡ s❛t✐s❢❛③ ❛

s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ Ih = hI = h ♣❛r❛ t♦❞♦ h ∈ H.

✸✳ ❊✱ ✜♥❛❧♠❡♥t❡✱ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ✐♥✈❡rs♦ h−1 ∈ H ♣❛r❛ ❝❛❞❛ h ∈ H ❡①✐st❡✱

❞❡ ♠♦❞♦ q✉❡ h−1h = hh−1 = I.

❆s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✱ q✉❛♥❞♦ s❛t✐s❢❡✐t❛s ❡♠ s✉❛ ✐♥t❡✐r❡③❛✱ ❞❡✜♥❡♠ ✉♠ ❣r✉♣♦✳

❯♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❣r✉♣♦s é ❞❡✜♥✐❞❛ q✉❛♥❞♦ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ q✉❡

♦ ❞❡✜♥❡ ♣♦ss✉✐ ❝❛rát❡r ❝♦♠✉t❛t✐✈♦✱ ♦✉ s❡❥❛✱ h1h2 = h2h2 ∀h1,2 ∈ H; t❛❧ ❣r✉♣♦ é

❝❤❛♠❛❞♦ ❞❡ ❛❜❡❧✐❛♥♦✳ ◗✉❛♥❞♦ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ é s❛t✐s❢❡✐t❛ t❡♠♦s ✉♠ ❣r✉♣♦

♥ã♦✲❛❜❡❧✐❛♥♦ ✭h1h2 6= h2h2 ∀h1,2 ∈ H✮✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ H q✉❡

❢♦r♠❛♠ ❡♠ s✐ ✉♠ ❣r✉♣♦ s♦❜ ❛ ♠❡s♠❛ ❧❡✐ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ é ❝❤❛♠❛❞♦ s✉❜❣r✉♣♦ ❞❡

H.

❯♠ ❣r✉♣♦ ❞❡ ▲✐❡ H é ✉♠ ❣r✉♣♦ ❝♦♥tí♥✉♦ ♥♦ q✉❛❧ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦

❡♥✈♦❧✈❡ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ♥♦s ♣❛râ♠❡tr♦s q✉❡ r♦t✉❧❛♠ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦✳

✶✺



❖s ❣r✉♣♦s ❞❡ ▲✐❡ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s✿ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦ ❡

♥ã♦✲❝♦♠♣❛❝t♦✳ ❖ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦ ❝❛r❛❝t❡r✐③❛✲s❡ ♣♦r s❡✉s ♣❛râ♠❡tr♦s s❡r❡♠

✜♥✐t♦s ❡ ❞❡✜♥✐r❡♠ ✉♠ ♠❛♥✐❢♦❧❞ ❝♦♠♣❛❝t♦✳ ❏á ♦ ❣r✉♣♦ ❞❡ ▲✐❡ ♥ã♦✲❝♦♠♣❛❝t♦ ♣♦ss✉✐

♣r♦♣r✐❡❞❛❞❡s ♦♣♦st❛s às ❞❡✜♥✐❞❛s ♣❛r❛ ♦s ❣r✉♣♦s ❝♦♠♣❛❝t♦s✳ ❯♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡

s✉❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛✱ ♣❡❧♦ ♠❡♥♦s ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛

✐❞❡♥t✐❞❛❞❡ ✭tr❛t❛✲s❡ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✐♥✜♥✐t❡s✐♠❛✐s✮✱ ❡♠ t❡r♠♦s ❞❡ s✉❛ á❧❣❡❜r❛

❞❡ ▲✐❡ ❛ss♦❝✐❛❞❛✱ ❛ q✉❛❧ ❝♦♥s✐st❡ ❞❡ N ❣❡r❛❞♦r❡s ✭♦♣❡r❛❞♦r❡s✮ T i✱ i = 1, 2, · · ·N ✱

❡ s✉❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦

[
T i, T j

]
= iCijkT

k, ✭✷✳✶✻✮

♦♥❞❡ ❛ s♦♠❛ s♦❜ ♦ í♥❞✐❝❡ k ❡stá s✉❜❡♥t❡♥❞✐❞❛ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ Cijk✱ ❝❤❛♠❛❞♦ ❞❡

❝♦♥st❛♥t❡ ❞❡ ❡str✉t✉r❛ ❞♦ ❣r✉♣♦ H✱ é ❛♥t✐ss✐♠étr✐❝♦ ♥♦s í♥❞✐❝❡s ijk✳ ❙❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ♦s ❣❡r❛❞♦r❡s T i ❤❡r♠✐t✐❛♥♦s ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱

❛ ❝♦♥st❛♥t❡ ❞❡ ❡str✉t✉r❛ s❡rá r❡❛❧✳ ❙❡ ∀Cijk = 0✱ ❡♥tã♦ ♦ ❣r✉♣♦ H s❡rá ❛❜❡❧✐❛♥♦❀

❝❛s♦ ❝♦♥trár✐♦ s❡rá ♥ã♦ ❛❜❡❧✐❛♥♦s✳ ❯♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❝♦♠♣❛❝t♦ H ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞♦ ❡♠ t❡r♠♦s ❞♦s s❡✉s ❣❡r❛❞♦r❡s ❛tr❛✈és ❞❡ ✉♠ ♦♣❡r❛❞♦r ✉♥✐tár✐♦ UH ✱

❝✉❥❛ ❡str✉t✉r❛ é ♠♦str❛❞❛ ❛ s❡❣✉✐r✿

UH (α1, α2, · · ·αN) = exp

(
−i

N∑

j=1

αjT j

)
≡ e−iα·T ≡

∞∑

k=0

(−iα · T )k

k!
, ✭✷✳✶✼✮

♦♥❞❡ α1, α2, · · ·αN sã♦ ♦s N ♣❛râ♠❡tr♦s r❡❛✐s ❡ ❝♦♥tí♥✉♦s q✉❡ ✐❞❡♥t✐✜❝❛♠ ❞❡ ♠❛✲

♥❡✐r❛ ✉♥í✈♦❝❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ H ❡ T j sã♦ ♦s N ❣❡r❛❞♦r❡s ❤❡r♠✐t✐❛♥♦s ♥♦ q✉❛❧

♦ ❣r✉♣♦ ❢♦✐ ❡①♣❛♥❞✐❞♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ é ♦❜t✐❞♦ ❢❛③❡♥❞♦ ♦

❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s {α1, α2, · · ·αN} = 0✱ ♦✉ s❡❥❛✱ UH(0) = e0 = I ❡ ❛ ✐♥✈❡rs❛

UH (α1, α2, · · ·αN)−1 = UH (−α1,−α2, · · · − αN) = eiα·T = U †
H (α1, α2, · · ·αN) .

✭✷✳✶✽✮

P❛r❛ ✈❛❧♦r❡s ✐♥✜♥✐t❡s✐♠❛✐s ❞♦s ♣❛râ♠❡tr♦s {α1, α2, · · ·αN} ✭|α| ≪ 1✮✱ é s✉✜❝✐❡♥t❡

r❡t❡r ❛♣❡♥❛s ♦s t❡r♠♦s ❧✐♥❡❛r❡s✱ ♦✉ s❡❥❛✿

UH (α1, α2, · · ·αN) ≃ I − iαjT
j +O (αiαj) . ✭✷✳✶✾✮
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P♦rt❛♥t♦✱ ♦s ❣❡r❛❞♦r❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡s❝r❡✈❡♠ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ♥❛

✈✐③✐♥❤❛ç❛ ❞❛ ✐❞❡♥t✐❞❛❞❡✳ ❆ ✜❣✉r❛ ✷✳✶ ❛ s❡❣✉✐r ♠♦str❛ ❞❡ ♠❛♥❡✐r❛ ♣✐❝tór✐❝❛ ♦

❡s♣❛ç♦ t❛♥❣❡♥t❡✱ TpM✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ ❞♦ ♠❛♥✐❢♦❧❞ M✱ ♦♥❞❡

❡♥❝♦♥tr❛✲s❡ ♦s ❡❧❡♠❡♥t♦s UH ∈M r❡♣r❡s❡♥t❛❞♦s ♣❡❧❛ ❡①♣❛♥sã♦ ✷✳✶✾✳

❋✐❣✉r❛ ✷✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tór✐❝❛ ❞❡ ✉♠ ♠❛♥✐❢♦❧❞ M q✉❛❧q✉❡r ❡ s❡✉ ❡s♣❛ç♦
t❛♥❣❡♥t❡✱ TpM✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ I ∈ M✳ ❖s ❣r♦✉♣♦s ❞❡ ▲✐❡ ✏♠♦r❛♠✑
♥♦ ♠❛♥✐❢♦❧❞✱ ❥á ❛ á❧❣❡❜r❛ ✏♠♦r❛✑ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳ Pró①✐♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ é
♣♦ssí✈❡❧✱ ❛tr❛✈és ❞❛ ❡①♣❛♥sã♦ ✷✳✶✾✱ ❡s❝r❡✈❡r ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❡♠ t❡r♠♦s ❞♦s
❣❡r❛❞♦r❡s✳

❆té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦ ❝♦♥s✐❞❡r❛♠♦s ♦s ❣❡r❛❞♦r❡s T j ❝♦♠♦ ♦❜❥❡t♦s ❛❜str❛t♦s✳

P❛r❛ ♣♦❞❡r tr❛❜❛❧❤❛r ❞❡ ♠❛♥❡✐r❛ ♦♣❡r❛❝✐♦♥❛❧ ❝♦♠ ❡st❡s ♦❜❥❡t♦s✱ ♣r❡❝✐s❛♠♦s ❞á✲

❧♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s Li,

i = 1, 2, · · ·N ✱ ❞❡ ❞✐♠❡♥sã♦ n× n✳ ❙❡ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s s❛t✐s❢❛③ ❛ ♠❡s♠❛

á❧❣❡❜r❛ ❞♦s ❣❡r❛❞♦r❡s✱ ✐st♦ é✱

[
Li, Lj

]
= iCijkL

k, ✭✷✳✷✵✮

❡♥tã♦ ❛s ♠❛tr✐③❡s Li ❢♦r♠❛♠ ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ✏✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ á❧❣❡✲

❜r❛✑✷✳ ❊♥q✉❛♥t♦ T i é ✉♠ ♦❜❥❡t♦ ❛❜str❛t♦✱ Li é ✉♠❛ ♠❛tr✐③ ❡s♣❡❝í✜❝❛✳ ❖ ♠❡s♠♦

✷❊①✐st❡♠ ✈ár✐❛s r❡♣r❡s❡♥t❛çõ❡s ♣❛r❛ ♦s ❣r✉♣♦s ❡ ❛s á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❋♦❣❡✱ ♥♦ ❡♥t❛♥t♦✱ ❞♦
❡s❝♦♣♦ ❞❡st❡ ❝❛♣ít✉❧♦ tr❛t❛r t♦❞❛s ❛s ❢♦r♠❛s ❞❡ s❡ r❡♣r❡s❡♥t❛r ✉♠ ❣r✉♣♦✳ ◆❛ s✉❜s❡çã♦ ✷✳✷✳✷

✶✼



♦❝♦rr❡ ❝♦♠ ❛ ♠❛tr✐③ ❞❡ ❞✐♠❡♥sã♦ n × n, e−iα·T , q✉❡ ❢♦r♠❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

UH (α1, α2, · · ·αN) ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ H✳

✷✳✷✳✷ ❊①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡

❖ ❣r✉♣♦ ❞❡ ▲✐❡ ♠❛✐s s✐♠♣❧❡s é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ H = U (1)✱ ❝♦♠ ❛♣❡♥❛s ✉♠

❣❡r❛❞♦r✱ ✐st♦ é✱

UH (α) = e−iαT , ✭✷✳✷✶✮

❝✉❥❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ é ♠♦str❛❞❛ ❛ s❡❣✉✐r

UH (α)UH (β) = e−i(α+β)T . ✭✷✳✷✷✮

❊st❡ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ (n = 1) ❝♦♠

T = 1 ❡ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ sã♦ ❞❡s✐❣♥❛❞♦s ♣♦r UH (α) 7→ e−iα✳ ❖ ❣r✉♣♦ U (1)

é ❞❡✜♥✐❞♦ ❛♣❡♥❛s q✉❛♥❞♦ ❢❛③❡♠♦s T = 1 ✭❞ê♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❛♦ ❣r✉♣♦

✉♥✐❞✐♠❡♥s✐♦♥❛❧ UH (α) = e−iαT q✉❛♥❞♦ ✜③❡♠♦s T = 1✮ ❡ r❡♣r❡s❡♥t❛ ♦ ❣r✉♣♦ ❞❡

♠❛tr✐③❡s ✉♥✐tár✐❛s ❞❡ ❞✐♠❡♥sã♦ 1× 1✳

❖ ❣r✉♣♦ ❞❡ ▲✐❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♣♦r ❡①❡♠♣❧♦✱ é ♦ ❣r✉♣♦

❝♦♠♣❛❝t♦ ♥ã♦✲❛❜❡❧✐❛♥♦ H = SU (2)✳ ❖ ❣r✉♣♦ SU (2) ♣♦ss✉✐ N = 3 ❣❡r❛❞♦r❡s ❡ ❛

❝♦♥st❛♥t❡ ❞❡ ❡str✉t✉r❛ é Cijk = ǫijk✳ ❖ ❣r✉♣♦ SU (2)✸ é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦

U (2) r❡♣r❡s❡♥t❛❞♦ ♣♦r ♠❛tr✐③❡s ❞❡ ❞✐♠❡♥sã♦ 2 × 2 q✉❡ sã♦ ✉♥✐tár✐❛s ❡ ♣♦ss✉❡♠

❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ 1✳ ❆tr❛✈és ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡✲

♠♦s ❞❡✜♥✐r ❛ ❝❤❛♠❛❞❛ r❡♣r❡s❡♥t❛çã♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❢✉♥❞❛♠❡♥t❛❧

❡s❝♦❧❤✐❞❛ ♣❛r❛ ♦s ❣❡r❛❞♦r❡s sã♦✿ Li = τ i

2
✱ ♦♥❞❡ τ i ≡ σi sã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐

q✉❡ ❡stã♦ ❧✐st❛❞❛s ♥❛ t❛❜❡❧❛ ✷✳✻✳ ❆ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ é ♠♦str❛❞❛ ❛ s❡❣✉✐r

[
τ i

2
,
τ j

2

]
= iǫijk

τ k

2
. ✭✷✳✷✸✮

❆s ♠❛tr✐③❡s ❞❡ P❛✉❧✐ sã♦ ❤❡r♠✐t✐❛♥❛s✱ ♣♦rt❛♥t♦✱ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ♥❛ r❡♣r❡✲

❞❡st❛❝❛r❡♠♦s ❛❧❣✉♠❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ✐♥t❡r❡ss❡ ♥❛ ❋ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s✱ ♣♦r ❡①❡♠♣❧♦✳
✸SU = ❙♣❡❝✐❛❧ ✉♥✐t❛r②

✶✽



σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)

❚❛❜❡❧❛ ✷✳✻✿ ▼❛tr✐③❡s ❞❡ P❛✉❧✐✳

s❡♥t❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡s❝♦❧❤✐❞❛

U (α) ≡ e−iα·
τ

2 = cos
(α
2

)
I2 − i sin

(α
2

)
α̂ · τ , ✭✷✳✷✹✮

sã♦ ♠❛tr✐③❡s 2 × 2✳ ❖ ❣r✉♣♦ SU (2) é út✐❧ ♥ã♦ só ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♠❛s

t❛♠❜é♠ ♥❛ ❞❡s❝r✐çã♦ ❛♣r♦①✐♠❛❞❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ✐s♦s♣✐♥ ♥❛ ✐♥t❡r❛çã♦ ❢♦rt❡ ❡ ♥❛

s✐♠❡tr✐❛ ❞❡ ❣❛✉❣❡ ❞❛ t❡♦r✐❛ ❡❧❡tr♦❢r❛❝❛✳

❖ ❣r✉♣♦ SU (3) ❞❡s❡♠♣❡♥❤❛ ❞♦✐s ♣❛♣é✐s r❡❧❡✈❛♥t❡s ♥♦ ▼P✳ Pr✐♠❡✐r♦✱ é ♦ ❣r✉♣♦

❞❡ ❣❛✉❣❡ ❛ss♦❝✐❛❞♦ ❛ ✐♥t❡r❛çã♦ ❢♦rt❡ ✭◗❈❉✮✳ ❙❡❣✉♥❞♦✱ ❛t✉❛ ❝♦♠♦ s✐♠❡tr✐❛ ❣❧♦❜❛❧

❛♣r♦①✐♠❛❞❛ ❞❛ s✐♠❡tr✐❛ ❞❡ ✏s❛❜♦r✑ ❞❛s ✐♥t❡r❛çõ❡s ❢♦rt❡s ✭t❤❡ ❡✐❣❤t✲❢♦❧❞ ✇❛②✮✳ ❆

r❡♣r❡s❡♥t❛çã♦ ❢✉♥❞❛♠❡♥t❛❧✹ ❞♦ ❣r✉♣♦ SU (3) ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❛tr❛✈és ❞❡ s✉❛s

♣r♦♣r✐❡❞❛❞❡s✱ ♦✉ s❡❥❛✱ sã♦ ♠❛tr✐③❡s 3× 3 ✉♥✐tár✐❛s ❝♦♠ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ 1✳ ❖

❣r✉♣♦ SU (3) ♣♦ss✉✐ N = 8 ❣❡r❛❞♦r❡s✺ q✉❡ sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r Li = λi

2
✱ ♦♥❞❡

λi, i = 1, · · · , 8 sã♦ ❛s ♠❛tr✐③❡s ❞❡ ●❡❧❧✲▼❛♥♥ ❡ ❡stã♦ ❧✐st❛❞❛s ♥❛ t❛❜❡❧❛ ✷✳✼✳ ❆

λi =



τ i 0

0
0 0 0


 , λ4 =



0 0 1
0 0 0
1 0 0


 , λ5 =



0 0 −i
0 0 0
i 0 0




λ6 =



0 0 0
0 0 1
0 1 0


 , λ7 =



0 0 0
0 0 −i
0 i 0


 , λ8 = 1√

3



1 0 0
0 1 0
0 0 −2




❚❛❜❡❧❛ ✷✳✼✿ ▼❛tr✐③❡s ❞❡ ●❡❧❧✲▼❛♥♥✳ ◆❛ ♣r✐♠❡✐r❛ ♠❛tr✐③ ♦ í♥❞✐❝❡ i s✉❜❡♥t❡♥❞❡
i = 1, 2, 3.

✹❆ ♦✉tr❛ ♣♦ssí✈❡❧ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛ ♦s ❣r✉♣♦s SU (N) é ❛ ❝❤❛♠❛❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛✳
❊st❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♥s✐st❡ ❡♠ r❡♣r❡s❡♥t❛r ♦s ❣❡r❛❞♦r❡s ✈✐❛ ❝♦♥st❛♥t❡ ❞❡ ❡str✉t✉r❛ Cijk✱ ♦✉ s❡❥❛✱

L
(i)
jk = Cijk.

❆tr❛✈és ❞❡st❛ ❞❡✜♥✐çã♦ ✈❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ ♦ ❣r✉♣♦ U (1) ♥ã♦ ♣♦ss✉✐ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛✱
t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ Cijk = 0.

✺❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♦ ❣r✉♣♦ SU (N) ♣♦ss✉✐ N2 − 1 ❣❡r❛❞♦r❡s✳

✶✾



r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ é ♠♦str❛❞❛ ❛ s❡❣✉✐r

[
λi

2
,
λj

2

]
= ifijk

λk

2
, ✭✷✳✷✺✮

♦♥❞❡ fijk sã♦ ❛s ❝♦♥st❛♥t❡s ❞❡ ❡str✉t✉r❛ ❞♦ ❣r✉♣♦ SU (3)✳

✷✳✷✳✸ ●r✉♣♦ ❞❡ ▲♦r❡♥t③

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❘❘✱ ❛s ❧❡✐s ❞❛ ❋ís✐❝❛s sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡

❝♦♦r❞❡♥❛❞❛s✱ ✐st♦ é✱

x′µ = Λµνx
ν + ξµ, ✭✷✳✷✻✮

♦♥❞❡ ♦s ♣❛râ♠❡tr♦s Λ ❡ ξ sã♦ r❡❛✐s✳ ❊st❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡✈❡

♠❛♥t❡r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡✱ ♦✉ s❡❥❛✱

(x− y)µ (x− y)
µ = ηµν (x− y)µ (x− y)ν , ✭✷✳✷✼✮

♦♥❞❡ ηµν é ❛ ♠étr✐❝❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ▼✐♥❦♦✇s❦✐✳ ❆ ❝♦♥❞✐çã♦ ❛❝✐♠❛ ♥ã♦ ✐♠♣õ❡

♥❡♥❤✉♠ ✈í♥❝✉❧♦ ❛♦ ♣❛râ♠❡tr♦ ξ ✉♠❛ ✈❡③ q✉❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s s❡ ❝❛♥❝❡❧❛♠ ❞❡✈✐❞♦

❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♣♦♥t♦s x ❡ y✳ P♦ré♠✱ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ Λ ♦❜t❡♠♦s q✉❡

xµx
µ = x′µx

′µ = ΛαµΛ
µ
νxαx

ν , ✭✷✳✷✽✮

é ✈á❧✐❞♦ ♣❛r❛ t♦❞♦ xµ✳ ❆ ❧❡✐ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ (2.26) ❡

q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ (2.28) é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré✳ ❊st❛s

tr❛♥s❢♦r♠❛çõ❡s ❢♦r♠❛♠ ✉♠ ❣r✉♣♦ ❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❡ P♦✐♥❝❛ré✳ ❖ s✉❜❣r✉♣♦ ❡♠

q✉❡ Λ é ❡s❝♦❧❤✐❞♦ ❝♦♠♦ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡ ♦ ♣❛râ♠❡tr♦ ξ é ❛r❜✐trár✐♦ é ❝❤❛♠❛❞♦

❞❡ ❣r✉♣♦ ❞❡ tr❛♥s❧❛çã♦✳ ❖ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❞❡ P♦✐♥❝❛ré q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s

é ♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③❀ t❛❧ s✉❜❣r✉♣♦ é ♦❜t✐❞♦ ❢❛③❡♥❞♦✲s❡ ξ = 0✳

❱❡♠♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (2.28) q✉❡ Λµν ❞❡✈❡ s❛t✐s❢❛③❡r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦

♣❛r❛ q✉❡ ♣♦ss❛ s❡r ❝♦♥s✐❞❡r❛❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③

ηµνx
νxµ = ηαβΛ

α
µΛ

β
νx

νxµ, ∀ xµ. ✭✷✳✷✾✮

✷✵



❏á q✉❡ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r xµ✱ t❡♠♦s q✉❡

ηµν = ΛαµηαβΛ
β
ν , ✭✷✳✸✵✮

♦✉ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧

η = ΛTηΛ. ✭✷✳✸✶✮

❖ ❣r✉♣♦ ❞❡ ♠❛tr✐③❡s Λ q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ (2.31) é ❞❡s✐❣♥❛❞♦ ♣♦r O (3, 1)

❡ ❢♦r♠❛ ✉♠ ❣r✉♣♦✳ ❙❡♥❞♦ ❛ss✐♠✱ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠♦str❛❞♦ ♥❛ s✉❜s❡çã♦

✷✳✷✳✶ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❝❛r❛❝t❡r✐③á✲❧♦✳

❖ ❣r✉♣♦ O (3, 1) é ♠✉✐t♦ ❣❡r❛❧ ❡✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ♥❡♠ t♦❞♦s ♦s ❡❧❡✲

♠❡♥t♦s ❞❡ O (3, 1) ♣♦❞❡♠ s❡r ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❛ ✐❞❡♥t✐❞❛❞❡✳ P♦rt❛♥t♦✱ ❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣♦❞❡r ❡①♣r❡ss❛r s❡✉s ❡❧❡♠❡♥t♦s ♣ó①✐♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭❝♦♠♦ ♠♦s✲

tr❛❞♦ ♥❛ ❡q✉❛çã♦ (2.19)✮ é ♣❡r❞✐❞❛✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ O (3, 1) q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❛♠

✉s❛r t♦❞♦ ♦ ❢❡rr❛♠❡♥t❛❧ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ s✉❜s❡çã♦ ✷✳✷✳✶ ❢♦r♠❛♠ ✉♠ s✉❜❣r✉♣♦ ❝❤❛✲

♠❛❞♦ SO (3, 1)✳ ❖ ♥♦ss♦ ✐♥t❡r❡ss❡ r❡s✐❞❡ ♥❡ss❡ s✉❜❣r✉♣♦✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡

▲♦r❡♥t③ Λµν q✉❡ é ✐♥✜♥✐t❡s✐♠❛❧♠❡♥t❡ ♣ró①✐♠❛ ❛ ✉♥✐❞❛❞❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

Λµν = δµν + ωµν , ✭✷✳✸✷✮

♦♥❞❡ ωµν é ✉♠❛ ♠❛tr✐③ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥✜♥✐t❡s✐♠❛✐s✳ ❆ ❝♦♥❞✐çã♦ q✉❡ ❛ ♠❛tr✐①

ωµν ❞❡✈❡ s❛t✐s❢❛③❡r ♣❛r❛ q✉❡ Λµν s❡❥❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③ ✈á❧✐❞❛ ♣♦❞❡

s❡r ♦❜t✐❞♦ ✐♥s❡r✐♥❞♦ ❛ ❡q✉❛çã♦ (2.32) ♥❛ ❡q✉❛çã♦ (2.31)✱ ♦✉ s❡❥❛✱

ηµν =
(
δαµ + ωαµ

)
ηαβ

(
δβν + ωβν

)
,

= δαµηαβδ
β
ν + ωαµηαβδ

β
ν + δαµηαβω

β
ν + ωαµηαβω

β
ν ,

= ηµν + ωαµηαν + ηµβω
β
ν + ηαβω

α
µω

β
ν ,

= ηµν + ωνµ + ωµν + ηαβω
α
µω

β
ν . ✭✷✳✸✸✮

❘❡t❡♥❞♦ ❛♣❡♥❛s t❡r♠♦s ❧✐♥❡❛r❡s ❡♠ ωµν ✱ ♦❜t❡♠♦s✿

ηµν = ηµν + ωνµ + ωµν ,

✷✶



0 = ωνµ + ωµν . ✭✷✳✸✹✮

P♦rt❛♥t♦✱ ✈❡♠♦s q✉❡ ❛ ♠❛tr✐③ ωµν ❞❡✈❡ s❡r ❛♥t✐ss✐♠étr✐❝❛✳ ❖ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s

4×4 r❡❛✐s ❡ ❛♥t✐ss✐♠étr✐❝❛s ♣♦ss✉✐ ❞✐♠❡♥sã♦ 6✱ ♣♦rt❛♥t♦✱ ♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③ ♣♦ss✉✐

❞✐♠❡♥sã♦ 6✳ ❆ ❞✐♠❡♥sã♦ ❞♦ ❣r✉♣♦ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ✭❡ ❞❡✜♥✐❞❛✮ ❝♦♠♦ ♦ ♥ú♠❡r♦

♠á①✐♠♦ ❞❡ ♣❛râ♠❡tr♦s ❧✐✈r❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡✜♥✐r ✉♥✐✈♦❝❛♠❡♥t❡ ✉♠ ❡❧❡♠❡♥t♦

❞♦ ❣r✉♣♦✱ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡stã♦ é ✉♠❛ ♠❛tr✐③ 4 × 4 ❛♥t✐ss✐♠étr✐❝❛✳ ◆♦ ❝❛s♦

❛❝✐♠❛✱ ❛♣❡♥❛s 6 sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡s❝r❡✈❡r q✉❛❧q✉❡r ♠❛tr✐③ ❛♥t✐ss✐♠étr✐❝❛✳

❆ r❡❧❛çã♦ ❡♥tr❡ ωµν ❡ ωµν é ♦❜t✐❞❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ♠❡tr✐❝❛✱ ♦✉ s❡❥❛✱ ωµν =

ηµαωαν ✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠étr✐❝❛ ηµν = ❞✐❛❣(−,+,+,+)✻✱ ✈❡♠♦s q✉❡ ❛♣❡♥❛s ❛s

❝♦♠♣♦♥❡♥t❡s t✐♣♦ t❡♠♣♦✲❡s♣❛ç♦ ♠✉❞❛rã♦ ❞❡ s✐♥❛❧❀ ❛s ❝♦♠♣♦♥❡♥t❡s t✐♣♦ ❡s♣❛ç♦✲

❡s♣❛ç♦ ♥ã♦ s❡ ♠♦❞✐✜❝❛rã♦✳ ❆ss✐♠✱ ❛ ♠❛tr✐③ ❛♥t✐ss✐♠étr✐❝❛ ωµν ♠❛✐s ❣❡r❛❧ ♣♦ssí✈❡❧

é

ωµν =




0 b1 b2 b3

b1 0 −r3 r2

b2 r3 0 −r1
b3 −r2 r1 0



. ✭✷✳✸✺✮

❆ ♠❛tr✐③ ωµν é s✐♠étr✐❝❛ ♥♦s í♥❞✐❝❡s t✐♣♦ t❡♠♣♦✲❡s♣❛ç♦ ❡ ❛♥t✐ss✐♠étr✐❝❛ ♥♦s í♥❞✐❝❡s

t✐♣♦ ❡s♣❛ç♦✲❡s♣❛ç♦✳ ❖s ♣❛râ♠❡tr♦s b1, b2 ❡ b3 sã♦ r❡s♣♦♥sá✈❡✐s ♣♦r ♣r♦❞✉③✐r ❜♦♦sts

✐♥✜♥✐t❡s✐♠❛✐s ♥❛s ❞✐r❡çõ❡s 1, 2, 3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ ❥á ♦s ♣❛râ♠❡tr♦s r1, r2, r3 sã♦

r❡s♣♦♥sá✈❡✐s ♣♦r ♣r♦❞✉③✐r r♦t❛çõ❡s ❡♠ t♦r♥♦ ❞♦s ❡✐①♦s 1, 2, 3✳ ❯♠ ❡❧❡♠❡♥t♦ ❣❡r❛❧

❞♦ ❣r✉♣♦ SO (3, 1) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ✉♠ ωµν ✜♥✐t♦

Λµν = (expω)µν = δµν + ωµν +
1

2
ωµαω

α
ν +

1

6
ωµαω

α
βω

β
ν + · · · . ✭✷✳✸✻✮

◗✉❛♥❞♦ ❛♣❡♥❛s ♦s ri sã♦ ♥ã♦✲♥✉❧♦s✱ ❡st❛ tr❛♥s❢♦r♠❛çã♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ r♦t❛çã♦

❞❡ ✉♠ â♥❣✉❧♦ |~r| ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ r̂✳ ◗✉❛♥❞♦ ❛♣❡♥❛s ♦s bi sã♦ ♥ã♦✲♥✉❧♦s✱ ❡st❛

tr❛♥s❢♦r♠❛çã♦ ♥♦s ❢♦r♥❡❝❡ ✉♠ ❜♦♦st ❞❡ ✈❡❧♦❝✐❞❛❞❡ tanh
∣∣∣~b
∣∣∣ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ b̂✳

◗✉❛♥❞♦ ❛♠❜♦s ~r ❡~b sã♦ ♥ã♦✲♥✉❧♦s ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛

s♦♠❡♥t❡ ♣♦r ✉♠❛ r♦t❛çã♦ tã♦ ♣♦✉❝♦ ♣♦r ✉♠❛ tr❛♥s❧❛çã♦✳ ◆♦t❡ q✉❡✱ ❡♥q✉❛♥t♦ ✉♠❛

r♦t❛çã♦ |~r| = 2π ♥♦s ❢♦r♥❡❝❡ ❛ ✐❞❡♥t✐❞❛❞❡✱ ♥❡♥❤✉♠ ✈❛❧♦r ♥ã♦✲♥✉❧♦ ❞❡ ✉♠ ❜♦♦st

∣∣∣~b
∣∣∣

✻❯s❛r❡♠♦s ❡st❛ ❛ss✐♥❛t✉r❛ ♣❛r❛ ❛ ♠étr✐❝❛ ❛♣❡♥❛s ♥❡st❡ ❝❛♣ít✉❧♦✳ ◆♦s ❝❛♣ít✉❧♦s s✉❜s❡q✉❡♥t❡s
✉s❛r❡♠♦s ❛ ♠étr✐❝❛ ηµν =❞✐❛❣(+,−,−,−)✳

✷✷



♥♦s r❡t♦r♥❛rá ❛ ✐❞❡♥t✐❞❛❞❡✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♦ ❣r✉♣♦ SO (3, 1) é ✉♠ ❣r✉♣♦ ❞❡

▲✐❡ ♥ã♦✲❝♦♠♣❛❝t♦✳

❖ ❣r✉♣♦ SO (3, 1)✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ O (3, 1)✳

P♦ré♠✱ ♦ ❣r✉♣♦ O (3, 1) ♣♦ss✉✐ q✉❛tr♦ ♣❛rt❡s ❞❡s❝♦♥❡①❛s ❡ ✉♠❛ ❞❡st❛s ♣❛rt❡s é ♦

s✉❜❣r✉♣♦ SO (3, 1)✳ P❛r❛ ♦❜s❡r✈❛r♠♦s ❡st❛s q✉❛tr♦ ♣❛rt❡s✱ ❝❛❧❝✉❧❡♠♦s ♦ ❞❡t❡r♠✐✲

♥❛♥t❡ ❞❛ ❡q✉❛çã♦ (2.31)✿

det η = det
(
ΛTηΛ

)
,

= detΛT det η detΛ,

= det η × (detΛ)2 . ✭✷✳✸✼✮

❏á q✉❡ ❛ ♠étr✐❝❛ η é ♥ã♦✲s✐♥❣✉❧❛r✱ ♣♦❞❡♠♦s ❞✐✈✐❞✐r ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r det η ♣❛r❛

♦❜t❡r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

(detΛ)2 = 1→ det Λ = ±1. ✭✷✳✸✽✮

❖ ❞❡t❡r♠✐♥❛t❡ ❞❡✈❡ ✈❛r✐❛r ❝♦♥t✐♥✉❛♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦

❡ss❛s ❞✉❛s r❡❣✐õ❡s ❞❡ O (3, 1)✱ ♣♦ré♠✱ ♥ã♦ é ♣♦ssí✈❡❧ ✐r ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ 1 ❛ −1✳
P♦rt❛♥t♦✱ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ ❞❡ O (3, 1) ❝✉❥♦ det Λ = −1 ♣♦❞❡ ❢❛③❡r ♣❛rt❡ ❞♦ s✉❜✲

❣r✉♣♦ ❝♦♥❡❝t❛❞♦ SO (3, 1)✳ ❯♠ ❡❧❡♠❡♥t♦ ❞❡ O (3, 1) ❝✉❥♦ det Λ = 1 é ❝❤❛♠❛❞♦

♣ró♣r✐♦✱ ❡ ♦s ❡❧❡♠❡♥t♦s ❝✉❥♦ det Λ = −1 é ❝❤❛♠❛❞♦ ✐♠♣ró♣r✐♦✳ ❆❧é♠ ❞❛ ♣r♦✲

♣r✐❡❞❛❞❡ ❡①♣♦st❛ ❛❝✐♠❛✱ s❡ ❡①♣❛♥❞✐r♠♦s ❛ ❡q✉❛çã♦ (2.31) ♣❛r❛ µ = 0 ❡ ν = 0✱

♦❜t❡♠♦s✿

η00 = Λα0ηαβΛ
β
0 ,

−1 = Λ0
0η00Λ

0
0 +

3∑

k=1

Λk0ηkkΛ
k
0,

−1 = −Λ0
0Λ

0
0 +

3∑

k=1

Λk0Λ
k
0,

✷✸



❙❡t♦r❡s ❞♦ ●r✉♣♦ O (3, 1)

L↑
+ ✿ ❞❡t Λ = +1 ❡ Λ0

0 > +1 7→ SO (3, 1)

L↓
+ ✿ ❞❡t Λ = +1 ❡ Λ0

0 6 −1
L↑
− ✿ ❞❡t Λ = −1 ❡ Λ0

0 > +1

L↓
− ✿ ❞❡t Λ = −1 ❡ Λ0

0 6 −1

❚❛❜❡❧❛ ✷✳✽✿ ❙❡t♦r❡s ❞♦ ❣r✉♣♦ O (3, 1)✳

(
Λ0

0

)2
= 1 +

3∑

k=1

(
Λk0
)2 ≥ 1. ✭✷✳✸✾✮

❆ss✐♠ ♦ q✉❛❞r❛❞♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ t✐♣♦ t❡♠♣♦✲t❡♠♣♦ ♣❛r❛ q✉❛❧q✉❡r ♠❛tr✐③ Λ ❞❡✈❡

s❡r ♣❡❧♦ ♠❡♥♦s ✐❣✉❛❧ ❛ 1 ❡✱ ♣♦rt❛♥t♦✱ Λ0
0 ≤ 1 ♦✉ Λ0

0 ≥ 1✳ ◆♦✈❛♠❡♥t❡✱ ♥ã♦ ♣♦❞❡♠♦s ✐r

❝♦♥t✐♥✉❛♠❡♥t❡ ❞❛ r❡❣✐ã♦ ≥ 1 à ≤ −1❀ s❡♥❞♦ ❛ss✐♠✱ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ ❞❡ SO (3, 1)

♣♦❞❡ t❡r Λ0
0 < 0✳ ❯♠ ❡❧❡♠❡♥t♦ ❞❡ O (3, 1) q✉❡ t❡♠ Λ0

0 ≥ 1 é ❝❤❛♠❛❞♦ ❞❡ ♦rtó❝r♦♥♦

❡ ✉♠ ❡❧❡♠❡♥t♦ ❝♦♠ Λ0
0 ≤ 1 é ❝❤❛♠❛❞♦ ❞❡ ♥ã♦✲♦rtó❝r♦♥♦✳ ❆ t❛❜❡❧❛ ✷✳✽ s✐♥t❡t✐③❛ ❛s

q✉❛tr♦ ♣❛rt❡s ❞❡s❝♦♥❡①❛s ❞♦ ❣r✉♣♦ O (3, 1)✳ ❆ t❛❜❡❧❛ ✷✳✽ ✐♥tr♦❞✉③ ✉♠❛ ♥♦t❛çã♦

♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s s❡t♦r❡s ❡ s✉♠❛r✐③❛ ❛s s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳

❖ ❡①❡♠♣❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✐♠♣ró♣r✐♦ ❡ ♦rtó❝r♦♥♦ ❞♦ ❣r✉♣♦ O (3, 1)

é ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ ✭Pµν✮ ♠♦str❛❞❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✷❛✮ q✉❡ s❛t✐s❢❛③

❛ ❡q✉❛çã♦ (2.31)✱ ♣♦ré♠✱ t❡♠ ❞❡t❡r♠✐♥❛♥t❡ −1✳ ❖ ❡①❡♠♣❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ✉♠ ❡❧❡✲

♠❡♥t♦ ✐♠♣ró♣r✐♦ ❡ ♥ã♦✲♦rtó❝r♦♥♦ é ❛ ✐♥✈❡rsã♦ t❡♠♣♦r❛❧ ✭Tµ
ν✮ ♠♦str❛❞❛ ♥❛ ❡q✉❛çã♦

✭✷✳✶✷❜✮ q✉❡ t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ (2.31)✱ ♣♦ré♠✱ t❡♠ T 0
0 = −1✳ ◗✉❛❧q✉❡r

s❡t♦r ❞❡ O (3, 1) ♣♦❞❡ s❡r ❛❝❡ss❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ SO (3, 1)❀ ♣❛r❛

✐ss♦✱ ❜❛st❛ ♠✉❧t✐♣❧✐❝❛r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ SO (3, 1) ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ I ✭s❡t♦r ♣ró♣r✐♦ ❡

♦rtó❝r♦♥♦✮✱ ♦✉ ♠✉❧t✐♣❧✐❝❛r ♣❡❧♦ ♦♣❡r❛❞♦r ♣❛r✐❞❛❞❡ P ✭s❡t♦r ✐♠♣ró♣r✐♦ ❡ ♦rtó❝r♦♥♦✮✱

♦✉ ♣❡❧♦ ♦♣❡r❛❞♦r r❡✈❡rsã♦ t❡♠♣♦r❛❧ T ✭s❡t♦r ✐♠♣ró♣r✐♦ ❡ ♥ã♦✲♦rtó❝r♦♥♦✮ ♦✉ ❛✐♥❞❛

♣❡❧❛ ❝♦♠♣♦s✐çã♦ PT ✭s❡t♦r ♣ró♣r✐♦ ❡ ♥ã♦✲♦rtó❝r♦♥♦✮✳ ❆ t❛❜❡❧❛ ✷✳✾ ♠♦str❛ ❝♦♠♦

♦❜t❡r t♦❞♦s ♦s s❡t♦r❡s ❞✐s❥✉♥t♦s ❞♦ ❣r✉♣♦ O (3, 1) ❛ ♣❛rt✐r ❞♦ s✉❜❣r✉♣♦ SO (3, 1)✳

❋✐♥❛❧✐③❛♠♦s ♠♦str❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❜❛st❛♥t❡ út✐❧ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③✳ ◆❛

t❛❜❡❧❛ ✷✳✶✵ ♥ós ♠♦str❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❛❝♦♣❧❛♠❡♥t♦s ✉s✉❛✐s ❡♥tr❡ ♦ ❡s♣✐♥♦r

✷✹



L↑
+ ←− I −→ L↑

+ ←− P −→ L↑
− = PL↑

+ ❖rtó❝r♦♥♦
↑ ↑
T T
↓ ↓
L↓
+ = TL↑

+ ←− P −→ L↓
− = PTL↑

+ ◆ã♦✲♦rtó❝r♦♥♦
Pró♣r✐❛ ■♠♣ró♣r✐❛

❚❛❜❡❧❛ ✷✳✾✿ ❆ t❛❜❡❧❛ ❛❝✐♠❛ ♥♦s ♠♦str❛ ❝♦♠♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♣❛r✐❞❛❞❡ P ❡
r❡✈❡rsã♦ t❡♠♣♦r❛❧ ❚ ❝♦♥❡❝t❛ t♦❞♦s ♦s s❡t♦r❡s ❞✐s❥✉♥t♦s ❞♦ ❣r✉♣♦ O(3, 1) ❛ ♣❛rt✐r
❞♦ s✉❜❣r✉♣♦ ❞❡ ▲♦r❡♥t③ SO(3, 1)

ψ ❡ ♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✼✳

❋♦r♠❛ ❇✐❧✐♥❡❛r ★a ✪ b

ψψ 1 ψψ 7→❊s❝❛❧❛r

✐ψγ5ψ 1 i❞❡t(Λ)ψγ5ψ 7→Ps❡✉❞♦❡s❝❛❧❛r

ψγµψ 4 ψγµψ 7→❱❡t♦r

ψγ5γµψ 4 ❞❡t(Λ)ψγ5γµψ 7→Ps❡✉❞♦✈❡t♦r

ψσµνψ 6 ψσµνψ 7→❚❡♥s♦r

❛ ★ s✐❣♥✐✜❝❛ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s

❜ ✪ ❆♣ós tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③

❞❡t(Λ) ❛♣❛r❡❝❡ ♥♦s ❜✐❧✐♥❡❛r❡s γ5✱ ♣♦✐s ❡st❡s ❞❡♣❡♥❞❡♠ ❞❛ ♥❛t✉r❡③❛

❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③✳ ■st♦ é✱ s❡ sã♦ ♣ró♣r✐❛s ♦✉ ✐♠♣ró♣r✐❛s✳

❚❛❜❡❧❛ ✷✳✶✵✿ ❚r❛♥s❢♦♠❛çã♦ ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦♠❛çã♦
❞❡ ▲♦r❡♥t③

❚♦❞❛ ❛ r❡✈✐sã♦ ❢❡✐t❛ ❛q✉✐ s❡rá ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ♣ró①✐♠♦s

❝❛♣ít✉❧♦s✳

✼❈♦♠♦ ♥ã♦ ❞✐s❝✉t✐♠♦s ❛q✉✐ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③✱ ♥ã♦ s❡rá ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r
❡st❡s r❡s✉❧t❛❞♦s✳ ❍á ✉♠❛ ✈❛st❛ ❧✐t❡r❛t✉r❛ q✉❡ tr❛t❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ ❡♠ q✉❡stã♦ ❡ q✉❡
❞❡♠♦♥str❛♠ t❛✐s r❡s✉❧t❛❞♦s✳ ❆s r❡❢❡r❡♥❝✐❛s ❝✐t❛❞❛s ♥♦ ✐♥✐❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞❛s
♣❛r❛ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ❣r✉♣♦s ❞❡ ▲✐❡✳

✷✺
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❈❛♣ít✉❧♦ ✸

❖ ▼♦❞❡❧♦ P❛❞rã♦ ❊st❡♥❞✐❞♦ (MPE)

❋✐❣✉r❛ ✸✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tó✲
r✐❝❛ ❞❛s ✢✉t✉❛çõ❡s q✉❡ ♦❝♦rr❡♠
♥❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ♥❛
❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳ ❋✐❣✉r❛ ❞✐s♣♦✲
♥í✈❡❧ ❡♠ ❬✻✸❪

❙❛❜❡✲s❡ q✉❡ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❡stá ✐♥✲

t✐♠❛♠❡♥t❡ ❧✐❣❛❞❛ à ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❆ss✐♠✱ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ ♥❡ss❛ ❡str✉t✉r❛ ♣♦❞❡

✐♥❞✉③✐r ❛ ♣❡r❝❛ ❞❛q✉❡❧❛ s✐♠❡tr✐❛✳ ❊♠ ♣❡✲

q✉❡♥❛s ❡s❝❛❧❛s✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ s♦❢r❡ ✐♥ú♠❡✲

r❛s ✢✉t✉❛çõ❡s ❬✶✶✕✶✸❪✱ ♣♦rt❛♥t♦✱ é ❡s♣❡r❛❞♦ q✉❡

❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ s❡❥❛ q✉❡❜r❛❞❛✳ ❆ ✜✲

❣✉r❛ ✸✳✶ r❡♣r❡s❡♥t❛✱ ❞❡ ♠❛♥❡✐r❛ ♣✐❝tór✐❝❛✱ ♦

q✉❡ ♦❝♦rr❡ ❝♦♠ ❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦

♥❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳ ❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐✲

r❡t❛ ❞❡ss❛s ✢✉t✉❛çõ❡s ♠❛♥✐❢❡st❛✲s❡ q✉❛♥❞♦ ♣❛r✲

tí❝✉❧❛s ♣r♦♣❛❣❛♠✲s❡ ♣❡❧♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❆♦

♣r♦♣❛❣❛r❡♠✲s❡✱ ❛s ♣❛rtí❝✉❧❛s ✏❝♦❧✐❞❡♠✑ ❝♦♠ ❡s✲

s❛s ✢✉t✉❛çõ❡s q✉❡ ♣♦r s✉❛ ✈❡③ ♠♦❞✐✜❝❛♠ s✉❛s

♣r♦♣r✐❡❞❛❞❡s✳ ❈♦♠♦ ❛s ✢✉t✉❛çõ❡s sã♦ ❛❧❡❛tó✲

r✐❛s✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ♣❛rtí❝✉❧❛s ♣❛ss❛♠ ❛

❞❡♣❡♥❞❡r ❞❛ ❞✐r❡çã♦ ❡♠ q✉❡ s❡ ♣r♦♣❛❣❛♠✳ ❆ ✜✲

❣✉r❛ ✸✳✷ ✐❧✉str❛ ♣❛rtí❝✉❧❛s ♣r♦♣❛❣❛♥❞♦✲s❡ ❛tr❛✲

✈és ❞❛s ✢✉t✉❛çõ❡s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❖MPE✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ s✉r❣✐✉ ❡♥tã♦ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡st❡♥❞❡r ♦MP ❞❛s

♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♣♦ssí✈❡✐s ✈✐♦❧❛çõ❡s ❞❛ s✐♠❡tr✐❛ ❞❡
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▲♦r❡♥t③✳ ❆❝r❡❞✐t❛✲s❡ q✉❡ ♦ MP✱ ❛ss✐♠ ❝♦♠♦ ♦ MPE✱ é ♦ ❧✐♠✐t❡ ❡♠ ❜❛✐①❛s ❡♥❡r❣✐❛s

❞❡ ✉♠❛ t❡♦r✐❛ ♠❛✐s ❢✉♥❞❛♠❡♥t❛❧ ♥❛ q✉❛❧ ✉♠❛ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛ ♣❛r❛ ❛ ❣r❛✈✐t❛çã♦

s❡r✐❛ ❢❛❝tí✈❡❧✳ ❆ ❡s❝❛❧❛ ♥❛t✉r❛❧ ❞❡st❛ t❡♦r✐❛ ❢✉♥❞❛♠❡♥t❛❧ é ❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳

❚❛❧ ❡s❝❛❧❛ ❝❛r❛❝t❡r✐③❛✲s❡ ♣❡❧❛ ♠❛ss❛ ❞❡ P❧❛♥❝❦ Mp✱ ❝✉❥❛ ♠❛❣♥✐t✉❞❡ é ∼ 1019 ●❡❱✳

P❛r❛ s❡ t❡r ✉♠❛ ✐❞é✐❛ ❞❡ q✉ã♦ ❞✐st❛♥t❡s ❡st❛♠♦s ❞❡st❡ ✈❛❧♦r✱ ❛ ❡s❝❛❧❛ ❡❧❡tr♦❢r❛❝❛

❞♦ MP é 17 ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ♠❡♥♦r q✉❡ ❛ ❡s❝❛❧❛ ❡♠ q✉❡stã♦✳ P♦rt❛♥t♦✱ é

❡s♣❡r❛❞♦ q✉❡ ❡❢❡✐t♦s ❛❞✈✐♥❞♦s ❞❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦ s❡❥❛♠ s✉♣r✐♠✐❞♦s ♣❡❧♦ ❢❛t♦rMp✳

❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ♣✐❝tór✐❝❛ ❞❡
♣❛rtí❝✉❧❛s s❡ ♣r♦♣❛❣❛♥❞♦ ♥♦ ❡s♣❛ç♦✲
t❡♠♣♦✳ ❆s ♣❛rtí❝✉❧❛s ❛♦ s❡ ♣r♦♣❛❣❛r❡♠
✏s❡♥t❡♠✑ ❛ ♣r❡s❡♥ç❛ ❞❛s ✢✉t✉❛çõ❡s ❞♦
❡s♣❛ç♦✲t❡♠♣♦✳ ❈♦♠♦ ❛s ✢✉t✉❛çõ❡s sã♦
❛❧❡❛tór✐❛s✱ ❛s ♣❛rtí❝✉❧❛s ❡①✐❜✐rã♦ ♣r♦♣r✐✲
❡❞❛❞❡s ❞✐❢❡r❡♥t❡s ❛♦ s❡ ♣r♦♣❛❣❛r❡♠ ❡♠
❞✐r❡çõ❡s ❞✐❢❡r❡♥t❡s✳ ❋✐❣✉r❛ ❞✐s♣♦♥í✈❡❧ ❡♠
❬✻✹❪

❖ MPE ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❱✳❆✳

❑♦st❡❧❡❝❦ý ❡ ❉✳ ❈♦❧❧❛❞❛② ❡ ❢♦✐ ♠❡♥✲

❝✐♦♥❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦s ❛rt✐❣♦s

❬✶✼✱ ✶✽❪✳ ◆❡st❡ ♠♦❞❡❧♦✱ ❑♦st❡❧❡❝❦ý

❡ ❈♦❧❧❛❞❛② ❝♦♥s✐❞❡r❛r❛♠ q✉❡ ❛ ✈✐♦❧❛✲

çã♦ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱

q✉❡ ♦❝♦r❡rá ♥❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✱ ❞❡✲

✈❡r✐❛ ♠❛♥✐❢❡st❛r✲s❡ ❛tr❛✈és ❞❡ ❝❛♠♣♦s

❞❡ ❢✉♥❞♦ ✜①♦s ✭❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✮ ♥♦

❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s✳ ❖s ❜❛❝❦✲

❣r♦✉♥❞ ✜❡❧❞s sã♦ ✐♥tr♦❞✉③✐❞♦s à ♠ã♦

♥♦ MPE ♥ã♦✲❣r❛✈✐t❛❝✐♦♥❛❧✳ ❊ss❡s ❜❛❝❦✲

❣r♦✉♥❞ ✜❡❧❞s ❛❝♦♣❧❛♠✲s❡ ❛♦s ❝❛♠♣♦s ❢í✲

s✐❝♦s ❛tr❛✈és ❞❡ t❡r♠♦s ✐♥✈❛r✐❛♥t❡s ❞❡

❝♦♦r❞❡♥❛❞❛s✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ❛ ✐♥✲

✈❛r✐â♥❝✐❛ ❞❡ ▲♦r❡♥t③ é q✉❡❜r❛❞❛ ❡①♣❧í✲

❝✐t❛♠❡♥t❡✳ ❆ q✉❡❜r❛ ❡①♣❧í❝✐t❛ ❞✐❢❡r❡✲s❡

❞❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛✱ ♣♦✐s ♦s t❡r♠♦s

q✉❡ ♣r♦❞✉③❡♠ ❛q✉❡❧❛ q✉❡❜r❛ ♥ã♦ ❞❡✲

♣❡♥❞❡♠ ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦ ♣❛r❛ ♦❝♦rr❡ − ♦s t❡r♠♦s q✉❡ ✐♥❞✉③❡♠ ❛ q✉❡❜r❛ ❡①♣❧í✲

❝✐t❛ sã♦ ✐♥tr♦❞✉③✐❞♦s à ♠ã♦ ❡✱ ❡♠ ❣❡r❛❧✱ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦

❡s♣❛ç♦✲t❡♠♣♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡stã♦✱ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s sã♦ ❡s❝♦❧❤✐❞♦s ❞❡ ♠♦❞♦

❛ ✐♥❞❡♣❡♥❞❡r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ q✉❡❜r❛ ❡s♣♦♥✲

tâ♥❡❛ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r s❡r ✉♠❛ ❡s♣é❝✐❡ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ❛ss✐♠✱ é ♥❡❝❡ssár✐♦

✉♠ ♠❡❝❛♥✐s♠♦ ♣❛r❛ q✉❡ t❛❧ tr❛♥s✐çã♦ ♦❝♦rr❛✳ ❖ s✉❜♣r♦❞✉t♦ ❞❛ q✉❡❜r❛ ❡s♣ô♥t❛♥❡❛
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♣♦❞❡ ❞❡♣❡♥❞❡r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ MP ♦ ❝❛♠♣♦

❞❡ ❍✐❣❣s é ♦ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ♠❡❝❛♥✐s♠♦ ❞❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛✳ P❛r❛ ♦ s❡t♦r

♥ã♦✲❣r❛✈✐t❛❝✐♦♥❛❧✱ ✐♠♣❧❡♠❡♥t❛r ❛ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③ ✈✐❛ q✉❡❜r❛ ❡①♣❧í❝✐t❛ é ❝♦♥✈❡✲

♥✐❡♥t❡ ❡ ♥♦s ❝♦♥❞✉③ ❛ ✉♠❛ ❞❡s❝r✐çã♦ ❝♦♥s✐st❡♥t❡✳ ❆ q✉❡❜r❛ ❡①♣❧í❝✐t❛ ♥♦ ▼P❊ t❡♠

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❛ q✉❡❜r❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ▲♦r❡♥t③ ❛♣❡♥❛s ♥♦ r❡❢❡rê♥❝✐❛❧ ❞❛s

♣❛rtí❝✉❧❛s✶✳ ❉❡✈❡♠♦s r❡ss❛❧t❛r q✉❡ ♦ ♠♦❞♦ ❝♦♠♦ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s s❡ ❛❝♦♣❧❛♠

❛♦s ❝❛♠♣♦s ❢ís✐❝♦s ❞❡✈❡♠ r❡s♣❡✐t❛r ❛ s✐♠❡tr✐❛ ❞❡ ❣❛✉❣❡ SUc (3)×SUL (2)×UY (1)

❞♦MP, ✈✐st♦ q✉❡ ❡st❛ ❡str✉t✉r❛ ❡stá ❡♠ ❝♦♥s♦♥â♥❝✐❛ ❝♦♠ ♦s ✈❛st♦s ❡①♣❡r✐♠❡♥t♦s ❥á

❡①❡❝✉t❛❞♦s✳ ❆❧é♠ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱ ✈✐♦❧❛çõ❡s ❞❛ s✐♠❡tr✐❛ ❈P❚ t❛♠❜é♠ sã♦

❧❡✈❛❞❛s ❡♠ ❝♦♥s✐❞❡r❛çã♦✱ ✉♠❛ ✈❡③ q✉❡ ❤á ✉♠❛ r❡❧❛çã♦ ❡str❡✐t❛ ❡♥tr❡ ❡st❛s ❞✉❛s s✐✲

♠❡tr✐❛s✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ t❡♦r✐❛s ❞❡ ❝❛♠♣♦s✱ ●r❡❡♥❜❡r❣ ❬✻✺❪ ♠♦str♦✉ q✉❡ ✈✐♦❧❛çõ❡s

❞❛ s✐♠❡tr✐❛ ❈P❚ ✐♠♣❧✐❝❛♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱

s❡♥❞♦ q✉❡ ❛ r❡❝í♣r♦❝❛ ♥ã♦ s❡ ✈❡r✐✜❝❛✳ P♦r ✜♠✱ ✈❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡st❛♠♦s ♥♦s

r❡str✐♥❣✐♥❞♦ ❛♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ▼✐♥❦♦✇s❦✐✱ ✐st♦ é✱ ❛ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✳ ❊♠

❡s♣❛ç♦s✲t❡♠♣♦s ❝✉r✈♦s ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❞❡✐①❛ ❞❡ s❡r ✈✐♦❧❛❞❛ ❣❧♦❜❛❧♠❡♥t❡ ❡

♣❛ss❛ ❛ s❡r ✈✐♦❧❛❞❛ ❧♦❝❛❧♠❡♥t❡✳ ◆❡st❡ ú❧t✐♠♦ ❝❛s♦✱ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s ♣❛ss❛♠ ❛

❞❡♣❡♥❞❡r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♦✉ s❡❥❛✱ ❡♠ ❝❛❞❛ r❡❢❡r❡♥❝✐❛❧ ❤á ✉♠❛

❞✐r❡çã♦ ♣r✐✈✐❧❡❣✐❛❞❛✳ ❊ss❛ ♠✉❞❛♥ç❛ ♥❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ t♦r♥❛ t♦❞♦ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛q✉✐ ♠♦str❛❞♦ ♠✉✐t♦ ♠❛✐s ❞✐❢í❝✐❧✳ ❯♠❛ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ❡♥❝♦♥✲

tr❛❞❛s r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❛ q✉❡❜r❛ ❡①♣❧í❝✐t❛ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ s❡r ✐♥❝♦♥s✐st❡♥t❡

❝♦♠ ♦ ❝❛rát❡r ❧♦❝❛❧ ❛❞q✉✐r✐❞♦ ♣❡❧♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❆ss✐♠✱ ❛ q✉❡❜r❛ ❞❛ s✐♠❡tr✐❛

❞❡ ▲♦r❡♥t③ ❞❡✈❡ ❛❝♦♥t❡❝❡r ❞❡ ❢♦r♠❛ ❡s♣♦♥tâ♥❡❛ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ❡✈✐t❛r q✉❛❧q✉❡r

✐♥❝♦♥s✐stê♥❝✐❛ ❬✻✻✕✻✾❪✳ ❊♠ ✈✐st❛ ❞✐ss♦✱ ❡✈✐t❛r❡♠♦s q✉❛✐sq✉❡r ❝♦♠♣❧✐❝❛çõ❡s ❞❡ss❛

♥❛t✉r❡③❛✳ ◆❛ ✜❣✉r❛ ✸✳✸ ♠♦str❛♠♦s✱ ❞❡ ♠❛♥❡✐r❛ ✐❧✉str❛t✐✈❛✱ ❝♦♠♦ ♦s ❜❛❝❦❣r♦✉♥❞

✜❡❧❞ s❡ ❝♦♠♣♦rt❛♠ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✱ ✜❣✉r❛ ✸✳✸❛✱ ❡ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦

❝✉r✈♦✱ ✜❣✉r❛ ✸✳✸❜✳ ❱❡♠♦s ❝❧❛r❛♠❡♥t❡ ♥❛ ✜❣✉r❛ ✸✳✸❛ q✉❡ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞ ❛♣♦♥✲

✶❊♠ ❣❡r❛❧✱ ❤á ❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③ q✉❡ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞❛s ❛ ✉♠ s✐s✲
t❡♠❛✿ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♦❜s❡r✈❛❞♦r ✭♦✉ ❖❜s❡r✈❡r ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✮ ❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡
♣❛rtí❝✉❧❛s ✭♦✉ P❛rt✐❝❧❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✮✳ ❆ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ❞❡✈❡ s❡r ✐♥✈❛r✐❛♥t❡
♣❡r❛♥t❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✭❖❜s❡r✈❡r ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✮✱ ♦✉ s❡❥❛✱ ♥♦ss♦s
r❡s✉❧t❛❞♦s ♥ã♦ ♣♦❞❡♠ ❞❡♣❡♥❞❡r ❞❛ ❡s❝♦❧❤❛ ❞♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s✳ P♦ré♠✱ ❛s tr❛♥s❢♦r♠❛çõ❡s
♥♦ r❡❢❡r❡♥❝✐❛❧ ❞❛s ♣❛rtí❝✉❧❛s ❡ ❝❛♠♣♦s ✭P❛rt✐❝❧❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✮ ♣♦❞❡♠ s❡r ✈✐♦❧❛❞❛s✳ ❆
r❛③ã♦ ♣❛r❛ ❛ q✉❡❜r❛ ❞❡ss❛ ✐♥✈❛r✐â♥❝✐❛ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ ♥ã♦ t❡r♠♦s ❛❝❡ss♦ ❛♦s ❜❛❝❦❣r♦✉♥❞s✱ ♦✉
s❡❥❛✱ ❡❧❡s ❡stã♦ ✜①♦s ❡ ♥ã♦ ♣♦❞❡♠♦s tr❛♥s❢♦r♠á✲❧♦s✳ P♦rt❛♥t♦✱ ❤á ✉♠❛ ❝❧❛r❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❡st❡s
❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ❤á t❡r♠♦s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛
❞❡ ▲♦r❡♥t③✱ ❛♠❜❛s ❛s tr❛♥s❢♦r♠❛çõ❡s t♦r♥❛♠✲s❡ ❡q✉✐✈❛❧❡♥t❡s✳

✷✾



t❛♠ ♣❛r❛ ✉♠❛ ♠❡s♠❛ ❞✐r❡çã♦ ❡ ♣r❡❡♥❝❤❡♠ ♦ ❡s♣❛ç♦ ❞❡ ♠❛♥❡✐r❛ ❤♦♠♦❣ê♥❡❛✳ ❏á ♥❛

✜❣✉r❛ ✸✳✸❜✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞ ❛♣♦♥t❛♠ ❡♠ ❞✐r❡✲

çõ❡s ❞✐❢❡r❡♥t❡s ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ ♥ã♦ ♣r❡❡♥❝❤❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡

♦ ❡s♣❛ç♦ ❞❡ ♠❛♥❡✐r❛ ❤♦♠♦❣ê♥❡❛✳

✭❛✮ ❇❛❝❦❣r♦✉♥❞ ✜❡❧❞ ♥♦ ❡s♣❛ç♦ ❞❡ ▼✐♥✲
❦♦✇s❦✐

✭❜✮ ❇❛❝❦❣r♦✉♥❞ ✜❡❧❞ ❡♠ ✉♠ ♠❛♥✐❢♦❧❞

❝✉r✈♦

❋✐❣✉r❛ ✸✳✸✿ ❉✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❇❛❝❦❣r♦✉♥❞ ✜❡❧❞ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦ ❡ ✉♠
❡s♣❛ç♦✲t❡♠♣♦ ❝✉r✈♦✳

❊st✉❞❛r ❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❛ ✈✐♦❧❛çã♦ ❞❛s s✐♠❡tr✐❛s CPT ❡ ❞❡ ▲♦r❡♥t③ ❢♦r❛♠

✐♥tr♦❞✉③✐❞❛s ♣♦r ❑♦st❡❧❡❝❦ý ❡ ❈♦❧❧❛❞❛② ❛tr❛✈és ❞♦ MPE é ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣í✲

t✉❧♦✳ ▼♦str❛r❡♠♦s ❝♦♠♦ ♦s s❡t♦r❡s ❧❡♣tô♥✐❝♦✱ ❞❡ q✉❛r❦s✱ ❞❡ ❨✉❦❛✇❛✱ ❞❡ ❍✐❣❣s

❡ ❞❡ ❣❛✉❣❡ s❡ ♠♦❞✐✜❝❛♠✳ ❉❛r❡♠♦s ê♥❢❛s❡ ❛♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦✱ ❢♦❝❛♥❞♦ ♥♦ s❡t♦r

♠í♥✐♠♦ ❞♦ MPE✱ ❥á q✉❡ é ♥❡st❡ s❡t♦r q✉❡ r❡s✐❞❡ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡✳ ❆ ❡①t❡♥sã♦ ❞♦

s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ♣❛r❛ ♦ ♥ã♦✲♠í♥✐♠♦ s❡rá ❛♣r❡s❡♥t❛❞♦ ❛♣❡♥❛s ♥♦ ♣ró①✐♠♦

❝❛♣ít✉❧♦✳

✸✳✶ ❖s s❡t♦r❡s ❞♦ MPE

❈♦♠❡ç❛♠♦s ❛♣r❡s❡♥t❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ❞♦ MPE, q✉❡ é ❝♦♠♣♦st❛

♣❡❧♦s s❡❣✉✐♥t❡s t❡r♠♦s

LMPE = LMP + LGR + δLLV, ✭✸✳✶✮

♦♥❞❡ LMP é ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ q✉❡ ❞❡s❝r❡✈❡ ♦ MP ♠í♥✐♠♦✱ ❝✉❥❛ s✐♠❡tr✐❛

é SUc (3)× SUL (2)× UY (1)✱ LGR é ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ❞❛ ✐♥t❡r❛çã♦ ❣r❛✈✐✲

✸✵



t❛❝✐♦♥❛❧ ♣❛❞rã♦ ❡ δLLV ✭▲♦r❡♥t③ ❱✐♦❧❛t✐♦♥ ✲ ▲❱✮ ❛❜r❛♥❣❡ t♦❞❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s

❛❞✈✐♥❞❛s ❞❛ ✈✐♦❧❛çã♦ ❞❡ CPT ❡ ❞❡ ▲♦r❡♥t③✳ ❈❛❞❛ ✉♠❛ ❞❛s ❞❡♥s✐❞❛❞❡s ▲❛❣r❛♥❣❡✲

❛♥❛s ♣r❡s❡♥t❡ ♥❛ ❡q✉❛çã♦ (3.1) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❡ ♠❛♥❡✐r❛ ❛ ❡①♣❧✐❝✐t❛r t♦❞♦s ♦s

s❡t♦r❡s q✉❡ ♦s ❝♦♠♣õ❡♠✳ ■♥✐❝✐❛r❡♠♦s ❞❡❝♦♠♣♦♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ LMP✱

❛ s❛❜❡r

LMP = LMP
Lepton + LMP

Quark + LMP
Yukawa + LMP

Higgs + LMP
Gauge, ✭✸✳✷✮

♦♥❞❡ LMP
Lepton ❞❡s❝r❡✈❡ ♦ s❡t♦r ❞♦s ❧é♣t♦♥s✱ LMP

Quark ❞❡s❝r❡✈❡ ♦ s❡t♦r ❞♦s q✉❛r❦s✱

LMP
Yukawa ❞❡s❝r❡✈❡ ♦ s❡t♦r ❞❡ ❨✉❦❛✇❛✱ LMP

Higgs ❞❡s❝r❡✈❡ ♦ s❡t♦r ❞❡ ❍✐❣❣s ❡ LMP
Gauge

❞❡s❝r❡✈❡ ♦ s❡t♦r ❞❡ ❣❛✉❣❡✳

❆s ❝♦♥tr✐❜✉✐çõ❡s ❛❞✈✐♥❞❛s ❞❛ ▲❛❣r❛♥❣❡❛♥❛ δLLV ♣♦❞❡♠ s❡r ❡str✉t✉r❛❞❛s ❡①✲

♣❧✐❝✐t❛♥❞♦ ❛ ♥❛t✉r❡③❛ CPT ❞❡ ❝❛❞❛ s❡t♦r✱ ♦✉ s❡❥❛✱ s❡ ♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠

❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ t❛♠❜é♠ ✈✐♦❧❛♠ ♦✉ ♥ã♦ CPT✳ ❆ s❡❣✉✐r✱ ♦r❣❛♥✐③❛♠♦s ❝❛❞❛

s❡t♦r ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❝❧❛ss✐✜❝❛çõ❡s✱

δLLV = LCPT−par
Lepton + LCPT−impar

Lepton + LCPT−par
Quark + LCPT−impar

Quark + LCPT−par
Yukawa

+ LCPT−par
Higgs + LCPT−impar

Higgs + LCPT−par
Gauge + LCPT−impar

Gauge . ✭✸✳✸✮

❖❜s❡r✈❛✲s❡ q✉❡ ♦s s❡t♦r❡s ❞♦s ❧é♣t♦♥s✱ ❞♦s q✉❛r❦s✱ ❞❡ ❍✐❣❣s ❡ ❞❡ ❣❛✉❣❡ ♣♦ss✉❡♠

❛♠❜❛s ❝♦♥tr✐❜✉✐çõ❡s CPT, ❛♦ ♣❛ss♦ q✉❡ ♦ s❡t♦r ❞❡ ❨✉❦❛✇❛ ♣♦ss✉✐ ❛♣❡♥❛s ❝♦♥✲

tr✐❜✉✐çõ❡s CPT− par✳ ❚♦❞❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s ♠♦str❛❞❛s ♥❛ ❡q✉❛çã♦ (3.3) sã♦

❝♦♥str✉í❞❛s ❞❡ ♠♦❞♦ ❛ q✉❡❜r❛r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s s✐♠❡tr✐❛s CPT ❡ ❞❡ ▲♦r❡♥t③✳ ❆

q✉❡❜r❛ ❡①♣❧í❝✐t❛✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ♠❛♥✐❢❡st❛✲s❡ ❛tr❛✈és ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s

❡✱ ❝♦♠♦ ❞❡✈❡♠♦s ♣r❡s❡r✈❛r ❛ s✐♠❡tr✐❛ SUc (3)×SUL (2)×UY (1)✱ ❡st❡s ❝❛♠♣♦s ♥ã♦

s❡ ❛❝♦♣❧❛♠ ❛♦s ❝❛♠♣♦s ❢ís✐❝♦s ❞❡ q✉❛❧q✉❡r ❢♦r♠❛✳ Pr❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ❛ ❢♦r♠❛ ❡①✲

♣❧í❝✐t❛ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❞❡♥s✐❞❛❞❡s ▲❛❣r❛♥❣❡❛♥❛s q✉❡ ❝♦♠♣õ❡♠ ❛ ❡q✉❛çã♦ (3.3)✳

P♦ré♠✱ ❛♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❝♦♥❝❡✐t♦s út❡✐s

♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❡♥t❡♥❞❡r ❛s ❡str✉t✉r❛s ▲❛❣r❛♥❣❡❛♥❛s q✉❡ s❡rã♦ ♠♦str❛❞❛s✳ ❖s

❧é♣t♦♥s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠ s❡r ♦r❣❛♥✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

LA =

(
νA

lA

)

L

, RA = (lA)R , ✭✸✳✹✮

♦♥❞❡ LA ❞❡s❝r❡✈❡ ♦s ❧é♣t♦♥s ❞❡ q✉✐r❛❧✐❞❛❞❡ ❧❡❢t q✉❡ s❡ tr❛♥s❢♦r♠❛♠ ❝♦♠♦ s✐♥❣❧❡t♦s

✸✶



s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ SUc (3)✱ ❝♦♠♦ ❞✉❜❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ SUL (2) ❡ ♣♦ss✉❡♠

✇❡❛❦ ❤②♣❡r❝❤❛r❣❡ Y ✐❣✉❛❧ ❛ −1
2
✳ ❏á RA r❡♣r❡s❡♥t❛ ♦s ❧é♣t♦♥s ❞❡ q✉✐r❛❧✐❞❛❞❡ r✐❣❤t

q✉❡ s❡ tr❛♥s❢♦r♠❛♠ ❝♦♠♦ s✐♥❣❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦s ❣r✉♣♦s SUc (3) ❡ SUL (2) ❡

♣♦ss✉❡♠ ✇❡❛❦ ❤②♣❡r❝❤❛r❣❡ Y = +1
2
. ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♦s q✉❛r❦s sã♦ ♦r❣❛♥✐③❛❞♦s

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

QA =

(
uA

dA

)

L

, UA = (uA)R , DA = (dA)R . ✭✸✳✺✮

❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ QA ❞❡s❝r❡✈❡ ♦s q✉❛r❦s ❞❡ q✉✐r❛❧✐❞❛❞❡ ❧❡❢t✱ q✉❡ s❡ tr❛♥s❢♦r♠❛♠

❝♦♠♦ tr✐♣❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ SUc (3)✱ ❝♦♠♦ ❞✉❜❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦

SUL (2) ❡ ♣♦ss✉❡♠ ✇❡❛❦ ❤②♣❡r❝❤❛r❣❡ Y = +1
6
✳ ❏á ♦s q✉❛r❦s UA ❡ DA ♣♦ss✉❡♠

q✉✐r❛❧✐❞❛❞❡ r✐❣❤t ❡ s❡ tr❛♥s❢♦r♠❛♠ ❝♦♠♦ tr✐♣❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ SUc (3)✱

❝♦♠♦ s✐♥❣❧❡t♦s s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ SUL (2)✱ s❡♥❞♦ ❞♦t❛❞♦s ❞❡ ✇❡❛❦ ❤②♣❡r❝❤❛r❣❡

Y = +2
6
❡ Y = −1

3
✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆s q✉✐r❛❧✐❞❛❞❡s ❧❡❢t ❡ r✐❣❤t sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ♦♣❡r❛çã♦ ❞❡ ♣r♦❥❡çã♦

ψL ≡
1

2
(1− γ5)ψ, ψR ≡

1

2
(1 + γ5)ψ, ✭✸✳✻✮

♦♥❞❡ ψ é ✉♠ ❡s♣✐♥♦r q✉❛❧q✉❡r ❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦ t❡r♠♦ 1
2
(1∓ γ5) ❝♦♠♦ ♦

♦♣❡r❛❞♦r ♣r♦❥❡çã♦ PL,R, r❡s♣♦♥sá✈❡❧ ♣♦r ♥♦s ❢♦r♥❡❝❡r ❛s ❝♦♥tr✐❜✉✐çõ❡s ❧❡❢t ❡ r✐❣❤t

❞♦ ❡s♣✐♥♦r ψ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ✐♥❞✐❝❡ ✏A✑ q✉❡ ❛♣❛r❡❝❡ ♥♦s ❧é♣t♦♥s ❡ ♥♦s q✉❛r❦s

❛ss✉♠❡♠ ♦s ✈❛❧♦r❡s 1, 2 ❡ 3 ❡ s❡r✈❡ ♣❛r❛ r♦t✉❧❛r ❛s ❣❡r❛çõ❡s ✭♦✉ ♦s s❛❜♦r❡s✮ ❞♦s

q✉❛r❦s ❡ ❞♦s ❧é♣t♦♥s q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❝r❡✈❡r✳ ❆s ❣❡r❛çõ❡s sã♦

❞❡s✐❣♥❛❞❛s ❛ s❡❣✉✐r✿ lA ≡ (e, µ, τ)✱ νA ≡ (νe, νµ, ντ )✱ uA ≡ (u, c, t) ❡ dA ≡ (d, s, b)✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♥♦ ▼P❊ ❛♣❡♥❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❣❡r❛çõ❡s ❞❛s ♣❛rtí❝✉❧❛s

s❡ ♠♦❞✐✜❝❛♠✱ ♦✉ s❡❥❛✱ ♥❡♥❤✉♠❛ ♥♦✈❛ ♣❛rtí❝✉❧❛ é ✐♥tr♦❞✉③✐❞❛ ♥♦ ▼P❊✳ ◆❛ ✜❣✉r❛

✸✳✹ ♠♦str❛♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s ♥♦ ▼P ❡ ♥♦ ▼P❊✳ ❱❡♠♦s

❝❧❛r❛♠❡♥t❡ q✉❡ ❛ ♠❛♥❡✐r❛ ❝♦♠♦ t♦❞❛s ❛s ♣❛rtí❝✉❧❛s ❡stã♦ ♦r❣❛♥✐③❛❞❛s é ❛ ♠❡s♠❛✱

♣♦ré♠✱ ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❡❧❛s ✐rã♦ ♠❛♥✐❢❡st❛r s❡rã♦ ❞✐❢❡r❡♥t❡s✳

❆ s✐♠❡tr✐❛ ❞❡ ❣❛✉❣❡ ❞♦ MP, ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ é SUc (3)×SUL (2)×UY (1)✳

❖s ❜♦s♦♥s ❞❡ ❣❛✉❣❡✱ ❛ss♦❝✐❛❞♦s ❛♦s ❣❡r❛❞♦r❡s ❞❛ ❛❧❣❡❜r❛ ❞♦ ❣r✉♣♦ ❡♠ q✉❡stã♦✱ sã♦

✸✷



✭❛✮ ❉✐❛❣r❛♠❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s
♥♦ ▼P

✭❜✮ ❉✐❛❣r❛♠❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s
♥♦ ▼P❊

❋✐❣✉r❛ ✸✳✹✿ ❉✐❛❣r❛♠❛ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s✳ ❆ ❞✐❢❡r❡♥ç❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♥tr❡
❡st❡s ❞♦✐s ❞✐❛❣r❛♠❛s r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛r❡s ♥♦ ▼P❊ ❛♣r❡s❡♥t❛✲
r❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐❢❡r❡♥t❡s✱ t❛✐s ❝♦♠♦ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ♠♦❞✐✜❝❛❞❛s
✭❞❡s✐❣♥❛♠♦s ✐ss♦ ❝♦♠ ✉♠ˆ s♦❜r❡ ❛s ♣❛rtí❝✉❧❛s✮✳

♠♦str❛❞♦s ❛ s❡❣✉✐r✿

SUc (3)

↓
8 Gα

µ

α = 1, . . . , 8

× SUL (2)

↓
3 W a

µ

a = 1, . . . , 3

× UY (1)

↓
Bµ

❆s ♦✐t♦ ♣❛rtí❝✉❧❛s ❞❡ s♣✐♥ 1, Gα
µ✱ ❛ss♦❝✐❛❞❛s ❛♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛ SUc (3) sã♦

❝❤❛♠❛❞♦s ❞❡ ❣❧✉♦♥s✱ ♦ s✉❜s❝r✐t♦ ✏c✑ ❞❡s✐❣♥❛ ✏❝♦r✱✑ s❡♥❞♦ ❝♦♥❤❡❝✐❞♦s ♣♦r ♠❡❞✐❛r ❛

❢♦rç❛ ❢♦rt❡✳ ❆s três ♣❛rtí❝✉❧❛s ❞❡ s♣✐♥ 1✱Wα
µ ✱ ❡stã♦ ❛ss♦❝✐❛❞❛s ❛♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛

SUL (2) , ❡♥q✉❛♥t♦ ❛ ♣❛rtí❝✉❧❛✱ t❛♠❜é♠ ❞❡ s♣✐♥ 1, Bµ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❣r✉♣♦ ❞❡

s✐♠❡tr✐❛ UY (1)✳ ❖ s✉❜s❝r✐t♦ ✏L✑ q✉❡ ❛♣❛r❡❝❡ ❡♠ SUL (2) s✐❣♥✐✜❝❛ q✉❡ ❛♣❡♥❛s

♦s ❢ér♠✐♦♥s ❞❡ q✉✐r❛❧✐❞❛❞❡ ❧❡❢t ❝❛rr❡❣❛♠ ❡st❡ ♥ú♠❡r♦ q✉â♥t✐❝♦✱ ❡♥q✉❛♥t♦ q✉❡ ♦

s✉❜s❝r✐t♦ ✏Y✑ ❡♠ UY (1) ❞❡st✐♥❛✲s❡ ❛ ❞✐st✐♥❣✉✐r ♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛ ❛ss♦❝✐❛❞♦ ❛♦

♥ú♠❡r♦ q✉â♥t✐❝♦ ❞❡s✐❣♥❛❞♦ ♣♦r ✇❡❛❦ ❤②♣❡r❝❤❛r❣❡ ❞♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛ ❛ss♦❝✐❛❞♦

❛ ❝❛r❣❛ ❡❧étr✐❝❛ Q✳ ❖ ❣r✉♣♦ ❛ss♦❝✐❛❞♦ à ❝❛r❣❛ ❡❧étr✐❝❛ Q é ❞❡s✐❣♥❛❞♦ ♣♦r Uem (1) ❡

s✉r❣❡ ❝♦♠♦ ❣r✉♣♦ r❡s✐❞✉❛❧ ❛♣ós ❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ SUL (2)×UY (1)✳

❆s q✉❛tr♦ ♣❛rtí❝✉❧❛s ❞❡ s♣✐♥ 1 q✉❡ s✉r❣❡♠ ❛♣ós ❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛

✸✸



SUL (2) × UY (1) sã♦ ❛s r❡s♣♦♥sá✈❡✐s ♣♦r ♠❡❞✐❛r ❛s ✐♥t❡r❛çõ❡s ❢r❛❝❛s✱ ❜♦s♦♥s W±

❡ Z0✱ ❡ ❛s ✐♥t❡r❛çõ❡s ❡❧❡tr♦♠❛❣♥ét✐❝❛s✱ ❢ót♦♥s ✭Aµ✮✳ ❖s ✜❡❧❞ str❡♥❣t❤s✱ r❡❧❛t✐✈♦s ❛

❝❛❞❛ ✉♠ ❞♦s ❝❛♠♣♦s ❞❡ ❣❛✉❣❡ ❛❝✐♠❛✱ sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r✿

Gα
µν = ∂µG

α
ν − ∂νGα

µ + g3f
α
βγG

β
µG

γ
ν , ✭✸✳✼❛✮

W a
µν = ∂µW

a
ν − ∂νW a

µ + g2ǫabcW
b
µW

c
ν , ✭✸✳✼❜✮

Bµν = ∂µBν − ∂νBµ, ✭✸✳✼❝✮

♦♥❞❡ g2 ❡ g3 sã♦ ❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞♦s ❝❛♠♣♦ ❞❡ ❣❛✉❣❡✱ fαβγ ❡ ǫabc sã♦ ❛s

❝♦♥st❛♥t❡s ❞❡ ❡str✉t✉r❛ ❞♦s ❣r✉♣♦s ❞❡ s✐♠❡tr✐❛ SUc (3) ❡ SUL (2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

✭✈✐❞❡ s✉❜s❡çã♦ ✷✳✷✳✷✮✳ P♦r ✜♠✱ ♣♦ré♠ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ ❞❡♥♦t❛♠♦s ♦ ❞✉❜❧❡t♦

❞❡ ❍✐❣❣s ♥♦ ❣❛✉❣❡ ✉♥✐tár✐♦✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

φ =
1√
2

(
0

rφ

)
. ✭✸✳✽✮

❖ ❝❛♠♣♦ ❞❡ ❍✐❣❣s ❛♣ós s♦❢r❡r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ s❡rá

❞❡♥♦t❛❞♦ ♣♦r φc✳

❈♦♠ ❛s ♥♦t❛çõ❡s ❡ ♦s ❝♦♥❝❡✐t♦s ❛♣r❡s❡♥t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s ❞❡♥s✐❞❛❞❡s ▲❛❣r❛♥❣❡❛♥❛s q✉❡ ❞❡s❝r❡✈❡♠ ❝❛❞❛ ✉♠ ❞♦s s❡t♦r❡s ❞♦

MP✱ ❛ s❛❜❡r✿

LMP
Lepton =

i

2
L̄Aγ

µ←→D µLA +
i

2
R̄Aγ

µ←→D µRA, ✭✸✳✾❛✮

LMP
Quark =

i

2
Q̄Aγ

µ←→D µQA +
i

2
ŪAγ

µ←→D µUA +
i

2
D̄Aγ

µ←→D µDA, ✭✸✳✾❜✮

LMP
Yukawa = − (GL)AB L̄AφRB − (GU)AB Q̄Aφ

cUB − (GD)AB Q̄AφDB +H.c, ✭✸✳✾❝✮

LMP
Higgs = (Dµφ)

†Dµφ+ µ2φ†φ− λ

3!

(
φ†φ
)2
, ✭✸✳✾❞✮

LMP
Gauge = −

1

2
tr (GµνG

µν)− 1

2
tr (WµνW

µν)− 1

4
BµνB

µν . ✭✸✳✾❡✮

✸✹



♦♥❞❡ ❛s ❞❡r✐✈❛❞❛s ❝♦✈❛r✐❛♥t❡s
←→
D µ ♣♦ss✉❡♠ ❛s s❡❣✉✐♥t❡s ❢♦r♠❛s✿

Dµ = ∂µ +
i

2
g2W

a
µ τa + ig1YLepton−LBµ ↔ ▲é♣t♦♥s ❞❡ q✉✐r❛❧✐❞❛❞❡ ❧❡❢t✱ ✭✸✳✶✵❛✮

Dµ = ∂µ + ig1YLepton−RBµ ↔ ▲é♣t♦♥s ❞❡ q✉✐r❛❧✐❞❛❞❡ r✐❣❤t✱ ✭✸✳✶✵❜✮

Dµ = ∂µ +
i

2
g2W

a
µ τa +

i

2
g3G

α
µλα + ig1YQuark−LBµ ↔ ◗✉❛r❦s ❞❡ q✉✐r❛❧✐❞❛❞❡ ❧❡❢t✱

✭✸✳✶✵❝✮

Dµ = ∂µ +
i

2
g3G

α
µλα + ig1YQuark−RBµ ↔ ◗✉❛r❦s ❞❡ q✉✐r❛❧✐❞❛❞❡ r✐❣❤t , ✭✸✳✶✵❞✮

Dµ = ∂µ −
i

2
g2W

a
µ τa + ig1Bµ ↔ ❈❛♠♣♦ ❡s❝❛❧❛r✳ ✭✸✳✶✵❡✮

❖s ❝♦❡✜❝✐❡♥t❡s YLepton−L,R ❡ YQuark−L,R ❞❡s✐❣♥❛♠ ❛s ✇❡❛❦ ❤②♣❡r❝❤❛r❣❡ ♣❛r❛

❝❛❞❛ ✉♠ ❞♦s ❝❛♠♣♦s ❡♠ q✉❡ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ✐rá ❛t✉❛r✳ ❖s t❡r♠♦s τa ❡

λα sã♦ ♦s ❣❡r❛❞♦r❡s ❞♦s ❣r✉♣♦s ❞❡ s✐♠❡tr✐❛ SUL (2) ❡ SUc (3) ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡

♣♦❞❡♠ s❡r ✈✐st♦s ❞❡ ♠❛♥❡✐r❛ ❞❡t❛❧❤❛❞❛ ♥❛ s✉❜s❡çã♦ ✷✳✷✳✷✳

❯♠❛ ✈❡③ ❛♣r❡s❡♥t❛❞♦s ♦s s❡t♦r❡s ❞♦ ▼P ❡♠ s✉❛ ❡str✉t✉r❛✱ ♣❛ss❛♠♦s ❛ ❛♣r❡✲

s❡♥t❛r ♦s t❡r♠♦s ❞❡ LV ❡♠ ❝❛❞❛ ✉♠ ❞♦s s❡t♦r❡s✳ ❖s t❡r♠♦s✱ ❝♦♥t✐❞♦s ❡♠ δLLV,

q✉❡ ♠♦❞✐✜❝❛♠ ♦s ❧é♣t♦♥s ❡ ♦s q✉❛r❦s sã♦ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✿

LCPT−par
Lepton =

i

2
(cL)µνAB L̄Aγ

µ←→DνLB +
i

2
(cR)µνAB R̄Aγ

µ←→DνRB, ✭✸✳✶✶❛✮

LCPT−impar
Lepton = − (aL)µAB L̄Aγ

µLB − (aL)µAB R̄Aγ
µRB, ✭✸✳✶✶❜✮

LCPT−par
Quark =

i

2
(cQ)µνAB Q̄Aγ

µ←→DνQB +
i

2
(cU)µνAB ŪAγ

µ←→DνUB

+
i

2
(cD)µνAB D̄Aγ

µ←→DνDB, ✭✸✳✶✶❝✮

LCPT−impar
Quark =

i

2
(aQ)µAB Q̄Aγ

µQB +
i

2
(aU)µAB ŪAγ

µUB

+
i

2
(aD)µAB D̄Aγ

µDB, ✭✸✳✶✶❞✮

✸✺



♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s cµν ❡ aµ ❞❡✈❡♠ s❡r ❤❡r♠✐t✐❛♥♦s✳ ❖s ❝♦❡✜❝✐❡♥t❡s aµ tê♠ ❞✐♠❡♥✲

sã♦ ❞❡ ♠❛ss❛ 1✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s cµν sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s✱ ❝♦♥t❡♥❞♦ t❛♥t♦

✉♠❛ ♣❛rt❡ s✐♠étr✐❝❛ q✉❛♥t♦ ✉♠❛ ♣❛rt❡ ❛♥t✐ss✐♠étr✐❝❛✳ ❘❡s❛❧t❛♠♦s ❛✐♥❞❛ q✉❡ ♦s

❝♦❡✜❝✐❡♥t❡s cµν ❡ aµ✱ t❛♥t♦ ♥♦ s❡t♦r ❞♦s ❧é♣t♦♥s q✉❛♥t♦ ♥♦ s❡t♦r ❞♦s q✉❛r❦s✱ ♣♦❞❡♠

❛❝♦♣❧❛r ♣❛rtí❝✉❧❛s ❞❡ s❛❜♦r❡s ❞✐st✐♥t♦s❀ ✐ss♦ só ♦❝♦rr❡ q✉❛♥❞♦ A 6= B✳

❖ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦s ❢ér♠✐♦♥s ❡ ♦ ❝❛♠♣♦ ❞❡ ❍✐❣❣s é ❞❛❞♦ ♣♦r

LCPT−par
Yukawa = −1

2
(HL)µνAB L̄Aφσ

µνRB −
1

2
(HU)µνAB Q̄Aφ

cσµνUB

− 1

2
(HD)µνAB Q̄Aφσ

µνDB +H.c, ✭✸✳✶✷✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s Hµν sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s ❡ ❛♥t✐ss✐♠étr✐❝♦s✳ ➱ ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r

q✉❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡ é r❡s♣❡✐t❛❞❛✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦s ❛❝♦♣❧❛♠❡♥t♦s ❞❡

❨✉❦❛✇❛ (3.9c)✱ ♣♦ré♠✱ ❡str✉t✉r❛s ♥ã♦ tr✐✈✐❛✐s ❞❛s ♠❛tr✐③❡s γ ❛♣❛r❡❝❡♠✱ ♥❡st❡ ❝❛s♦✱

❛ ❡str✉t✉r❛ ♥ã♦ tr✐✈✐❛❧ é σµν ✳

❆s ♣♦ssí✈❡✐s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ♦ s❡t♦r ❞❡ ❍✐❣❣s q✉❡ r❡s♣❡✐t❛♠ ❛ s✐♠❡tr✐❛ ❞❡

❣❛✉❣❡ SUL (2)× UY (1) sã♦ ❞✐✈✐❞✐❞❛s ❡♠ ❞✉❛s ♣❛r❝❡❧❛s✱ ❛ s❛❜❡r✿

LCPT−par
Higgs =

1

2
(kφφ)

µν (Dµφ)
†Dνφ+H.c− 1

2
(kφB)

µν φ†φBµν

− 1

2
(kφW )µν φ†Wµνφ, ✭✸✳✶✸❛✮

LCPT−impar
Higgs = i (kφ)

µ φ†Dµφ+H.c. ✭✸✳✶✸❜✮

◆❛ ❡q✉❛çã♦ (3.13a)✱ ♦ ❝♦❡✜❝✐❡♥t❡ kφφ é ❛❞✐♠❡♥s✐♦♥❛❧ ❡ ♣♦❞❡ t❡r ✉♠❛ ♣❛rt❡ s✐♠é✲

tr✐❝❛ r❡❛❧ ❡ ✉♠❛ ♣❛rt❡ ❛♥t✐ss✐♠étr✐❝❛ ✐♠❛❣✐♥ár✐❛✳ ❏á ♦s ❝♦❡✜❝✐❡♥t❡s kφB ❡ kφW sã♦

❛❞✐♠❡♥s✐♦♥❛✐s✱ r❡❛✐s ❡ ❛♥t✐s✐♠étr✐❝♦s✳ ❆ ❝♦♥st❛♥t❡ kφ ♣r❡s❡♥t❡ ♥❛ ❡q✉❛çã♦ (3.13b)

♣♦ss✉✐ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 1 ❡ ♣♦❞❡ s❡r ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ❛r❜✐trár✐♦✳

P♦r ✜♠✱ ♦ s❡t♦r ❞❡ ❣❛✉❣❡ SUc (3)× SUL (2)× UY (1) ♠♦❞✐✜❝❛❞♦ ♣❡❧♦s t❡r♠♦s

❞❡ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③ sã♦✿

LCPT−par
Gauge = −1

2
(kG)κλµν tr

(
GκλGµν

)
− 1

2
(kW )κλµν tr

(
W κλW µν

)

✸✻



− 1

4
(kB)κλµν B

κλBµν , ✭✸✳✶✹❛✮

LCPT−impar
Gauge =

1

2
(k3)κ ǫ

κλµνtr

(
GλGµν +

2

3
ig3GλGµGν

)

+
1

2
(k2)κ ǫ

κλµνtr

(
WλWµν +

2

3
ig2WλWµWν

)

+
1

4
(k1)κ ǫ

κλµνBλBµν + (k0)κB
κ. ✭✸✳✶✹❜✮

❖s ❝♦❡✜❝✐❡♥t❡s kG,W,B sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s ❡ r❡❛✐s✱ ❛❧é♠ ❞❡ ♣♦ss✉ír❡♠ ❛s s✐♠❡tr✐❛s

❞♦ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❡ ♦ ❞✉♣❧♦✲tr❛ç♦ ♥✉❧♦✳ ❆ s✐♠❡tr✐❛ ❞♦ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ é

r❡q✉❡r✐❞❛✱ ♣♦✐s ❝♦♠♦ ♦s ✜❡❧❞ str❡♥❣t❤s sã♦ ❛♥t✐ss✐♠étr✐❝♦s ♥♦s s❡✉s í♥❞✐❝❡s✱ ❡♥tã♦✱

(kG,W,B)κλµν ❞❡✈❡ s❡r ❛♥t✐ss✐♠étr✐❝♦ ♥♦s ♣❛r❡s ❞❡ í♥❞✐❝❡s (κ, λ) ❡ (µ, ν)✳ ❈♦♠♦

❛ tr♦❝❛ ❞♦s ♣❛r❡s (κ, λ) ↔ (µ, ν) ♥ã♦ ♣♦❞❡ ❛❧t❡r❛r ❛ ❡str✉t✉r❛ ❞❛ ▲❛❣r❛♥❣❡❛♥❛✱

✉♠❛ ✈❡③ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✈✐♦❧❛çã♦ ❡stá ❛❝♦♣❧❛❞♦ ❛♦ ❜✐❧✐♥❡❛r ❞♦ ♠❡s♠♦ ✜❡❧❞

str❡♥❣t❤s✱ ❡♥tã♦ (kG,W,B)κλµν ❞❡✈❡ s❡r s✐♠étr✐❝♦ ♣❡r❛♥t❡ ❛ tr♦❝❛ (κ, λ) ↔ (µ, ν)✳

❊st❛s s❡♠❡tr✐❛s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s s✐♠❡tr✐❛s ❞♦ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✳ P❛r❛ ❡♥t❡♥✲

❞❡r ♣♦r q✉❡ r❡q✉❡r ❞✉♣❧♦✲tr❛ç♦ ♥✉❧♦✱ ✈❛♠♦s ✐♥✈❡st✐❣❛r ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ t❡r♠♦

−1
2
(kB)κλµν B

κλBµν ✱ ♣♦r ❡①❡♠♣❧♦✳ ❉❡❝♦♠♣♦♥❞♦ ♦ t❡♥s♦r (kB)κλµν ✱ t❡♠♦s

− 1

4
(kB)κλµν B

κλBµν = −1

4
(kB)κλµν B

κλBµν
∣∣∣
κ=µ

λ=ν
− 1

4
(kB)κλµν B

κλBµν
∣∣∣
κ 6=µ

λ 6=ν
.

✭✸✳✶✺✮

❙❡ ❡s❝♦❧❤❡r♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥✜❣✉r❛çã♦ ♣❛r❛ ❛s ❝♦♠♣♦♥❡♥t❡s (kB)
κλ

κλ ✱

(kB)0101 = (kB)0202 = (kB)0303 = − (kB)1212 = − (kB)1313 = − (kB)2323 ≡ (kB)tr ,

✭✸✳✶✻✮

♣♦❞❡♠♦s r❡♠♦✈❡r ♦ ❞✉♣❧♦✲tr❛ç♦ ❞♦ t❡♥s♦r (kB)κλµν ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(kB,traceless)κλµν = (kB)κλµν −
(kB)tr
16

ηκµηλν , (kB,traceless)κλκλ = 0. ✭✸✳✶✼✮

P❛r❛ ❡st❛ ❡s❝♦❧❤❛✱ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣✐❛♥❛

L = −1

4
BµνBµν −

1

4
(kB)κλµν B

κλBµν ,

✸✼



❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

L = −1

4
BµνBµν −

1

4

(
(kB,traceless)κλµν +

(kB)tr
16

ηκµηλν

)
BκλBµν , ✭✸✳✶✽❛✮

L = −1

4

(
1 +

(kB)tr
16

)
BµνBµν −

1

4
(kB,traceless)κλµν B

κλBµν . ✭✸✳✶✽❜✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s t❡r♠♦s q✉❡ ❛❞✈é♠ ❞♦ ❞✉♣❧♦✲tr❛ç♦ ♥ã♦ ❣❡r❛♠ ❝♦♥tr✐❜✉✐çõ❡s

r❡❧❡✈❛♥t❡s ✭❢❛❦❡ ▲❱ t❡r♠s✮✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠ s❡r ❛❜s♦r✈✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛

r❡❞❡✜♥✐çã♦ ♥♦s ❝❛♠♣♦s BµνBµν ✳ ❊♠ ✈✐st❛ ❞✐ss♦✱ ❡❧✐♠✐♥❛♠♦s✲♦s r❡q✉❡r❡♥❞♦ q✉❡ ♦s

t❡♥s♦r❡s kG,W,B t❡♥❤❛♠ ❞✉♣❧♦✲tr❛ç♦ ♥✉❧♦✳ ❖s ❝♦❡✜❝✐❡♥t❡s k1,2,3 sã♦ r❡❛✐s ❡ ♣♦ss✉❡♠

❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 1, ❡♥q✉❛♥t♦ q✉❡ k0 ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 3✳

❈♦♠♦ ♥♦ss♦ ✐♥t❡r❡ss❡ r❡s✐❞❡ ♥♦ s❡t♦r ❞❡ ❢ér♠✐♦♥s✱ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛✲

❧❤❛❞♦ ❞❡st❡ s❡t♦r ♥❛ ♣ró①✐♠❛ s❡çã♦✳ ❉❛r❡♠♦s ê♥❢❛s❡ à ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❧✐✈r❡ ♣❛r❛

✉♠ ú♥✐❝♦ ❢ér♠✐♦♥✱ ♠♦❞✐✜❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳

❚❛✐s ♦♣❡r❛❞♦r❡s sã♦ ❣❡r❛✐s✱ ♦✉ s❡❥❛✱ ♣♦ss✉❡♠ t❡r♠♦s q✉❡ ❡stã♦ ♣r❡s❡♥t❡s ♥♦ MPE

♠í♥✐♠♦✱ ❜❡♠ ❝♦♠♦ ❝♦♥tr✐❜✉✐çõ❡s q✉❡ ❛❞✈ê♠ ❞♦ MPE ♥ã♦✲♠í♥✐♠♦✳ ❆♣r❡s❡♥t❛r❡✲

♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦✱ ✉♠❛ ✈❡③ q✉❡ ❛s s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❥á

❢♦r❛♠ ❡①t❡♥s❛♠❡♥t❡ ❡st✉❞❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛✳ ■r❡♠♦s ♣♦st❡r❣❛ ❛ ❛♣r❡s❡♥t❛çã♦ ❞♦

s❡t♦r ♥ã♦✲♠í♥✐♠♦ ❞♦ ▼P❊ ♣❛r❛ ♦ ❝❛♣ít✉❧♦ ✹✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❧á é ♦ ❝❡♥ár✐♦

♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ❣❡♥❡r❛❧✐③❛çõ❡s✱ ♣♦✐s ♦❜t❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ♠❛♥❡✐r❛

❣❡♥❡r❛❧✐③❛❞❛✳

✸✳✷ ❖ s❡t♦r ❞❡ ❢ér♠✐♦♥s ♥♦ ▼P❊✲♠í♥✐♠♦

❖ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ tr❛❜❛❧❤♦ ❬✶✼❪✱

♥♦s q✉❛✐s ❉✳ ❈♦❧❧❛❞❛② ❡ ❆✳ ❑♦st❡❧❡❝❦ý ❡st✉❞❛r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝ s♦❜ ✐♥✢✉ê♥❝✐❛ ❞❡ ❞♦✐s t✐♣♦s ❞❡ ❜❛❝❦❣r♦✉♥❞s ✿ ✈❡t♦r✐❛❧✱ aµ, ❡ ♣s❡✉❞♦✈❡t♦✲

r✐❛❧✱ bµ✳ ❆ ♣❛rt✐r ❞❡st❡ ❡st✉❞♦✱ ♣♦❞❡✲s❡ ✐♥tr♦❞✉③✐r ❛❝♦♣❧❛♠❡♥t♦s ❞❛s ♠❛✐s ❞✐✈❡rs❛s

♥❛t✉r❡③❛s✱ ✈✐♦❧❛♥❞♦ ❈P❚ ♦✉ ♥ã♦ ❬✶✽❪✳ ❖s ❜❛❝❦❣r♦✉♥❞s sã♦ ✐♥tr♦❞✉③✐❞♦s ♥❛ ❞❡♥s✐✲

❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ❞❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝ ❛tr❛✈és ❞❡ ✉♠❛ q✉❡❜r❛ ❡①♣❧í❝✐t❛ ❞❛ s✐♠❡tr✐❛

❞❡ ▲♦r❡♥t③✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❉❡s❝r❡✈❡r❡♠♦s✱ ❛♣❡♥❛s

♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ t♦❞❛ ❛ t❡♦r✐❛ ♣❛r❛ ✉♠ ú♥✐❝♦ ❢ér♠✐♦♥✳ ❖ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥♦
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▼P❊✲♠í♥✐♠♦ é ❞❡s❝r✐t♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛✿

LMPE−mı́nimo =
1

2
iψ̄Γµ

←→
∂ µψ − ψ̄Mψ, ✭✸✳✶✾✮

♦♥❞❡ ψ é ♦ ❡s♣✐♥♦r ❞❡ ❉✐r❛❝ ❡ ψ̄ s❡✉ ❝♦♥❥✉❣❛❞♦✳ ❆s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♣♦❞❡♠ s❡r

♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ♦✉ s❡❥❛✱

∂µ

(
∂L

∂
(
∂µψ̄

)
)
− ∂L
∂ψ̄

= 0. ✭✸✳✷✵✮

❙✉❜st✐t✉✐♥❞♦ (3.19) ❡♠ (3.20)✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

(Γµi∂µ −M)ψ = 0. ✭✸✳✷✶✮

❖s ♦♣❡r❛❞♦r❡s Γµ ❡ M ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st♦s ❞❡ ♠♦❞♦ ❛ ♠❛♥✐❢❡st❛r s✉❛s

♣r♦♣r✐❡❞❛❞❡s s♦❜ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③ ❡ ❈P❚✳ P❛r❛ q✉❡ ✐ss♦ s❡❥❛ ♣♦ssí✈❡❧✱

♣r❡❝✐s❛♠♦s r❡❡s❝r❡✈ê✲❧♦s ❡♠ t❡r♠♦s ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✳ ❆ss✐♠✱ ❛s ✐♥t❡r❛çõ❡s

♣♦ssí✈❡✐s q✉❡ ♣♦❞❡♠ ❝♦♠♣♦r ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ (3.19) sã♦✿

Γµ = γµ + cµνγν + dµνγ5γν + eµ + ifµγ5 +
1

2
gµνκσνκ, ✭✸✳✷✷❛✮

M = mψ + aνγν + bνγ5γν +
1

2
Hνκσνκ, ✭✸✳✷✷❜✮

♦♥❞❡ mψ é ❛ ♠❛ss❛ ❞♦ ❢ér♠✐♦♥ ❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦ {cµν ✱ dµν ✱ eµ✱ fµ✱ gµνκ✱
aν ✱ bν ✱ Hνκ} ❢❛③❡♠ ♦ ♣❛♣❡❧ ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡

▲❛❣r❛♥❣❡❛♥❛ (3.19)✱ ♦s t❡r♠♦s Γµ ❡ M ♣♦ss✉❡♠ ❛s s❡❣✉✐♥t❡s ❞✐♠❡♥sõ❡s ❞❡ ♠❛ss❛

[Γµ] = [massa]0 , [M ] = [massa]1 ✭✸✳✷✸✮

❆ t❛❜❡❧❛ ✸✳✶ ♠♦str❛ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s ♥♦ q✉❡ t❛♥❣❡ ❛s s✉❛s

❞✐♠❡♥sõ❡s ❞❡ ♠❛ss❛✳

❈♦♠ ❛s ❞❡✜♥✐çõ❡s (3.22a) ❡ (3.22b) ❛❝✐♠❛✱ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (3.21)

✸✾



[cµν ] = [massa]0 [aν ] = [massa]1

[dµν ] = [massa]0 [bν ] = [massa]1

[Hνκ] = [massa]1 [eµ] = [massa]0

[gµνκ] = [massa]0 [fµ] = [massa]0

❚❛❜❡❧❛ ✸✳✶✿ ❉✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳

t♦r♥❛✲s❡✿

γµi∂µψ + cνµγν i∂µψ + dνµγ5γν i∂µψ + eµi∂µψ + ifµγ5i∂µψ +
1

2
gνκµσνκi∂µψ

−mψψ + aνγνψ + bνγ5γνψ +
1

2
Hνκσνκψ = 0. ✭✸✳✷✹✮

❙♦❜ tr❛♥s❢♦r♠❛çõ❡s ❈P❚✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❛❝✐♠❛ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❢❛❝✐❧✲

♠❡♥t❡ ✐♥✈♦❝❛♥❞♦ ❛s ✏r❡❣r❛s ❈P❚✑ ❞✐s♣♦st❛s ♥♦ ❝❛♣ít✉❧♦ ✷ ❡ ♦s r❡s✉❧t❛❞♦s ❛♣r❡✲

s❡♥t❛❞♦s ♥❛ t❛❜❡❧❛ ✷✳✺✳ ❯s❛♥❞♦✲❛s✱ ♦❜t❡♠♦s ♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ♥❛ t❛❜❡❧❛

✸✳✷✳

❈♦❡✜❝✐❡♥t❡s ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❜✐❧✐♥❡❛r❡s s♦❜ ❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❈P❚ ❈❧❛ss✐✜❝❛çã♦ ❈P❚

(CPT ) cνµγν i∂µ (CPT )−1 , (CPT ) γν i∂µ (CPT )−1 = γν i∂µ (CPT )cνµ(CPT )−1 7→❈P❚✲♣❛r

(CPT ) dνµγ5γν i∂µ (CPT )−1 , (CPT ) γ5γν i∂µ (CPT )−1 = γ5γν i∂µ (CPT )dνµ(CPT )−1 7→ ❈P❚✲♣❛r

(CPT ) eµi∂µ (CPT )−1 , (CPT ) i∂µ (CPT )−1 = −i∂µ (CPT )eµ(CPT )−1 7→ ❈P❚✲í♠♣❛r

(CPT ) fµγ5i∂µ (CPT )−1 , (CPT ) γ5i∂µ (CPT )−1 = −γ5i∂µ (CPT )fµ(CPT )−1 7→ ❈P❚✲í♠♣❛r

(CPT ) gνκµσνκi∂µ (CPT )−1 , (CPT )σνκi∂µ (CPT )−1 = −σνκi∂µ (CPT )gνκµ(CPT )−1 7→ ❈P❚✲í♠♣❛r

(CPT ) aνγν (CPT )−1 , (CPT ) γν (CPT )−1 = −γν (CPT )aν(CPT )−1 7→ ❈P❚✲í♠♣❛r

(CPT ) bνγ5γν (CPT )−1 , (CPT ) γ5γν (CPT )−1 = −γ5γν (CPT )bν(CPT )−1 7→ ❈P❚✲í♠♣❛r

(CPT )Hνκσνκ (CPT )−1 , (CPT )σνκ (CPT )−1 = σνκ (CPT )Hνκ(CPT )−1 7→ ❈P❚✲♣❛r

❚❛❜❡❧❛ ✸✳✷✿ ❈❛ss✐✜❝❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♠í♥✐♠♦s s♦❜ ❛ ❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦
❈P❚✳

❈♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s {cµν ✱ dµν ✱ eµ✱ fµ✱ gµνκ✱ aν ✱ bν ✱ Hνκ} sã♦ ❝❛♠♣♦s ❞❡ ❢✉♥❞♦

✜①♦s✱ ❡♥tã♦ s✉❛s ❝❧❛ss✐✜❝❛çõ❡s s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❈P❚ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡

✹✵



❞❡ ❝♦♠♦ ♦ s❡✉ ❜✐❧✐♥❡❛r s❡ tr❛♥s❢♦r♠❛ s♦❜ CPT ✳ ❆ss✐♠✱ s❡ ♦ ❜✐❧✐♥❡❛r ❝♦rr❡s♣♦♥❞❡♥t❡

❢♦r ❈P❚✲í♠♣❛r✱ ❡♥tã♦ ♦ ❝❛♠♣♦ ❞❡ ❢✉♥❞♦ ❞❡✈❡ s❡r ❈P❚✲í♠♣❛r✳

❖ s❡t♦r ♠í♥✐♠♦ ❞♦s ❢ér♠✐♦♥s ❢♦✐ ❡①t❡♥s❛♠❡♥t❡ ❡st✉❞❛❞♦ ♥♦s ú❧t✐♠♦s ❛♥♦s✳ ❊①✐s✲

t❡♠ ✐♥ú♠❡r♦s ❛rt✐❣♦s q✉❡ r❡♣♦rt❛♠ ♦s ❡❢❡✐t♦s ❛❞✈✐♥❞♦s ❞❛s ♠♦❞✐✜❝❛çõ❡s ❛♣r❡s❡♥t❛✲

❞❛s ❛❝✐♠❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❝❛✉s❛❧✐❞❛❞❡ sã♦ ❝♦♥❝❡✐t♦s ❡str❡✐t❛♠❡♥t❡

r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ◆♦ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✺✵❪✱ ♦s ❛✉✲

t♦r❡s ✐♥✈❡st✐❣❛r❛♠ ❝♦♠♦ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛ ❝❛✉s❛❧✐❞❛❞❡ s❡ ❝♦♠♣♦rt❛♠ ❡♠ t❡♦r✐❛s

q✉❡ ✈✐♦❧❛♠ ❈P❚ ❡ ▲♦r❡♥t③✳ ❖ ❛rt✐❣♦ ❛❜♦r❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ s♦❜ q✉❛✐s ❝✐r❝✉♥stâ♥❝✐❛s

♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ❞♦ ▼P❊ ♣r❡s❡r✈❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛ ❝❛✉s❛❧✐❞❛❞❡✳

❆❧é♠ ❞❡st❡s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ❡①t❡♥s❛s ❛♣❧✐❝❛çõ❡s ♥♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦

♠í♥✐♠♦ ❢♦r❛♠ ❢❡✐t❛s ❞❡ ♠♦❞♦ ❛ t❡♥t❛r r❡str✐♥❣✐r ♦s ✈❛❧♦r❡s ❞♦s ❜❛❝❦❣r♦✉♥❞s✳ ◆❛ r❡❢✳

❬✺✶❪ ♦s ❛✉t♦r❡s ✐♥✈❡st✐❣❛r❛♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ✈✐♦❧❛çã♦ ❞❡ ❈P❚ ❡ ❞❡ ▲♦r❡♥t③ ♥❛ t❡♦r✐❛

❞❡ ❉✐r❛❝✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❢♦✐ ♠♦❞✐✜❝❛❞❛ ♣♦r ❛❝♦♣❧❛♠❡♥t♦s

❞♦ t✐♣♦ aν ❡ bν ✳ ❈♦♥st❛t♦✉✲s❡ q✉❡✱ ♥♦ ❧✐♠✐t❡ ♥ã♦✲r❡❧❛t✐✈✐st✐❝♦✱ ♦ ❛❝♦♣❧❛♠❡♥t♦

✈❡t♦r✐❛❧✱ aν ✱ ♥ã♦ ❛❢❡t❛ ♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ❞♦ át♦♠♦ ❞❡ ❤✐❞r♦❣ê♥✐♦ ♥❡♠ ❣❡r❛ ❡❢❡✐t♦s

s✐❣♥✐✜❝❛t✐✈♦s✳ ❆ ♥ã♦ ❞❡t❡❝çã♦ ❞❡ ❡❢❡✐t♦s ❛❞✈✐♥❞♦s ❞❡st❡ t✐♣♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ é

❡s♣❡r❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡ ❜❛❝❦❣r♦✉♥❞ ♣♦❞❡ s❡r ❛❜s♦r✈✐❞♦ ♣♦r ✉♠❛ r❡❞❡✜♥✐çã♦

❞❡ ❝❛♠♣♦s ❞♦ t✐♣♦ ψ 7→ ψeixµa
µ

✳ ❖ ❛❝♦♣❧❛♠❡♥t♦ ♣s❡✉❞♦✈❡t♦r✐❛❧✱ bν ✱ ♣♦r ♦✉tr♦

❧❛❞♦✱ ♠♦str♦✉✲s❡ ♣r♦♠✐ss♦r✱ ❥á q✉❡ ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ♦ ❡s♣❡❝tr♦ ❞❡ ❡♥❡r❣✐❛ ❢♦✐

❞❡t❡❝t❛❞♦✳ ❊st❡s r❡s✉❧t❛❞♦s sã♦ út❡✐s q✉❛♥❞♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ r❡str✐♥❣✐r

♦s ✈❛❧♦r❡s ❞❡st❡s ❝♦❡✜❝✐❡♥t❡s✳

▼✉✐t♦s ♦✉tr♦s tr❛❜❛❧❤♦s ❞❡st❛❝❛♠✲s❡ ♥♦ ✐♥t✉✐t♦ ❞❡ r❡str✐♥❣✐r ♦s ✈❛❧♦r❡s ♣♦s✲

sí✈❡✐s ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s ❣r❛ç❛s ❛♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛✐s ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦s✳

❙✐♥❛✐s ❞❡ ✈✐♦❧❛çã♦ ❞❡ ❈P❚ ❡ ❞❡ ▲♦r❡♥t③ ♥❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦ ♣♦❞❡♠ s❡ ♠❛♥✐❢❡st❛r✱

♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❡s♣❡❝tr♦ ❞♦ ❤✐❞r♦❣ê♥✐♦ ❡ ❛♥t✐✲❤✐❞r♦❣ê♥✐♦✳ ❆ss✐♠✱ tr❛♥s✐çõ❡s ❡♥tr❡

♦s ❡st❛❞♦s 1S − 2S ❡ tr❛♥s✐çõ❡s ❤✐♣❡r✜♥❛s ♣♦❞❡♠ ❛❥✉❞❛r ❛ r❡str✐♥❣✐r ♦s ✈❛❧♦r❡s

❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞✳ ❖ ❡st✉❞♦ s✐st❡♠át✐❝♦ ❡ ❛s ✐♠♣❧✐❝❛çõ❡s ❞❡st❛s tr❛♥s✐çõ❡s ❢♦✐

❡st✉❞❛❞❛ ❡♠ ❬✼✶❪✳ ❊①♣❡r✐ê♥❝✐❛s ❝♦♠♣❛r❛♥❞♦ ♦s ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❛♥ô♠❛❧♦s

❞♦ ❡❧étr♦♥ ❡ ❞♦ ♣ós✐tr♦♥ sã♦ ❜❛st❛♥t❡ ♣r❡❝✐s❛s ❛t✉❛❧♠❡♥t❡✳ ❉❡✈✐❞♦ ❛ ❡ss❛ ♣r❡❝✐sã♦✱

é ♣♦ssí✈❡❧ r❡str✐♥❣✐r ♦ ✈❛❧♦r ❞♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❖s ❛✉t♦r❡s ❞❛ r❡❢✳ ❬✼✷❪ ❝♦♥s❡✲

❣✉✐r❛♠ ✐♠♣♦r ✈❛❧♦r❡s ❜❡♠ r❡str✐t✐✈♦s ❛♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❆ ❣r❛♥❞❡ ♣r❡❝✐sã♦ ♥♦s

❡①♣❡r✐♠❡♥t♦s ❡♥✈♦❧✈❡♥❞♦ ♠✉♦♥s t❛♠❜é♠ sã♦ s❡♥sí✈❡✐s ❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳ ●r❛ç❛s

❛♦s ✈❛st♦s ❞❛❞♦s ❡①✐st❡♥t❡s s♦❜r❡ ❛ ❡str✉t✉r❛ ❤✐♣❡r✜♥❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦

✹✶



♠✉ô♥ ❡ s❡✉ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❛♥ô♠❛❧♦✱ ♦s ❛✉t♦r❡s ❞❛ r❡❢✳ ❬✼✸❪ ♦❜t✐✈❡r❛♠ ❜♦♥s

❧✐♠✐t❡s ♣❛r❛ ♦s ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳ ❊①♣❡r✐ê♥❝✐❛s ✉s❛♥❞♦ ❛♠♦str❛s ♠❛❝r♦s❝ó♣✐❝❛s ❞❡

♠❛tér✐❛ s♣✐♥✲♣♦❧❛r✐③❛❞❛ ♦❢❡r❡❝❡♠ ❡①❝❡♣❝✐♦♥❛❧ s❡♥s✐❜✐❧✐❞❛❞❡ à ✈✐♦❧❛çã♦ ❞❡ ❈P❚ ❡

▲♦r❡♥t③ ♥♦ s❡t♦r ❞❡ ❡❧étr♦♥s✱ ❣r❛ç❛s ❛ ❡ss❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❡st✉❞♦s ❞❡ss❛ ♥❛t✉r❡③❛

❢♦r❛♠ r❡♣♦rt❛❞♦s ❡♠ ❬✼✹❪✳

❊♠ ✈✐rt✉❞❡ ❞❡st❛ ✈❛st❛ ❧✐st❛ ❞❡ r❡❢❡rê♥❝✐❛s✱ ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ♠♦str♦✉✲

s❡ ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡✳ P♦ré♠✱ ❞❡✈✐❞♦ ❛♦ ▼P❊✲♠í♥✐♠♦ s❡r ✉♠❛ t❡♦r✐❛ ❡❢❡t✐✈❛✱

♣r❡s✉♣õ❡✲s❡ q✉❡ ❡st❡ s❡t♦r é ✈á❧✐❞♦ ❛♣❡♥❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❡♥❡r❣✐❛✳ P♦rt❛♥t♦✱

s❡ t❡♥t❛r♠♦s ✉s❛✲❧♦ ❢♦r❛ ❞❡st❡ ✐♥t❡r✈❛❧♦✱ ♦s r❡s✉❧t❛❞♦s ♥ã♦ ❝♦♥s❡❣✉✐rã♦ ❞❡s❝r❡✈❡r

❝♦♠ ♣r❡❝✐sã♦ ❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ♦❜s❡r✈❛❞❛✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ s♦♥❞❛r ♥♦✈♦s ❡❢❡✐t♦s

❛❞✈✐♥❞♦s ❞❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✱ ❡♠ ✐♥t❡r✈❛❧♦s ❞❡ ❡♥❡r❣✐❛s ♠❛✐♦r❡s✱ só é ♣♦ssí✈❡❧ s❡

✐♥tr♦❞✉③✐r♠♦s ♦♣❡r❛❞♦r❡s ♥ã♦✲r❡♥♦r♠❛❧✐③á✈❡✐s✳ ➱ s♦♠❡♥t❡ ❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛s

❛❝✐♠❛ ❞♦ ▼P❊✲♠í♥✐♠♦ q✉❡ ❡ss❡s ♦♣❡r❛❞♦r❡s t♦r♥❛♠✲s❡ r❡❧❡✈❛♥t❡s✳ ❆ ✜♠ ❞❡ ♣♦❞❡r

s♦♥❞❛r ❡❢❡✐t♦s q✉❡ ❛❞✈é♠ ❞❡ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛s ❝❛❞❛ ✈❡③ ♠❛✐♦r❡s✱ ❡st✉❞❛r❡♠♦s✱

♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❛ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ♣❛r❛ s❡ ❣❡♥❡r❛❧✐③❛r ♦ s❡t♦r ❞❡ ❢ér♠✐♦♥s

♠í♥✐♠♦ ♣❛r❛ ♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦✳

✹✷



❈❛♣ít✉❧♦ ✹

❊q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✿ ❯♠

❡st✉❞♦ ♣r❡❧✐♠✐♥❛r

❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛❞♦ ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦ s❡t♦r ❢❡r✲

♠✐ô♥✐❝♦ ♠í♥✐♠♦ ❞♦ ▼P❊✳ ❊♠ ♣♦ss❡ ❞❡ t♦❞♦ ❡ss❡ ❛r❝❛❜♦✉ç♦✱ ❡st❛♠♦s ♣r❡♣❛r❛❞♦s

♣❛r❛ ❛♣r❡s❡♥t❛r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ s❡t♦r✳ ❖ s❡t♦r ❞♦s ❢ér♠✐♦♥s ❣❡♥❡r❛❧✐③❛❞♦ é

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥ã♦✲♠í♥✐♠♦✳ ❊st❛ ❣❡♥❡r❛❧✐③❛çã♦ é ❝♦♥❤❡❝✐❞❛ ♣♦r

❝♦♥t❡♠♣❧❛r t♦❞♦s ♦s t❡r♠♦s ♥ã♦✲r❡♥♦r♠❛❧✐③❛✈❡✐s ❡✱ ♣♦r ✐ss♦✱ ♠♦str❛✲s❡ r❡❧❡✈❛♥t❡

❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛s ♠❛✐s ❛❧t❛s✳ ❆♣ós ❛♣r❡s❡♥t❛r ❛ ✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛ ❞♦ s❡t♦r

❢❡r♠✐ô♥✐❝♦✱ ❝❛❧❝✉❧❛r❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ r❡❢❡r❡♥t❡ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡✲

❛♥❛ ❣❡♥❡r❛❧✐③❛❞❛ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❝❛❧❝✉❧❛r❡♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛✳ P❛r❛

✜♥❛❧✐③❛r✱ ♠♦str❛r❡♠♦s ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳

❊ss❛ ♥♦✈❛ ♠❡t♦❞♦❧♦❣✐❛ s❡rá ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥❛ ❤♦r❛ ❞❡ ❝❛❧❝✉❧❛r ❡ ❣❡♥❡r❛❧✐③❛r

❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ❜❡♠ ❝♦♠♦ ♦s ❧✐♠✐t❡s ♥ã♦ r❡❧❛t✐✈íst✐❝♦s ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s

❝♦♥t✐❞♦s ❡♠ Q̂✳

✹✳✶ ❖ s❡t♦r ♥ã♦✲♠í♥✐♠♦ ❞♦s ❢ér♠✐♦♥s

❈♦♥s✐❞❡r❛r❡♠♦s ❛❣♦r❛ ❛ ❛çã♦ ❡❢❡t✐✈❛ q✉❡ ❞❡s❝r❡✈❡ ♦ ❝❛♠♣♦ ❞❡ ❉✐r❛❝ ♣❛r❛ ✉♠

ú♥✐❝♦ ❢ér♠✐♦♥ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❡ q✉❡

♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❛r❜✐trár✐❛✳ ❆ t❡♦r✐❛ ❡❢❡t✐✈❛ q✉❡ ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞♦s ❢ér♠✐♦♥s ♥❛ ♣r❡s❡♥ç❛ ❞❡ t❛✐s ♦♣❡r❛❞♦r❡s ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❛

✹✸



♣r❡s❝r✐çã♦ ❞❡t❛❧❤❛❞❛ ♥❛ s❡çã♦ ✸✳✷ ❝♦♠ ✉♠❛ ú♥✐❝❛ r❡ss❛❧✈❛✿ ♦s ❝♦❡✜❝✐❡♥t❡s t♦r♥❛♠✲

s❡ ♦♣❡r❛❞♦r❡s✳ P♦rt❛♥t♦✱ ❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❡❧❡s s❡ ❛❝♦♣❧❛rã♦ ❛♦s ❝❛♠♣♦s ❢ís✐❝♦s é

❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❡ s❡rá ♠♦str❛❞❛ ♠❛✐s ❛❞✐❛♥t❡✳ ▼❛♥t❡r❡♠♦s ♥♦ss❛ ❛t❡♥çã♦

❛♣❡♥❛s ❛ t❡r♠♦s q✉❛❞rát✐❝♦s ♥♦s ❝❛♠♣♦s✱ ❛ ✜♠ ❞❡ ♦❜t❡r ✉♠❛ t❡♦r✐❛ ❧✐♥❡❛r✳ ❆ss✐♠✱

♣❛r❛ ✉♠ ú♥✐❝♦ ❢ér♠✐♦♥ ψ ❝♦♠ ♠❛ss❛ mψ ❛ ❛çã♦ S é ❞❛❞❛ ♣♦r

S =

∫
L d4x, ✭✹✳✶✮

♦♥❞❡ L ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

L =
1

2
ψ̄
(
γµi∂µ −mψ + Q̂

)
ψ +H.c. ✭✹✳✷✮

❆q✉✐ ψ é ♦ ❡s♣✐♥♦r ❞❡ ❉✐r❛❝ ❡ ψ̄ = ψ†γ0 ♦ s❡✉ ❝♦♥❥✉❣❛❞♦✳ ❖s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s

❝♦rr❡s♣♦♥❞❡♠ ❛♦s t❡r♠♦s ✉s✉❛✐s ♣r❡s❡♥t❡s ♥❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝✳ ❆❞❡♠❛✐s✱ γµ sã♦ ❛s

♠❛tr✐③❡s ❣❛♠♠❛ ♣❛❞rã♦ q✉❡ ♦❜❡❞❡❝❡♠ à á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ {γµ, γν} = 2ηµνI4✱ ❡♠

q✉❡ ηµν é ♠étr✐❝❛ ❞❡ ▼✐♥❦♦✇s❦✐ ❝✉❥❛ ❛ss✐♥❛t✉r❛ é (+,−,−,−)✳ ❆ ♠❛tr✐③ ✐❞❡♥t✐✲

❞❛❞❡ ❢♦✐ r❡♣r❡s❡♥t❛❞❛ ♣♦r I4✳ ❖ ♦♣❡r❛❞♦r Q̂ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❡q✉❛çã♦ (4.2) ❝♦♥té♠

t♦❞❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s ❛❞✈✐♥❞❛s ❞❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ❖s t❡r♠♦s

♣r❡s❡♥t❡s ❡♠ Q̂ ♣♦❞❡♠ s❡r tr❛t❛❞♦s ❝♦♠♦ ❝♦♥tr✐❜✉✐çõ❡♦ ♣❡rt✉r❜❛t✐✈❛s q✉❛♥❞♦ ♥❡✲

❝❡ssár✐♦✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❛✈❛❧✐❛r ♣❡q✉❡♥♦s ❞❡s✈✐♦s ❞❛ s✐t✉❛çã♦

✉s✉❛❧✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ Q̂ ♦❜❡❞❡❝❡ à ❝♦♥❞✐çã♦

❞❡ ❤❡♠✐t✐❝✐❞❛❞❡✱ ♦✉ s❡❥❛✱ Q̂ = γ0Q̂†γ0. ◆♦ q✉❡ ❝♦♥❝❡r♥❡ ❛ s✉❛ ❡str✉t✉r❛✱ ❡st❛♠♦s

✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❝r❡✈❡r ♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦ ❞♦ MPE✱ ♣♦rt❛♥t♦✱ ♦ ♦♣❡r❛❞♦r Q̂
♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ sér✐❡ ♥❛ q✉❛❧ s❡✉s ❝♦❡✜❝✐❡♥t❡s ❡stã♦ ❛❝♦♣❧❛❞♦s às ❞❡r✐✲

✈❛❞❛s✱ i∂µ✱ ♥♦ ❡s♣❛ç♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s✱ ♦✉ ❛❝♦♣❧❛❞♦s ❛♦s ♠♦♠❡♥t♦s✱ pµ = i∂µ✱ ♥♦

❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s✳

❖s ❡❢❡✐t♦s ❞❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ♣♦❞❡♠ s✉r❣✐r ❛tr❛✈és ❞♦ ♦♣❡r❛❞♦r

Q̂ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s✿ ❡s♣♦♥tâ♥❡❛♠❡♥t❡ ♦✉ ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ❆ q✉❡❜r❛ ❞❡ s✐♠❡tr✐❛

❡s♣♦♥tâ♥❡❛ ♦❝♦rr❡ q✉❛♥❞♦ ♦s ❝❛♠♣♦s t❡♥s♦r✐❛✐s ❛❞q✉✐r❡♠ ✉♠ ✈❛❧♦r ❡s♣❡r❛❞♦ ♥ã♦

♥✉❧♦ ♥♦ ✈á❝✉♦ ❬✼✵❪ ❛tr❛✈és ❞❡ ❛❧❣✉♠ ♠❡❝❛♥✐s♠♦✳ ❊st❡ ✈❛❧♦r ❡s♣❡r❛❞♦ ❢❛③ ♦ ♣❛♣❡❧

❞♦s ❝❛♠♣♦s t❡♥s♦r✐❛✐s ❞❡ ❢✉♥❞♦ ♣r❡s❡♥t❡s ♥♦ ♦♣❡r❛❞♦r Q̂✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ✈✐♦✲

❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❡①♣❧í❝✐t❛ ❡♥✈♦❧✈❡ ❝❛♠♣♦s t❡♥s♦r✐❛✐s ❞❡ ❢✉♥❞♦ q✉❡ sã♦

✐♥tr♦❞✉③✐❞♦s à ♠ã♦ ♥❛ ❡str✉t✉r❛ ▲❛❣r❛♥❣❡❛♥❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦ ♦♣❡r❛❞♦r

✹✹



Q̂ ♣♦❞❡ ❞❡♣❡♥❞❡r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ P♦ré♠✱ ❛ ✜♠ ❞❡ ♣r❡s❡r✈❛r

❛ ❝♦♥s❡r✈❛çã♦ ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦✱ ✐r❡♠♦s r❡q✉❡r❡r q✉❡ ♦ ♦♣❡r❛❞♦r Q̂ ♥ã♦

❞❡♣❡♥❞❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♦✉ s❡❥❛✱ ❛ ❛çã♦ (4.1) é ✐♥✈❛r✐❛♥t❡ s♦❜

✉♠❛ tr❛♥s❧❛çã♦ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❆♣ós t♦❞❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✱ ❡st❛♠♦s ❛♣t♦s ❛ ❞❡✜♥✐r ✉♠❛ ❢♦r♠❛ ❣❡r❛❧

♣❛r❛ ♦ ♦♣❡r❛❞♦r Q̂✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✐r❡♠♦s ❞❡❝♦♠♣ô✲❧♦ ❡♠ t❡r♠♦s ❞♦s 16 ❝♦✈❛r✐❛♥t❡s

❜✐❧✐♥❡❛r❡s✱ q✉❡ sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r {I4, γµ, γ5, γ5γu, σµν}✳ ■ss♦ ♥♦s ♣❡r♠✐t✐rá ❝❛✲

r❛❝t❡r✐③❛r ♠❡❧❤♦r ♦s ❝♦❡✜❝✐❡♥t❡s✱ ❜❡♠ ❝♦♠♦ ♦ s❡✉ ❝♦♥t❡ú❞♦ ❞❡ s♣✐♥✳ Pr♦ss❡❣✉✐♥❞♦

❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦✱ ♦❜t❡♠♦s

Q̂ =
∑

I

Q̂IγI ,

= Ŝ + iP̂γ5 + V̂µγµ + Âµγ5γµ +
1

2
T̂ µνσµν . ✭✹✳✸✮

❖s 16 ♦♣❡r❛❞♦r❡s Q̂I = {Ŝ, P̂ , V̂µ, Âµ, T̂ µν} sã♦ ❢✉♥çõ❡s ❞❛s ❞❡r✐✈❛❞❛s i∂µ ❡ ♣♦s✲

s✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 1✳ ❆ ♠❛tr✐③ γ5 ≡ iγ0γ1γ2γ3 é ❛ ♠❛tr✐① q✉✐r❛❧ ❡ σµν é ♦

❝♦♠✉t❛❞♦r ❡♥tr❡ ❞✉❛s ♠❛tr✐③❡s ❣❛♠♠❛✱ ❛ s❛❜❡r✿ σµν ≡ i
2
[γµ, γν ]✳ ◆♦ ❡s♣❛ç♦ ❞♦s

♠♦♠❡♥t♦s✱ ❝❛❞❛ ♦♣❡r❛❞♦r Q̂I ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ sér✐❡✱

Q̂I =
∞∑

d=3

Q̂I(d)α1α2...αd−3pα1pα2 . . . pαd−3
. ✭✹✳✹✮

◆♦ ❡s♣❛ç♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s✱ ♦ ♦♣❡r❛❞♦r ❛❝✐♠❛ ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Q̂I =
∞∑

d=3

Q̂I(d)α1α2...αd−3(i∂α1)(i∂α2) . . . (i∂αd−3
). ✭✹✳✺✮

❚♦❞♦s ♦s ❝♦❡✜❝✐❡♥t❡s Q̂I(d)α1α2...αd−3 sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲

t❡♠♣♦✱ tê♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ (4 − d)✱ sã♦ r❡❛✐s ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❤❡r♠✐t✐❝✐❞❛❞❡

♣r❡✈✐❛♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞♦ ❡ ♣♦ss✉❡♠ (d− 3) ❞❡r✐✈❛❞❛s ❛❞✐❝✐♦♥❛✐s ❡♠ s✉❛ ❡str✉t✉r❛

− ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦♣❡r❛❞♦r❡s ❞❡ ❛❧t❛s ♦r❞❡♥s✳

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❞❡✈❡♠♦s r❡❝✉♣❡r❛r ♦ MPE✲♠í♥✐♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦

✸✳✷✱ é ❝♦♥✈❡♥✐❡♥t❡ ❞❡❝♦♠♣♦r ♦ ♦♣❡r❛❞♦r Q̂ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s s✉❣❡st✐✈❛ ❞❡

♠♦❞♦ ❛ ❢❛❝✐❧✐t❛r ❡st❛ ✐❞❡♥t✐✜❝❛çã♦✳ ■♥✐❝✐❛r❡♠♦s r❡❡s❝r❡✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝

✹✺



♠♦❞✐✜❝❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

γµpµ −mψ + Q̂ = Γ̂µpµ − M̂, ✭✹✳✻✮

♦♥❞❡ Γ̂µ ❡ M̂ sã♦ ♦♣❡r❛❞♦r❡s ❞❡ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ③❡r♦ ❡ ✉♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❘❡❡s❝r❡✈❡♥❞♦ ♦s ♦♣❡r❛❞♦r❡s Γ̂µ✱ M̂ ❡ ❡①♣❧✐❝✐t❛♥❞♦ ❛ ♥❛t✉r❡③❛ ❞♦s s❡✉s ❝♦♥st✐t✉✐♥t❡s

♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ❢♦r♠❛ ❝♦♠♦ s❡ ❛❝♦♣❧❛♠ ❛♦s ❝❛♠♣♦s ❢ís✐❝♦s✱ ♦❜t❡♠♦s

Γ̂µ = γµ + ĉνµγν + d̂νµγ5γν + êµ + if̂µγ5 +
1

2
ĝκλµσκλ, ✭✹✳✼❛✮

M̂ = mψ + m̂+ im̂5γ5 + âµγµ + b̂µγ5γµ +
1

2
Ĥµνσµν . ✭✹✳✼❜✮

P❛r❛ ♣♦❞❡r ❝❧❛ss✐✜❝❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❡r❛❞♦r❡s {ĉµν ✱ d̂µν ✱ êµ✱ f̂µ✱ ĝκλµ✱ m̂✱ m̂5✱

âµ✱ b̂µ✱ Ĥµν} ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ✏r❡❣r❛s ❈P❚✑ ❞❡✜♥✐❞❛s ♥❛ s❡çã♦ ✷✳✶✱ ♣r❡❝✐s❛♠♦s

❝♦♥❤❡❝❡r ❛ ❡str✉t✉r❛ ✏✐♥t❡r♥❛✑ ❞❡st❡s ♦♣❡r❛❞♦r❡s✳ ❆ s❡❣✉✐r✱ ❡s❝r❡✈❡♠♦s ❛ ❢♦r♠❛ ❡①✲

♣❧í❝✐t❛ ❞❡st❡s ♦♣❡r❛❞♦r❡s ♥♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s ❝♦♥tr❛í❞♦s ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s

❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s

ĉνµγνpµ =

(
∑

d≥4, ♣❛r

c(d)νµα1α2...αd−4pα1pα2 . . . pαd−4

)
γνpµ, ✭✹✳✽❛✮

d̂νµγ5γνpµ =

(
∑

d≥4, ♣❛r

d(d)νµα1α2...αd−4pα1pα2 . . . pαd−4

)
γ5γνpµ, ✭✹✳✽❜✮

êµpµ =

(
∑

d≥4, ♣❛r

e(d)µα1α2...αd−4pα1pα2 . . . pαd−4

)
pµ, ✭✹✳✽❝✮

f̂µγ5pµ =

(
∑

d≥4, ♣❛r

f (d)µα1α2...αd−4pα1pα2 . . . pαd−4

)
γ5pµ, ✭✹✳✽❞✮

ĝκλµσκλpµ =

(
∑

d≥4, ♣❛r

g(d)κλα1α2...αd−4pα1pα2 . . . pαd−4

)
σκλpµ, ✭✹✳✽❡✮

✹✻



m̂ =
∑

d≥5, í♠♣❛r

m(d)α1α2...αd−3pα1pα2 . . . pαd−3
, ✭✹✳✽❢✮

m̂5γ5 =

(
∑

d≥5, í♠♣❛r

m
(d)α1α2...αd−3

5 pα1pα2 . . . pαd−3

)
γ5, ✭✹✳✽❣✮

âµγµ =

(
∑

d≥3, í♠♣❛r

a(d)µα1α2...αd−3pα1pα2 . . . pαd−3

)
γµ, ✭✹✳✽❤✮

b̂µγ5γµ =

(
∑

d≥3, í♠♣❛r

b(d)µα1α2...αd−3pα1pα2 . . . pαd−3

)
γ5γµ ✭✹✳✽✐✮

Ĥµνσµν =

(
∑

d≥3, í♠♣❛r

H(d)µνα1α2...αd−3pα1pα2 . . . pαd−3

)
σµν , ✭✹✳✽❥✮

♦♥❞❡ ✏d ≥ 4, ♣❛r✑✱ ♣♦r ❡①❡♠♣❧♦✱ ✐♥❞✐❝❛ q✉❡ ❛ s♦♠❛ ✐♥✐❝✐❛✲s❡ ❡♠ 4 ❡ ♣❛r ✐♥❞✐❝❛

q✉❡ ❛ s♦♠❛ só ❝♦♥té♠ ♦s t❡r♠♦s ❞❡ ❞✐♠❡♥sã♦ d ♣❛r✳ ❖s ♦♣❡r❛❞♦r❡s ♥ã♦✲♠í♥✐♠♦s

♠♦str❛❞♦s ♥❛s ❡q✉❛çõ❡s (4.8a−4.8j) sã♦ ❝♦♥str✉í❞♦s ❞❡ ♠♦❞♦ ❛ ♣r❡s❡r✈❛r ♦ ♠❡s♠♦

❝♦♠♣♦rt❛♠❡♥t♦ s♦❜ tr❛♥s❢♦r♠❛çõ❡s ❈P❚ ❞♦s s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ♠í♥✐♠♦s✳ ■ss♦

é r❡q✉❡r✐❞♦ ♣❛r❛ q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ MPE−mı́nimo←→ MPE−não−mı́nimo

r❡❛❧♠❡♥t❡ s❡ ❡st❛❜❡❧❡ç❛✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ cµν é ❈P❚✲♣❛r✱ ♣♦rt❛♥t♦✱ s✉❛

✈❡rsã♦ ♥ã♦✲♠í♥✐♠❛✱ ĉµν , ❞❡✈❡ tr❛♥s❢♦r♠❛✲s❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛✳ P❛r❛ ♣♦❞❡r ❞❡s❝♦❜r✐r

❝♦♠♦ ♦s ♦♣❡r❛❞♦r❡s {ĉµν ✱ d̂µν ✱ êµ✱ f̂µ✱ ĝκλµ✱ m̂✱ m̂5✱ âµ✱ b̂µ✱ Ĥµν} s❡ ❝❧❛ss✐✜❝❛♠ s♦❜

❈P❚✱ ♣r❡❝✐s❛♠♦s ✐♥✈♦❝❛r ❛❣♦r❛ ❛s ✏r❡❣r❛s ❈P❚✑ ❥á ❡st❛❜❡❧❡❝✐❞❛s✳ ❆✈❛❧✐❛r❡♠♦s ♦s

❝♦❡✜❝✐❡♥t❡s ĉµν ❡ b̂µ ♣❛r❛ ❡①❡♠♣❧✐✜❝❛r ❛ ❛♣❧✐❝❛çã♦ ❞❛s ✏r❡❣r❛s ❈P❚✑✳ ■♥✐❝✐❛♠♦s

❛✈❛❧✐❛♥❞♦ ĉµν ✱ ❛ s❛❜❡r✿

(CPT ) ĉνµγνpµ (CPT )−1 = (CPT )
(
∑

d≥4, ♣❛r

c(d)νµα1α2...αd−4pα1pα2 . . . pαd−4

)

× γνpµ (CPT )−1 , ✭✹✳✾❛✮

(CPT ) ĉνµγνpµ (CPT )−1 = (CPT )
(
∑

d≥4, ♣❛r

c(d)νµα1α2...αd−4pα1pα2 . . . pαd−4

)
(CPT )−1

✹✼



× (CPT ) γν (CPT )−1 (CPT ) pµ (CPT )−1 . ✭✹✳✾❜✮

❖s t❡r♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ❝♦♥tê♠ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ♠♦♠❡♥t♦s pα✱ ♣♦rt❛♥t♦✱ ❡❧❡

♥ã♦ ❝♦♥tr✐❜✉✐ ❝♦♠ ♥❡♥❤✉♠ s✐♥❛❧ ♥❡❣❛t✐✈♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ (CPT ) γν (CPT )−1 =

−γν ❡ (CPT ) pµ (CPT )−1 = −pµ✱ ♣♦rt❛♥t♦✿

(CPT ) ĉνµγνpµ (CPT )−1 = ĉνµγνpµ, ✭✹✳✶✵✮

❧❡✈❛♥❞♦ à ❝♦♥❝❧✉sã♦ ❞❡ q✉❡ ❡ss❡ t❡r♠♦ é ❈P❚✲♣❛r✳ ❆✈❛❧✐❡♠♦s ❛❣♦r❛ ♦ ♦♣❡r❛❞♦r b̂µ✱

❛ s❛❜❡r✱

(CPT ) b̂µγ5γµ (CPT )−1 = (CPT )
(

∑

d≥3, í♠♣❛r

b(d)µα1α2...αd−3pα1pα2 . . . pαd−3

)

× γ5γµ (CPT )−1 , ✭✹✳✶✶❛✮

(CPT ) b̂µγ5γµ (CPT )−1 = (CPT )
(

∑

d≥3, í♠♣❛r

b(d)µα1α2...αd−3pα1pα2 . . . pαd−3

)
(CPT )−1

× (CPT ) γ5γµ (CPT )−1 , ✭✹✳✶✶❜✮

♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡ ❝♦♥té♠ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ♠♦♠❡♥t♦s✱ ♣♦rt❛♥t♦✱ ❡❧❡ ♥ã♦

❝♦♥tr✐❜✉✐ ❝♦♠ ♥❡♥❤✉♠ s✐♥❛❧ ♥❡❣❛t✐✈♦ ✳ ◆❡st❡ ❝❛s♦✱ (CPT ) γ5γµ (CPT )−1 = −γ5γµ✱
♣♦rt❛♥t♦✱

(CPT ) b̂µγ5γµ (CPT )−1 = −b̂µγ5γµ, ✭✹✳✶✷✮

❡ss❡ t❡r♠♦ é ❈P❚✲í♠♣❛r✳ Pr♦ss❡❣✉✐♥❞♦ ❞❡ss❛ ♠❛♥❡✐r❛✱ é ♣♦ssí✈❡❧ ❝❧❛ss✐✜❝❛r t♦✲

❞♦s ♦s ♦♣❡r❛❞♦r❡s✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ♦s ♦♣❡r❛❞♦r❡s ♥ã♦✲♠í♥✐♠♦s s❡ ❝❧❛ss✐✜❝❛♠

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♦s ♦♣❡r❛❞♦r❡s ĉµν ❡ d̂µν sã♦ CPT− par ❡ ❛❞✐♠❡♥s✐♦♥❛✐s✱ ❡♥✲

q✉❛♥t♦ êµ✱ f̂µ ❡ ĝκλµ sã♦ ❈P❚✲í♠♣❛r ❡ t❛♠❜é♠ sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s✳ ❖s ♦♣❡r❛❞♦r❡s

m̂✱ m̂5 ❡ Ĥµν sã♦ CPT− par ❡ ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 1✱ ❛♦ ♣❛ss♦ q✉❡ âµ ❡

b̂µ sã♦ ❈P❚✲í♠♣❛r ❡ ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ 1. ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ♦s

♦♣❡r❛❞♦r❡s m̂ ❡ m̂5 ♣♦ss✉❡♠ ❛♣❡♥❛s ❛❧t❛s ❞❡r✐✈❛❞❛s ❡♠ s✉❛ ❡str✉t✉r❛✱ ♣♦rt❛♥t♦✱

sã♦ ♥ã♦ r❡♥♦r♠❛❧✐③á✈❡✐s ❡ ♥ã♦ ♣♦ss✉❡♠ ❛♥á❧♦❣♦s ♥♦ MPE✲♠í♥✐♠♦✳ ❯♠❛ ♦❧❤❛❞❛

rá♣✐❞❛ ♥❛ s❡çã♦ ✸✳✷ ❡ ❝♦♥st❛t❛♠♦s q✉❡✱ ❝♦♠ ❡①❝❡çã♦ ❞♦s ❞♦✐s ú❧t✐♠♦s ♦♣❡r❛❞♦r❡s
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♠❡♥❝✐♦♥❛❞♦s✱ t♦❞♦s ♦s ♦✉tr♦s ❝♦❡✜❝✐❡♥t❡s ♣♦ss✉❡♠ s❡✉s ❛♥á❧♦❣♦s ♥♦ MP❊✲♠í♥✐♠♦✳

❖ ❝♦❡✜❝✐❡♥t❡ m̂5 ♣♦❞❡ s❡r ❛❜s♦r✈✐❞♦ ♥♦s ❝❛♠♣♦s ❢ís✐❝♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ tr❛♥s✲

❢♦r♠❛çã♦ q✉✐r❛❧ ❬✷✷❪✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❡ ❡stá ♣r❡s❡♥t❡ ♥❛ ❡q✉❛çã♦ (4.7b) ❛♣❡♥❛s ♣♦r

❝♦♠♣❧❡t❡③❛✳

◆❛ ❡q✉❛çã♦ (4.6) ♦ ♦♣❡r❛❞♦r Γ̂µ ❡stá ❝♦♥tr❛í❞♦ ❝♦♠ ♦ ♠♦♠❡♥t♦ pµ. ❚❡♥❞♦

❡♠ ✈✐st❛ q✉❡ ♦ ♦♣❡r❛❞♦r Γ̂µ é ❞❛❞♦ ♣♦r (4.7a)✱ ❡♥tã♦ ♦s ♦♣❡r❛❞♦r❡s ĉνµ✱ d̂νµ✱ êµ✱

f̂µ ❡ ĝκλµ t❛♠❜é♠ ❡stã♦✳ ■ss♦ ♥♦s ♣❡r♠✐t❡ ✐♥tr♦❞✉③✐r ✉♠❛ ♥♦✈❛ ♥♦t❛çã♦ ♣❛r❛ ♦s

♦♣❡r❛❞♦r❡s ❛❝✐♠❛ ❝✐t❛❞♦s✱ ❛ s❛❜❡r✿

ĉν ≡ ĉνµpµ, d̂ν ≡ d̂νµpµ, ê ≡ êµpµ

f̂ ≡ f̂µpµ, ĝκλ ≡ ĝκλµpµ.
✭✹✳✶✸✮

❈♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❡st❛ ♥♦t❛çã♦✱ ✜❝❛ ❝❧❛r♦ ♦ ♠❛♣❡❛♠❡♥t♦ ❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s

♣r❡s❡♥t❡s ❡♠ (4.7a) ❡ (4.7b) ❡ ❛q✉❡❧❡s ♥♦ ♦♣❡r❛❞♦r Q̂✳ ❊st❡ ♠❛♣❡❛♠❡♥t♦ é ♠♦str❛❞♦

❛ s❡❣✉✐r✱

Γ̂µpµ − M̂ = γµpµ −mψ + (ĉµ − âµ) γµ +
(
d̂µ − b̂µ

)
γ5γµ

+(ê− m̂) + i
(
f̂ − m̂5

)
γ5 +

1

2

(
ĝµν − Ĥµν

)
σµν , ✭✹✳✶✹✮

❝♦♠♣❛r❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ❡♠ ❢✉♥çã♦ ❞♦s

♦♣❡r❛❞♦r❡s q✉❡ ❝♦♠♣õ❡♠ Q̂✱ ❡q✉❛çã♦ ✭✹✳✸✮✱ ♦✉ s❡❥❛✱

Γ̂µpµ − M̂ = γµpµ −mψ + Ŝ + iP̂γ5 + V̂µγµ + Âµγ5γµ + T̂ µνσµν , ✭✹✳✶✺✮

s♦♠♦s ❧❡✈❛❞♦s às s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s✱

Ŝ = ê− m̂, P̂ = f̂ − m̂5, V̂µ = ĉµ − âµ,
Âµ = d̂µ − b̂µ, T̂ µν = ĝµν − Ĥµν .

✭✹✳✶✻✮

❆ ✐❞❡♥t✐✜❝❛çã♦ ❛❝✐♠❛ é ❛♣❡♥❛s ✉♠❛ ♠❡r❛ ❝♦♥✈❡♥✐ê♥❝✐❛✱ q✉❡ s❡rá ❡①♣❧♦r❛❞❛ ❞❡

♠❛♥❡✐r❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✺✳ ❆ ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛ ♦s 10 ♦♣❡r❛❞♦r❡s s♦❜

tr❛♥s❢♦r♠❛çô❡s CPT✱ ❜❡♠ ❝♦♠♦ s♦❜ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③✱ sã♦ ♠♦str❛❞❛s ❞❡

♠❛♥❡✐r❛ ❣❡r❛❧ ♥❛ t❛❜❡❧❛ ✹✳✶✳
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❖♣❡r❛❞♦r ❚✐♣♦ d ❈P❚ ❈♦❡✜❝✐❡♥t❡

m̂ ❊s❝❛❧❛r ❮♠♣❛r ≥ 5 P❛r m(d)α1α2...αd−3

m̂5 Ps❡✉❞♦❡s❝❛❧❛r ❮♠♣❛r ≥ 5 P❛r m
(d)α1α2...αd−3

5

âµ ❱❡t♦r ❮♠♣❛r ≥ 3 ❮♠♣❛r a(d)µα1α2...αd−3

b̂µ Ps❡✉❞♦✈❡t♦r ❮♠♣❛r ≥ 3 ❮♠♣❛r b(d)µα1α2...αd−3

ĉµ ❱❡t♦r P❛r ≥ 4 P❛r c(d)µα1α2...αd−3

d̂µ Ps❡✉❞♦✈❡t♦r P❛r ≥ 4 P❛r d(d)µα1α2...αd−3

ê ❊s❝❛❧❛r P❛r ≥ 4 ❮♠♣❛r e(d)α1α2...αd−3

f̂ Ps❡✉❞♦❡s❝❛❧❛r P❛r ≥ 4 ❮♠♣❛r f (d)α1α2...αd−3

ĝµν ❚❡♥s♦r P❛r ≥ 4 ❮♠♣❛r g(d)µνα1α2...αd−3

Ĥµν ❚❡♥s♦r ❮♠♣❛r ≥ 3 P❛r H(d)µνα1α2...αd−3

❚❛❜❡❧❛ ✹✳✶✿ ❈❧❛ss✐✜❝❛çã♦ ❞♦s 10 ♦♣❡r❛❞♦r❡s ❝♦♥t✐❞♦s ❡♠ ✭✹✳✸✮ s♦❜ tr❛♥s❢♦r♠❛çõ❡s
❈P❚ ❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③ ❬✷✷❪✳

❖s ♦♣❡r❛❞♦r❡s r❡♣r❡s❡♥t❛❞♦s ♣♦r d̂µ✱ b̂µ✱ Ĥµν ❡ ĝµν sã♦ ❝♦♥❤❡❝✐❞♦s ♣♦r q✉❡❜r❛✲

r❡♠ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✱ ♦✉ s❡❥❛✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ♣❛rtí❝✉❧❛s ♣❛ss❛♠ ❛

❞❡♣❡♥❞❡r ❞❛ ❞✐r❡çã♦ ❞❛ ♣r♦❥❡çã♦ ❞♦ s♣✐♥ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ ❞❡ q✉❛♥t✐✲

③❛çã♦✳ ❆ss✐♠✱ ❡♠ ❣❡r❛❧✱ ❤❛✈❡rá ✉♠❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ❝❛❞❛ ❡s♣✐♥♦r✳ ❆

❡①♣❧✐❝❛çã♦ ♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡st❡s ♦♣❡r❛❞♦r❡s ❝♦♠♦ t❛❧ s❡rá ❛♣r❡s❡♥t❛❞❛ ❞❡ ♠❛✲

♥❡✐r❛ ♠❛✐s ❝❧❛r❛ ♥❛ s✉❜s❡çã♦ ✹✳✸✳✶✳ ❊ss❡s ❝♦❡✜❝✐❡♥t❡s s❡rã♦ ❡st✉❞❛❞♦s ❞❡ ♠❛♥❡✐r❛

♠❛✐s ❞❡t❛❧❤❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✺✱ ♣♦✐s sã♦ ♥❡❧❡s q✉❡ r❡s✐❞❡♠ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡✳

✹✳✷ ❊q✉❛çõ❡s ❞❡ ❝❛♠♣♦

❆s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ sã♦ ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡✱ ❥á q✉❡ é ❛tr❛✈és ❞❡❧❛s q✉❡ ♦❜✲

t❡♠♦s ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❛ ❞✐♥â♠✐❝❛ ❞♦s ❝❛♠♣♦s✳ ❆ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛

q✉❡ ♥♦s ♣❡r♠✐t✐rá ♦❜t❡r ❛s ❡q✉❛çõ❡s ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ é ♠♦str❛❞♦

❛ s❡❣✉✐r✶✱

L =ψ̄

(
1

2
γµi
←→
∂ µ −mψ + Q̂

)
ψ. ✭✹✳✶✼✮

✶❆❜❛✐①♦ ♠♦str❛♠♦s ❛❧❣✉♥s ♣❛ss♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ ✹✳✶✼✳

L =
1

2
ψ̄
(
γµi∂µ −mψ + Q̂

)
ψ +H.c,

✺✵



P❛r❛ ♦❜t❡r♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✱ ♣r❡❝✐s❛✲

r❡♠♦s ❢❛③❡r ✉s♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳ P♦ré♠✱ ❛♦ ♦❜s❡r✈❛r ❛ ❡str✉t✉r❛

❞♦ ♦♣❡r❛❞♦r Q̂✱ ❡q✉❛çã♦ ✭✹✳✹✮✱ ✈❡♠♦s q✉❡ s❡rá ♥❡❝❡ssár✐♦ ❢❛③❡r ✉s♦ ❞❛s ❡q✉❛çõ❡s ❞❡

❊✉❧❡r✲▲❛❣r❛♥❣❡ ❣❡♥❡r❛❧✐③❛❞❛s✳ ❚❛❧ ❣❡♥❡r❛❧✐③❛çã♦ é ❞❛❞❛ ❡♠ ❬✼✺❪ ❡ é r❡♣r♦❞✉③✐❞❛

❛q✉✐✱ ❛ s❛❜❡r✿

∂L
∂ψ
− ∂µ

(
∂L

∂ (∂µψ)

)
+ ∂µ∂ν

(
∂L

∂ (∂µ∂νψ)

)
−

. . .+ (−1)n ∂µ1 . . . ∂µn
(

∂L
∂ (∂µ1 . . . ∂µnψ)

)
= 0. ✭✹✳✶✽✮

❖ ♦♣❡r❛❞♦r Q̂✱ ♥♦ ❡s♣❛ç♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡

tr❛♥s❢♦r♠❛çã♦✿ pµ 7→ ✐∂µ✳ P♦r ✐♥t❡r♠é❞✐♦ ❞❡st❡ ♠❛♣❡❛♠❡♥t♦✱ ♦❜t❡♠♦s

Q̂I =
∞∑

d=3

Q̂I(d)α1α2...αd−3 i∂α1 i∂α2 . . . i∂αd−3
.

❋❛③❡♥❞♦ ✉s♦ ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ✭✹✳✶✽✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞♦

♦♣❡r❛❞♦r Q̂ ❛❝✐♠❛✱ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ s❡rá✿

(
γµi∂µ −mψ + Q̂

)
ψ = 0. ✭✹✳✶✾✮

❆tr❛✈és ❞❛ ❡q✉❛çã♦ (4.19) ✷ ♣♦❞❡r❡♠♦s ❝❛❧❝✉❧❛r ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ♦s ❡s♣✐♥♦r❡s

❡✱ ❛ ♣❛rt✐r ❞❡ss❡s r❡s✉❧t❛❞♦s✱ ♣♦❞❡r❡♠♦s ❢♦r♥❡❝❡r ✐♥❢♦r♠❛çõ❡s ❛❝❡r❝❛ ❞❛ ❞✐♥â♠✐❝❛

❞♦s ❝❛♠♣♦s ❡♠ q✉❡stã♦✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ❢♦r♥❡❝❡r❡♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

L =
1

2
ψ̄
(
γµi∂µ −mψ + Q̂

)
ψ +

1

2
ψ†
(
−γ0γµγ0i←−∂ µ −mψ + Q̂†

)
γ0ψ,

L =
1

2
ψ̄
(
γµi∂µ −mψ + Q̂

)
ψ +

1

2
ψ†γ0

(
−γµi←−∂ µ −mψ + γ0Q̂†γ0

)
ψ,

L = ψ̄

(
γµ

i

2

←→
∂ µ −mψ + Q̂

)
ψ,

♦♥❞❡ ♥♦s ✈❛❧❡♠♦s ❞❛ ❤❡r♠✐t✐❝✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r Q̂ ❡ ❞❛ ♥♦t❛çã♦ A
←→
∂µB = A∂µB − (∂µA)B.

✷

P♦r ♠❡✐♦ ❞♦ ♠ét♦❞♦ ❞❛ ✐♥❞✉çã♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❝❛❞❛ ✉♠ ❞♦s t❡r♠♦s ♣r❡s❡♥t❡s ♥❛
❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❣❡♥❡r❛❧✐③❛❞❛ ✹✳✶✽ q✉❛♥❞♦ ❛♣❧✐❝❛❞♦ ❛♦ ♦♣❡r❛❞♦r Q̂ t❡♠ ❝♦♠♦ r❡s✉❧t❛❞♦
❧íq✉✐❞♦ ❣❡r❛r ✉♠ ❞♦s t❡r♠♦s ❞❛ sér✐❡ ✹✳✹✱ ❝✉❥❛ ❞✐♠❡♥sã♦ é ❝♦♥tr♦❧❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ❞❡r✐✈❛❞❛s

✺✶



❛ss♦❝✐❛❞❛ á ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (4.19)✱ ❛ss✐♠ ❝♦♠♦ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

✹✳✸ ❘❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛

❈♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ (4.17) ♥♦s ❢♦r♥❡❝❡ ❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (4.19)✳ ❘❡❡s❝r❡✈❡♥❞♦ ❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♥♦ ❡s♣❛ç♦

❞♦s ♠♦♠❡♥t♦s✱ ♦❜t❡♠♦s✿

(
γµpµ −mψ + Q̂

)
ψ = 0, ✭✹✳✷✵✮

♦♥❞❡ ❛ ❡①♣❛♥sã♦ ❞♦ ♦♣❡r❛❞♦r Q̂ ♥♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ (4.4)✳

❙❛❜❡♠♦s q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ ♣❛r❛ s♦❧✉çõ❡s t✐♣♦ ♦♥❞❛ ♣❧❛♥❛ ♥♦ ✈á❝✉♦

♣♦❞❡ s❡r ♦❜t✐❞❛ ✐♠♣♦♥❞♦ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ s❡

❛♥✉❧❡✱ ♦✉ s❡❥❛✱

det
(
γµpµ −mψ + Q̂

)
= 0. ✭✹✳✷✶✮

❆ ❝♦♥❞✐çã♦ ❛❝✐♠❛ r❡✢❡t❡ ♦ ❢❛t♦ ❞❡ q✉❡ ♥ã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çõ❡s tr✐✈✐❛✐s

♣❛r❛ ♦s ❡s♣✐♥♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡t❡r♠✐♥❛ ❝♦♠♦ s❡rã♦ ♦s ♠♦❞♦s ❞❡ ♣r♦♣❛❣❛çã♦ ❞♦s

♣❛❝♦t❡s ❞❡ ♦♥❞❛ ❞♦s ❡s♣✐♥♦r❡s ♥❛ ♣r❡s❡♥ç❛ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛

q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❛ r❡❧❛çã♦

❞❡ ❞✐s♣❡rsã♦✱ s❡❣✉✐r❡♠♦s ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷✷❪✳

❆♥t❡s ❞❡ ❝❛❧❝✉❧❛r ❡①♣❧í❝✐t❛♠❡♥t❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❡q✉❛çã♦ (4.21)✱

r❡❡s❝r❡✈❡r❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦✳ P❛r❛ t❛♥t♦✱ ✐r❡♠♦s ♣r♦❝❡❞❡r ❛❞♦✲

♣r❡s❡♥t❡s ♥❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ✹✳✶✽✳ ❆ s❡❣✉✐r✱ ♠♦str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s

∂µ

(
∂

∂ (∂µψ)
ψ̄Q̂ψ

)
= ∂µ

(
∂

∂ (∂µψ)
ψ̄γIQ̂I(4)α1 i∂α1

ψ

)
= γIQ̂I(4)µi∂µψ̄,

∂µ∂ν

(
∂

∂ (∂µ∂νψ)
ψ̄Q̂ψ

)
= ∂µ∂ν

(
∂

∂ (∂µ∂νψ)
ψ̄γIQ̂I(5)α1α2 i∂α1

i∂α2
ψ

)
= γIQ̂I(5)µν i∂µi∂νψ̄,

✳✳✳

♦♥❞❡ γI r❡♣r❡s❡♥t❛ ♦s 16 ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✳
P♦rt❛♥t♦✱ ❛♦ ❥✉♥t❛r t♦❞❛s ❛s ♣❛r❝❡❧❛s ✐r❡♠♦s r❡❝♦♥st✐t✉✐r ♦ ♦♣❡r❛❞♦r Q̂✳

✺✷



t❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✸ ❞❛s ♠❛tr✐③❡s ❣❛♠♠❛ ❡ r❡❡s❝r❡✈❡r❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡

❉✐r❛❝ ❡♠ ❜❧♦❝♦s✳ Pr♦❝❡❞❡♥❞♦ ❞❡st❛ ♠❛♥❡✐r❛✱ ♦❜t❡♠♦s

γµp
µ −mψ + Q̂ =

(
A B

C D

)
,

❡♠ q✉❡ A✱ B✱ C✱ D sã♦ ❜❧♦❝♦s ❞❡ ❞✐♠❡♥sã♦ 2× 2✳

➱ ❝♦♥✈❡♥✐❡♥t❡ ✐♥tr♦❞✉③✐r ❛ ♥♦t❛çã♦ σµ = (σ0, σi)✱ ♦♥❞❡ σ0 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡

❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❡ σi r❡♣r❡s❡♥t❛ ❛s três ♠❛tr✐③❡s ❞❡ P❛✉❧✐ ✉s✉❛✐s✳ ❆ ♠❛tr✐③

❛❞❥✉♥t❛ é σ̄µ = (σ0,−σi) ❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡✿

σ̄µσν = ηµν +
i

2
ǫµνκλσ̄

κσλ. ✭✹✳✷✷✮

❋❛③❡♥❞♦ ✉s♦ ❞❛ ♥♦t❛çã♦ ✐♥tr♦❞✉③✐❞❛✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❜❧♦❝♦s ♣♦❞❡ s❡r ❡①✲

♣r❡ss❛ ❝♦♠♦✹

(
A B

C D

)
=

(
Ŝ− + i

2
T̂ µν− σµσ̄ν V̂µ−σµ
V̂µ+σ̄µ Ŝ− + i

2
T̂ µν+ σµσ̄ν

)
, ✭✹✳✷✸✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

Ŝ± = −mψ + Ŝ ± iP̂ , V̂µ± = pµ + V̂µ ± Âµ,

T̂ µν± =
1

2

(
T̂ µν ± i

˜̂T
µν)

, ✭✹✳✷✹✮

❡♠ q✉❡ ˜̂T
µν

= 1
2
ǫµνκλT̂κλ é ♦ ❞✉❛❧ ❞♦ ♦♣❡r❛❞♦r T̂ µν .

✸❆s ♠❛tr✐③❡s ❣❛♠♠❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧ sã♦ ♠♦str❛❞❛s ❛ s❡❣✉✐r✿

γ0 =

(
0 I2

I2 0

)
, γi =

(
0 σi
−σi 0

)
, γ5 =

(
−I2 0
0 I2

)

♦♥❞❡ σi sã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

❡ I2 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳

✹❆ ❞❡❞✉çã♦ ❝♦♠♣❧❡t❛ ❞❡st❛ s❡çã♦ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❛♣ê♥❞✐❝❡ ❆

✺✸



❖ ✈❛❧♦r ❞♦ ❞❡t❡r♠✐♥❛♥t❡ (4.21) ♣♦❞❡ s❡r ❡♥tã♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (4.23)

✉s❛♥❞♦ ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡✿

det

(
A B

C D

)
= det (AD) + det (BC)− tr

(
B̄AC̄D

)
, ✭✹✳✷✺✮

♦♥❞❡ B̄ = adj (B) ❡ C̄ = adj (C) sã♦ ❛s ♠❛tr✐③❡s ❛❞❥✉♥t❛s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❆s

q✉❛♥t✐❞❛❞❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ✐❞❡♥t✐❞❛❞❡ ❛❝✐♠❛ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❢❛③❡♥❞♦ ✉s♦

❞❛ ✐❞❡♥t✐❞❛❞❡ (4.22) ❡ ❞❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

tr (σ̄µσν σ̄κσλ) = 2ηµνκλ, ✭✹✳✷✻❛✮

tr (σ̄µσν σ̄κσλσ̄ρσσ) = 2η τ
µνκ ητλρσ, ✭✹✳✷✻❜✮

ηµνκλT̂ νκ− = 4T̂−µλ, ηµνκλT̂ κλ+ = −4T̂+µν , ✭✹✳✷✻❝✮

♦♥❞❡

ηµνκλ = ηµνηκλ − ηµκηνλ + ηµληνκ − iǫµνκλ. ✭✹✳✷✼✮

❊❢❡t✉❛♥❞♦ t♦❞♦s ♦s ♣❛ss♦s ♥❡❝❡ssár✐♦s✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡r✲

sã♦✿

(
Ŝ2
− − T̂ 2

−

)(
Ŝ2
+ − T̂ 2

+

)
+V̂2

−V̂2
+−2V̂− ·

(
Ŝ− + 2iT̂−

)
·
(
Ŝ+ − 2iT̂+

)
·V̂+ = 0, ✭✹✳✷✽✮

♦♥❞❡ T̂ 2
± = T̂ µν± T̂±µν ✳

❆ ❡q✉❛çã♦ ✭✹✳✷✽✮ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❡①♣r❡ssã♦ ❝♦♠♣❛❝t❛ ♣❛r❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s✲

♣❡rsã♦ ❡♠ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦ ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❛r❜✐trár✐❛✳

❆ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ (4.28) ♥♦s ♣❡r♠✐t✐rá ♦❜t❡r ❛s s♦❧✉çõ❡s ♣❛r❛ ♦s ❝❛s♦s ♣❛rt✐✲

❝✉❧❛r❡s ❞♦ ♦♣❡r❛❞♦r Q̂ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s✳ ▼❛✐s ❛❞✐❛♥t❡✱ ✈♦❧t❛r❡♠♦s ❛ ❡st❛

❡q✉❛çã♦✳

✹✳✸✳✶ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦

■r❡♠♦s ❛♥❛❧✐s❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ (4.28)✳ ■♥✐❝✐❛❧✲

♠❡♥t❡✱ ❞❡st❛❝❛♠♦s q✉❡ ❛ ♥❛t✉r❡③❛ q✉❛rt✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ é ❛♣❛r❡♥t❡✱

✺✹



✉♠❛ ✈❡③ q✉❡ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛

❛r❜✐trár✐❛✳ ❆ss✐♠✱ é ❡s♣❡r❛❞♦ q✉❡ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦s ♦♣❡r❛❞♦r❡s

{Ŝ, P̂ , V̂µ, Âµ, T̂ µν} ♣♦ss❛♠ s✉r❣✐r ♠❛✐s ❞❡ q✉❛tr♦ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✱ ❝♦♠♦

❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✱ ✈✐❞❡ s❡çã♦ ✺✳✼✳

❈♦♠♦ ♦ ♦♣❡r❛❞♦r Q̂ ♣♦❞❡ s❡r tr❛t❛❞♦ ❞❡ ♠❛♥❡✐r❛ ♣❡rt✉r❜❛t✐✈❛✱ ❝♦♥❢♦r♠❡ ❛r❣✉✲

♠❡♥t❛❞♦ ♥❛ s❡çã♦ ✹✳✶✱ ♣♦❞❡♠♦s ♦❜t❡r ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠

♥♦s ♦♣❡r❛❞♦r❡s {Ŝ, P̂ , V̂µ, Âµ, T̂ µν} ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (4.28)✳ ❖❜t❡r ❛s r❡❧❛çõ❡s

❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦s ♣❡r♠✐t✐rá s♦♥❞❛r ♠✉✐t❛s ✐♥❢♦r♠❛çõ❡s ❡ ♣r♦✲

♣r✐❡❞❛❞❡s ❛❝❡r❝❛ ❞❡ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❝♦♠♣õ❡♠ Q̂ ♠♦❞✐✜❝❛♠ ❛s

r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✳

❊♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ (4.28) ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛

p20 − p2 −m2
ψ ≈ 2

(
mψŜ − p · V̂ ± Y

)
, ✭✹✳✷✾✮

♦♥❞❡ Y é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

Y2 =
(
p · Â

)2
−m2

ψÂ2 − 2mψp · ˜̂T · Â+ p · ˜̂T · p. ✭✹✳✸✵✮

❘❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ (4.29) ♣❛r❛ p0 ≡ E✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❞❡ ❞✐s✲

♣❡rsã♦

E ≈ E0 −
mψŜ − p · V̂

E0

± Y
E0

, ✭✹✳✸✶✮

♦♥❞❡ E0 = ±
√

p2 +m2
ψ. ❉❡✈❡✲s❡ ♥♦t❛r q✉❡ ❞❡✈✐❞♦ ❛♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ s❡r ✈á✲

❧✐❞♦ ❛♣❡♥❛s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ t✐✈❡♠♦s q✉❡ ❢❛③❡r ✉s♦ ❞❛ s❡❣✉✐♥t❡ ❛♣r♦①✐♠❛çã♦✿

pµ ≈ (E0,p)✳ P♦rt❛♥t♦✱ t♦❞♦s ♦s 4−♠♦♠❡♥t♦s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛

❡q✉❛çã♦ (4.31) ❞❡✈❡♠ s❡r s✉❜st✐t✉í❞♦s ♣❡❧❛ ❛♣r♦①✐♠❛çã♦ ❝✐t❛❞❛✱ ✐♥❝❧✉s✐✈❡ ❛q✉❡✲

❧❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡str✉t✉r❛ ❞♦s ♦♣❡r❛❞♦r❡s {Ŝ, P̂ , V̂µ, Âµ, T̂ µν}✳ ❖ ✉s♦ ❞❡st❛

❛♣r♦①✐♠❛çã♦ r❡té♠ ❛♣❡♥❛s ❛s q✉❛tr♦ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ♠♦❞✐✜❝❛❞❛s✱ ❡✈✐t❛♥❞♦

❛ss✐♠ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❛s ❝❤❛♠❛❞❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ✏❡s♣úr✐❛s✑✱ ❝♦♥❢♦r♠❡

❡①♣❧✐❝❛❞♦ ♥❛ s❡çã♦ ✺✳✼✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡✱ ♥❛ ❛✉sê♥❝✐❛ ❞♦s ♦♣❡r❛❞♦r❡s q✉❡

✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱ r❡❝✉♣❡r❛♠♦s ❛s s♦❧✉çõ❡s ✉s✉❛✐s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐✲

r❛❝ ❧✐✈r❡✳ ❯♠❛ ♥♦tór✐❛ ♠♦❞✐✜❝❛çã♦ ♥❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❝♦♥s✐st❡ ♥❛ q✉❡❜r❛

❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥ ❝❛✉s❛❞❛ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞♦s ♦♣❡r❛❞♦r❡s ♣s❡✉❞♦✈❡t♦r✐❛❧ ❡

✺✺



t❡♥s♦r✐❛❧✳ P♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♦ ♣❛♣❡❧ ❞♦s ♦♣❡r❛❞♦r❡s ❡s❝❛❧❛r ❡ ✈❡t♦r✐❛❧ r❡s✐❞❡♠

❡♠ ❞❡s❧♦❝❛r ♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛✱ ♣♦ré♠✱ ❛ ❞❡❣❡♥❡r❡s❝ê❝✐❛ ❞❡ s♣✐♥ é ♣r❡s❡r✈❛❞❛✳

❆ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❡♥tr❡ ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s é q✉❡❜r❛❞❛ q✉❛♥❞♦ q✉❛❧q✉❡r

✉♠ ❞♦s ♦♣❡r❛❞♦r❡s q✉❡ ♠♦❞✐✜❝❛♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❝♦♥tê♠ ❡♠ s✉❛s ❡str✉t✉r❛s

❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❈P❚✳ P♦r ✜♠✱ ✈❡♠♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (4.31)

q✉❡ ♦ ♦♣❡r❛❞♦r P̂ ♥ã♦ ❝♦♥tr✐❜✉✐ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

✹✳✹ ❊s♣✐♥♦r❡s ❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝

❊st❛♠♦s ❛❣♦r❛ ✐♥t❡r❡ss❛❞♦s ♥❛ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦r❡s✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥♦

❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s (4.20) ♠♦str❛✲s❡ ❝♦♠♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❡ ❤♦♠♦❣ê♥❡♦ ❞❡

❡q✉❛çõ❡s✱ ❝✉❥❛s s♦❧✉çõ❡s sã♦ ♦s ❡s♣✐♥♦r❡s ❞❡ ❉✐r❛❝✳ ➱ s❛❜✐❞♦ q✉❡ ♣❛r❛ t❛✐s s♦❧✉✲

çõ❡s s❡r❡♠ ♥ã♦ tr✐✈✐❛✐s é ♥❡❝❡ssár✐♦ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ ♦♣❡r❛❞♦r ♠♦❞✐✜❝❛❞♦ ❞❡

❉✐r❛❝ s❡❥❛ ♥✉❧♦ (4.21)✳ ❊st❡ r❡s✉❧t❛❞♦ ❥á ❢♦✐ ♦❜t✐❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❆ ❡q✉❛çã♦

(4.28) q✉❛♥❞♦ r❡s♦❧✈✐❞❛ ♣❛r❛ ❛ ❝♦♠♣♦♥❡♥t❡ p0 ♥♦s ❢♦r♥❡❝❡ ♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛

♣❡r♠✐t✐❞♦s✳ ➱ ✐♥t❡r❡ss❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ é ✉♠❛ ♠❛tr✐③ 4 × 4

q✉❡ ❢♦r♥❡❝❡rá ✉♠❛ ❡q✉❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ 4 ❡♠ p0✳ ❖ ❣r❛✉

❞♦ ♣♦❧✐♥ô♠✐♦ ❡♠ p0 ♣♦❞❡ s❡r ♠❛✐♦r q✉❡ q✉❛tr♦✱ ♣♦✐s ♥ã♦ ❞❡✈❡♠♦s ❡sq✉❡❝❡r q✉❡ ♦s

♦♣❡r❛❞♦r❡s {Ŝ✱ P̂ ✱ V̂µ✱ Âµ✱ T̂ µν}✱ ♦s q✉❛✐s ❡stã♦ ♣r❡s❡♥t❡s ♥❛ ❡q✉❛çã♦ (4.28)✱ sã♦

❢✉♥çõ❡s ❞❡ pα✳ ❆ s♦❧✉çã♦ (4.28) ❝♦♥té♠ t❛♥t♦ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s q✉❛♥t♦ ♥❡❣❛t✐✈♦s

♣❛r❛ ❛ ❡♥❡r❣✐❛✳ ❆s ❡♥❡r❣✐❛s ♣♦s✐t✐✈❛s E> sã♦ ❝♦♠✉♠❡♥t❡ ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ❛s

❡♥❡r❣✐❛s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❧✐✈r❡s✱ ✐st♦ é p0 = E> (p) ♥❡st❡ ❝❛s♦✳ ❆s ❡♥❡r✲

❣✐❛s ♥❡❣❛t✐✈❛s E< ✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ✐♥❞✐❝❛♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ❛♥t✐♣❛rtí❝✉❧❛s ❡ ♣r❡❝✐s❛♠

s❡r r❡✐♥t❡r♣r❡t❛❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣ ♣❛r❛

q✉❡ t❡♥❤❛♠ s❡♥t✐❞♦ ❢ís✐❝♦✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣ ❝♦♥s✐st❡ ❡♠

❝♦♥s✐❞❡r❛r t❛✐s ❛♥t✐♣❛rtí❝✉❧❛s ❝♦♠♦ ♣❛rtí❝✉❧❛s ♣r♦♣❛❣❛♥❞♦✲s❡ ♣❛r❛ trás ♥♦ t❡♠♣♦✳

P♦rt❛♥t♦✱ ♣❛r❛ ♦❜t❡r♠♦s ❛s ❡♥❡r❣✐❛s ❝♦♠ ♦ s❡♥t✐❞♦ ❢ís✐❝♦ ❝♦rr❡t♦✱ ♣r❡❝✐s❛♠♦s ✐♥✈❡r✲

t❡r ♦ s✐♥❛❧ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ 4✲♠♦♠❡♥t♦✳ ❆ss✐♠✱ ♣❛r❛ ❛s ❞❡ ❡♥❡r❣✐❛ ♥❡❣❛t✐✈❛✱ ❛

r❡✐♥t❡r♣r❡t❛çã♦ ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛ ♥♦s ❢♦r♥❡❝❡✿ p0 = −E< (−p)❬✺✵❪✳ ❙✉❜st✐t✉✐♥❞♦

♦s ✈❛❧♦r❡s ♣❡r♠✐t✐❞♦s ❞❡ p0 ♥❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✱ ♦❜t❡r❡♠♦s ❛s q✉❛tr♦

s♦❧✉çõ❡s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ♦s ❡s♣✐♥♦r❡s✳ ❉❡✈❡✲s❡ ♥♦t❛r q✉❡✱ ♣❛r❛ ❛s ❡♥❡r❣✐❛s E<✱
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❞❡✈❡♠♦s ❛♣❧✐❝❛r ❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣ ♥❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

❝♦♠♦ ✉♠ t♦❞♦ ❡ ♥ã♦ ❛♣❡♥❛s ♥❛s ❡♥❡r❣✐❛s✳

❆ ✉t✐❧✐❞❛❞❡ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ♠❡♥❝✐♦♥❛❞♦ ♣r❡✈✐❛♠❡♥t❡ ♥❛ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦✲

r❡s r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ q✉❡✱ ❛♦ ✜♥❛❧✱ ♦❜t❡r❡♠♦s ❛s s♦❧✉çõ❡s ❡①❛t❛s✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦

✈✐st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❛s ❞✐✜❝✉❧❞❛❞❡s ❡♠ r❡s♦❧✈❡r ❡st❡s s✐st❡♠❛s ❧✐♥❡❛r❡s ❛✉♠❡♥✲

t❛♠ ❞r❛st✐❝❛♠❡♥t❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s q✉❡ sã♦ ❧❡✈❛❞♦s ❡♠

❝♦♥s✐❞❡r❛çã♦ ♥♦ ♦♣❡r❛❞♦r Q̂ ❛✉♠❡♥t❛✳ ❆ r❛③ã♦ é q✉❡✱ ♠❡s♠♦ ❝♦♥s✐❞❡r❛♥❞♦ t❡r♠♦s

❛té s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦✱ ♠✉✐t❛s ❝♦♠❜✐♥❛çõ❡s ❡♥tr❡ ♦s ❝♦❡✲

✜❝✐❡♥t❡s sã♦ ♣♦ssí✈❡✐s✱ ♦ q✉❡ t♦r♥❛ ♦ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ❡①❛t❛s ✉♠

❣r❛♥❞❡ ♣r♦❜❧❡♠❛✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ✐❧✉str❛r ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s

♥♦ ❛♣ê♥❞✐❝❡ ❇ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ✐s♦tró♣✐❝❛s ❞♦ ♦♣❡r❛❞♦r Q̂✳ ◆❡st❡ ❛♣ê♥❞✐❝❡

❝❛❧❝✉❧❛♠♦s ❛s s♦❧✉çõ❡s ❡①❛t❛s ♣❛r❛ ♦s ❡s♣✐♥♦r❡s ❡ ♠♦str❛♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

❡①❛t❛✳

❉❡✈✐❞♦ à ❝♦♠♣❧❡①✐❞❛❞❡ ❡♥✈♦❧✈✐❞❛ ♥♦ tr❛t❛♠❡♥t♦ ❞❛s s♦❧✉çõ❡s é ♥❡❝❡ssár✐♦ ❞❡✲

s❡♥✈♦❧✈❡r ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❡ ❡♥❝♦♥tr❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s

❞❡s❡❥❛❞❛s✳ ❏á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥❛ s❡çã♦ ✹✳✶ q✉❡ ♦ ♦♣❡r❛❞♦r Q̂ ♣♦❞❡ s❡r tr❛t❛❞♦ ❞❡

♠❛♥❡✐r❛ ♣❡rt✉r❜❛t✐✈❛✳ P♦rt❛♥t♦✱ ♣❛r❛ ❡st✉❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s✱ é s✉✜❝✐❡♥t❡ r❡t❡r

❛♣❡♥❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❛té ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ❡♥❡r❣✐❛s✱ ❡s♣✐♥♦r❡s

❡ ❡t❝✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ s❡ ♦❜t❡r ♦s ❡s♣✐♥♦r❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❢♦✐

❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✷✷❪ ❡ s❡rá ❞❡t❛❧❤❛❞♦ ❛q✉✐✳

❖ ♦❜❥❡t✐✈♦ ❞❡ss❛ ♥♦✈❛ ♠❡t♦❞♦❧♦❣✐❛ r❡s✐❞❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦

U = U (p) t❛❧ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❛ss✉♠❛ ✉♠❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✳ ❆

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(
γµpµ −mψ + Q̂

)
ψ = 0. ✭✹✳✸✷✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣❡❧❛ ♠❛tr✐③ ♥ã♦✲s✐♥❣✉❧❛r γ0 ♣❡❧❛ ❡sq✉❡r❞❛✱ t❡♠♦s✿

γ0

(
γµpµ −mψ + Q̂

)
ψ = 0. ✭✹✳✸✸✮

❆ ♠❛tr✐③ γ0 é ✐♥tr♦❞✉③✐❞❛ ♣❛r❛ tr❛♥s❢♦r♠❛r ♦ ♣r✐♠❡✐r♦ t❡r♠♦✱ γ0p0✱ ❡♠ s✉❛ ❢♦r♠❛

❜❧♦❝♦✲❞✐❛❣♦♥❛❧✱ ✉♠❛ ✈❡③ q✉❡ (γ0)
2 = I4✳ ❈♦♠ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ♥♦s ♣r❡♦✲

❝✉♣❛r ❡♠ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛r ♦s t❡r♠♦s q✉❡ ❞❛rã♦ ♦r✐❣❡♠ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ H✱ ♦✉
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s❡❥❛✱ γ0
(
γ · p−mψ + Q̂

)
✳ ❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ♠❛tr✐③ U = U (p)✱ ♦❜t❡♠♦s

Uγ0

(
γµpµ −mψ + Q̂

)
U †Uψ = (E −H)Uψ = 0, ✭✹✳✸✹✮

♦♥❞❡ E ≡ p0 ❡ H é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ r❡❧❛t✐✈íst✐❝♦✳ H é ✉♠❛ ♠❛tr✐③ 4 × 4 ❜❧♦❝♦✲

❞✐❛❣♦♥❛❧ ♦✉ ✏♣❛r✑ ❝♦♠ ♦s ❜❧♦❝♦s 2 × 2 ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ✭❝♦♥tr✐❜✉✐çõ❡s ✏í♠♣❛r❡s✑✮

♥✉❧♦s✳ ❊st❛ ♠❡t♦❞♦❧♦❣✐❛ ♣❡r♠✐t❡ ❞❡s❛❝♦♣❧❛r ♦s ❡st❛❞♦s ♣♦s✐t✐✈♦s ❞♦s ♥❡❣❛t✐✈♦s✱ ♦✉

s❡❥❛✱ ♦s ❜❧♦❝♦s✲❞✐❛❣♦♥❛✐s ♣r✐♥❝✐♣❛✐s ♥♦s ❢♦r♥❡❝❡♠ ♦s ❍❛♠✐❧t♦♥✐❛♥♦s r❡❧❛t✐✈íst✐❝♦s

q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❡ ❛s ❛♥t✐♣❛rtí❝✉❧❛s s❡♣❛r❛❞❛♠❡♥t❡✳ ❆ ✜❣✉r❛ ✹✳✶ r❡♣r❡✲

s❡♥t❛ ❡sq✉❡♠❛t✐❝❛♠❡♥t❡ ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ q✉❛♥❞♦ ❛♣❧✐❝❛♠♦s

❛ tr❛♥s❢♦r♠❛çã♦ U ✳ ❯s❛r❡♠♦s ❛s ♠❛tr✐③❡s ❣❛♠♠❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✱ ♣♦✐s

♥❡st❛ r❡♣r❡s❡♥t❛çã♦ ❛s ♠❛tr✐③❡s γµ ♣♦ss✉❡♠ ❛ ❢♦r♠❛ ❡♠ ❜❧♦❝♦s ❞❡s❡❥❛❞❛ ♣❛r❛ q✉❡

♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❢✉♥❝✐♦♥❡✳ ❈♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ♦s t❡r♠♦s ❞❡

✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③ ❞❡ ♠❛♥❡✐r❛ ♣❡rt✉r❜❛t✐✈❛✱ é ❝♦♥✈❡♥✐❡♥t❡ ✐♥tr♦❞✉③✐r ❛ s❡❣✉✐♥t❡

♥♦t❛çã♦✿

H = H0 + δH, ✭✹✳✸✺✮

♦♥❞❡ H0 = Uγ0 (p · γ −mψ)U
† é ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ✉s✉❛❧ ❞❡ ❉✐r❛❝ ❡ δH ❝♦♥tê♠

t♦❞❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❡rt✉r❜❛t✐✈❛s ❞❡✈✐❞♦ ❛♦s t❡r♠♦s ❞❡ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③✳

❈♦♥s✐❞❡r❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ✉s✉❛❧ ✭Q̂ = 0✮✱ ♦✉ s❡❥❛✱ H =

❋✐❣✉r❛ ✹✳✶✿ ◆❛ ✜❣✉r❛ ❛❝✐♠❛✱ ✏♣❛rt✑ ❞❡s✐❣♥❛ ♣❛rtí❝✉❧❛s ❡ ✏♣❛rt✑ ❛♥t✐♣❛rtí❝✉❧❛s✳
❱❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡✱ ❛♣ós ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ U ❛t✉❛r s♦❜r❡ ♦ ♦♣❡r❛❞♦r ❞❡
❉✐r❛❝✱ ❛ ❡q✉❛çã♦ t♦r♥❛✲s❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠
❛s ♣❛rtí❝✉❧❛s ❡stã♦ ❞❡s❛❝♦♣❧❛❞❛s ❞❛s ❛♥t✐♣❛rtí❝✉❧❛s✳

✺✽



H0 ❝♦♠♦ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ❝♦♥✈❡rt❡r ❛

❡q✉❛çã♦ ❞❡ ✐♥t❡r❡ss❡ ♥❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧ é ♦ ♣r♦❞✉t♦ ❞❡ ❞✉❛s tr❛♥s❢♦r♠❛çõ❡s

q✉❡ ❝♦♠✉t❛♠✱ U = VW = WV ✱ ❡ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

V =
I4 + γ0γ5√

2
, ✭✹✳✸✻❛✮

W (p) =
E0 +mψ + p · γ√
2E0 (E0 +mψ)

, ✭✹✳✸✻❜✮

♦♥❞❡ E0 =
√

p2 +m2
ψ > 0✳ ❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❛❝✐♠❛ ♥❛ ❡q✉❛çã♦ (4.34)✱

❢❛③❡♥❞♦ Q̂ = 0✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✺✿

H0 = −γ5E0 =

(
E0 0

0 −E0

)
. ✭✹✳✸✼✮

❖ ❜❧♦❝♦ 2×2 s✉♣❡r✐♦r ❞❡s❝r❡✈❡ ❛s ❡♥❡r❣✐❛s ♣♦s✐t✐✈❛s ❞❛s ♣❛rtí❝✉❧❛s✱ ❡♥q✉❛♥t♦ q✉❡ ♦

❜❧♦❝♦ ✐♥❢❡r✐♦r✱ ❛♣ós ❛ r❡✐♥t❡r♣r❡t❛çã♦ ✉s✉❛❧✱ ❞❡s❝r❡✈❡ ❛s ❡♥❡r❣✐❛s ❞❛s ❛♥t✐♣❛rtí❝✉❧❛s✳

◆♦ ❝❛s♦ ❣❡r❛❧ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❝r❡✈❡r ❛s ♠♦❞✐✜❝❛çõ❡s ❛❞✈✐♥❞❛s

❞❛ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③ ✭Q̂ 6= 0✮✱ ♣♦❞❡♠♦s ♠♦❞✐✜❝❛r ❛s tr❛♥s❢♦r♠❛çõ❡s ✭✹✳✸✻❛✮

❡ ✭✹✳✸✻❜✮ ❞❡ ♠♦❞♦ ❛ t♦r♥á✲❧❛s út❡✐s ❛♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ✳ ❈❛s♦ ♦ ♦♣❡r❛❞♦r Q̂
❝♦♥t❡♥❤❛ ❡♠ s✉❛ ❡str✉t✉r❛ ❛♣❡♥❛s ♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ✱ ❡♥tã♦ ❛s tr❛♥❢♦r♠❛çõ❡s

❛♣r❡s❡♥t❛❞❛s sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ t♦r♥❛r ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ♠♦❞✐✜❝❛❞❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧

❞❡s❞❡ q✉❡ ❢❛ç❛♠♦s ❛s s❡❣✉✐♥t❡s ♠♦❞✐✜❝❛çõ❡s✿ mψ → mψ − Ŝ ❡ pµ → pµ + V̂µ✻✳
❈♦♠ ❡st❛s ♠♦❞✐✜❝❛çõ❡s✱ ❛s tr❛♥s❢♦r♠❛çõ❡s (4.36a) ❡ (4.36b) t♦r♥❛♠✲s❡

V =
I4 + γ0γ5√

2
, ✭✹✳✸✽❛✮

W (p) =
Eu + V̂0 +mψ − Ŝ +

(
p+ V̂

)
·γ

√
2
(
Eu + V̂0

)(
Eu + V̂0 +mψ − Ŝ

) , ✭✹✳✸✽❜✮

✺❖ ❝á❧❝✉❧♦ ❞❡t❛❧❤❛❞♦ ❞❛ ♦❜t❡♥çã♦ ❞❡st❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✱ ❜❡♠ ❝♦♠♦ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦✲
r✐❛✐s s❡rã♦ ❛❜♦r❞❛❞❛s ♥♦ ❛♣ê♥❞✐❝❡ ❈✳

✻❈♦♥s✐❞❡r❛r❡♠♦s ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛s ♣❛r❛ ❡st❡s ❞♦✐s ❝❛s♦s ♥♦ ❛♣ê♥❞✐❝❡ ❉ ♣❛r❛ ❡①❡♠♣❧✐✜❝❛r
❛ ♣r❡s❝r✐çã♦ mψ → mψ − Ŝ ❡ pµ → pµ + V̂µ✳

✺✾



♦♥❞❡ V̂0 ❡ V̂ sã♦ ❛s ♣❛rt❡s t❡♠♣♦r❛❧ ❡ ❡s♣❛❝✐❛❧ ❞♦ ♦♣❡r❛❞♦r V̂µ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ Eu ❞❡s✐❣♥❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ ♣❛r❛ ❡st❛ ❝♦♥✜❣✉r❛çã♦✳ ❱❛❧❡ ❛ ♣❡♥❛

r❡ss❛❧t❛r q✉❡ ❛s tr❛♥s❢♦r♠❛çõ❡s ✭✹✳✸✻❛✮✱ ✭✹✳✸✻❜✮✱ ✭✹✳✸✽❛✮ ❡ ✭✹✳✸✽❜✮ ♥♦s ❢♦r♥❡❝❡♠ ❛

❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❡①❛t❛✱ ♦ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♥♦s ♣♦ss✐❜✐❧✐t❛rá ♦❜t❡r ❛s s♦❧✉çõ❡s

❡s♣✐♥♦r✐❛✐s ❡①❛t❛s ♣❛r❛ ❡st❛s ❝♦♥✜❣✉r❛çõ❡s✳

❊♠ ❝♦♥tr❛st❡ ❛♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❛❝✐♠❛✱ q✉❛♥❞♦ ♦ ♦♣❡r❛❞♦r Q̂ ❝♦♥té♠ ❡♠

s✉❛ ❡str✉t✉r❛ ♦s ❝♦❡✜❝✐❡♥t❡s P̂ ✱ Âµ ❡ T̂ µν ✱ ♥❡♥❤✉♠❛ ♠♦❞✐✜❝❛çã♦ ♥❛s tr❛♥s❢♦r✲

♠❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♣r❡✈✐❛♠❡♥t❡ ♥♦s ❢♦r♥❡❝❡rá ❛ ❡str✉t✉r❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❡①❛t❛

❞❡s❡❥❛❞❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ♣♦❞❡♠♦s ♠♦❞✐✜❝á✲❧❛s ❛ ✜♠ ❞❡ ♦❜t❡r ❛❧❣✉♥s r❡s✉❧✲

t❛❞♦ ✐♥t❡r❡ss❛♥t❡s✳ ❯♠ ♣r✐♠❡✐r♦ ♣❛ss♦ ♥❛ t❡♥t❛t✐✈❛ ❞❡ t♦r♥❛r ♦ ♦♣❡r❛❞♦r Uγ0Q̂U †

❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❝♦♥s✐st❡ ❡♠ tr❛tá✲❧♦ ❞❡ ♠❛♥❡✐r❛ ♣❡rt✉r❜❛t✐✈❛ ❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱ ❡♥✲

❝♦♥t❛r ❛s ♥♦✈❛s tr❛♥s❢♦r♠❛çõ❡s✳ ❊♠ ♦r❞❡♠ ③❡r♦✱ ❛ tr❛♥s❢♦r♠❛çã♦ U é ❞❛❞❛ ♣❡❧♦

♣r♦❞✉t♦ VW ✱ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ (4.34) t♦r♥❛✲s❡✿

(
Uγ0γ

µpµU
† − Uγ0mψU

† + Uγ0Q̂U †
)
Uψ = 0,

(
Uγ0γ

0p0U
† − Uγ0 (γ · p+mψ)U

† + Uγ0Q̂U †
)
Uψ = 0,

(
E + γ5E0 + VWγ0Q̂W †V †

)
Uψ = 0, ✭✹✳✸✾✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✸✼✮✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ♦ ú❧t✐♠♦ t❡r♠♦ ♥ã♦ é

❜❧♦❝♦✲❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ❝♦♥té♠ t❛♥t♦ ❛s ♣❛rt❡s ♣❛r❡s q✉❛♥t♦ ❛s í♠♣❛r❡s✳ ➱ s❛❜✐❞♦

q✉❡ ❛ ♣❛rt❡ ♣❛r ❞❡ ✉♠❛ ♠❛tr✐③M ❣❡♥ér✐❝❛ ♣♦❞❡ s❡r ❡①tr❛í❞❛ ❛♣❧✐❝❛♥❞♦✲s❡ ❛ ♠❛tr✐③

♣❛r γ5 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ Mpar = 1
2
(M + γ5Mγ5)✳ P♦rt❛♥t♦✱ ♣❛r❛ r❡♠♦✈❡r ❛s

♣❛rt❡s í♠♣❛r❡s ❡ r❡t❡r ❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❜❛st❛ ♠♦❞✐✜❝❛r

❛ tr❛♥s❢♦r♠❛çã♦ U ♣♦r ✉♠❛ ♣❡q✉❡♥❛ tr❛♥s❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✱ ❛ s❛❜❡r✿

U =

(
1 +

1

4E0

[
γ5, V Wγ0Q̂W †V †

])
VW, ✭✹✳✹✵✮

♦♥❞❡ [•, •] ✐♥❞✐❝❛ ♦ ❝♦♠✉t❛❞♦r ✉s✉❛❧ ❡♥tr❡ ❞✉❛s ♠❛tr✐③❡s✳

❯s❛♥❞♦ ❡ss❛ ♥♦✈❛ tr❛♥s❢♦r♠❛çã♦✱ ❛ ❡q✉❛çã♦ (4.34) t♦r♥❛✲s❡✿

Uγ0

(
γµpµ −mψ + Q̂

)
U † = E + γ5E0 +

(
VWγ0Q̂W †V †

)
par
. ✭✹✳✹✶✮

✻✵



❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧

q✉❡ r❡♣r❡s❡♥t❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦ ❞❡

▲♦r❡♥t③✱ ♦✉ s❡❥❛✱

δH = −
(
VWγ0Q̂W †V †

)
par
. ✭✹✳✹✷✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❢♦r♠❛ ❞♦ ♦♣❡r❛❞♦r Q̂ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ (4.3) ❡ ❢❛③❡♥❞♦ ❛❧❣✉♥s

❝á❧❝✉❧♦s✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ♣❛r❛ δH✿

δH =
1

E0

[
mψŜγ5 − E0V̂0 − V̂jpjγ5 + Â0pjγjγ0 +mψÂjγjγ0γ5 +

Âjpjpkγkγ0γ5
(E0 +mψ)

+ipjT̂ 0kγjγk + iT̂ 0jpj − E0
˜̂T
0j

γjγ0 +
˜̂T
0j

pjpkγkγ0
(E0 +mψ)


 . ✭✹✳✹✸✮

❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♥♦s ❢♦r♥❡❝❡ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ♦ ❍❛♠✐❧✲

t♦♥✐❛♥♦ ✭✹✳✸✺✮✳ ■r❡♠♦s ✉s❛r ❛ ❡q✉❛çã♦ ✭✹✳✹✸✮ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞♦

❍❛♠✐❧t♦♥✐❛♥♦ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✐♥t❡r❡ss❡ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

❈♦♠ ♦s ❍❛♠✐❧t♦♥✐❛♥♦s ❡♠ ♠ã♦s✱ ✐r❡♠♦s ❝❛❧❝✉❧❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s

❞✐✈❡rs❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r Âµ ❡ T̂ µν ✳

✻✶



✻✷



❈❛♣ít✉❧♦ ✺

❚❡♦r✐❛ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r

♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥ ♥ã♦✲❞❡❣❡♥❡r❛❞♦

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❞❡s❝r❡✈❡♠♦s ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❣❡♥❡r❛❧✐③❛❞❛ q✉❡ ✉s❛r❡♠♦s✱

❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♣❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s ❞✐✈❡rs❛s ❝♦♥✜❣✉r❛çõ❡s

❞♦s ♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν ✳ P♦ré♠✱ ❛♥t❡s ❞❡ ❛♣❧✐❝❛r t❛❧ ♠❡t♦❞♦❧♦❣✐❛✱ ✐r❡♠♦s ❞❡t❛✲

❧❤❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s q✉❡ ❞✐③❡♠ r❡s♣❡✐t♦ às ❡♥❡r❣✐❛s ❡ ❡s♣✐♥♦r❡s ❞❛s

♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s✳ ❆ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦r❡s ❡ s✉❛s ♣♦ssí✈❡✐s ❣❡♥❡r❛❧✐③❛✲

çõ❡s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❆ ♥♦r♠❛❧✐③❛çã♦

q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦ t❛♠❜é♠ é ❞✐s❝✉t✐❞❛✳ P♦r ✜♠✱ ♦❜t❡r❡♠♦s

❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❡s❡❥❛❞❛s✳

✺✳✶ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s

❖s ♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν ✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ❡①❛✉st✐✈❛♠❡♥t❡ ♥♦ ❝❛♣ít✉❧♦ ✹✱

❞✐❢❡r❡♠✲s❡ ❞♦s ❞❡♠❛✐s ♦♣❡r❛❞♦r❡s✱ ♣♦✐s✱ ❡♠ ❣❡r❛❧✱ ❤❛✈❡rá ❞✉❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡r✲

sã♦ ❞✐st✐♥t❛s✳ ❊ss❛ ♥♦✈❛ ♣r♦♣r✐❡❞❛❞❡ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ❝♦♥s❡q✉ê♥❝✐❛ ❛ q✉❡❜r❛

❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳ ❙❛❜❡♠♦s t❛♠❜é♠ q✉❡ ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí✲

❝✉❧❛s ❡stã♦ ❝♦♥❡❝t❛❞❛s às s♦❧✉çõ❡s ❞❛s ♣❛rtí❝✉❧❛s ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ [✺✵]✳ ❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡t❛❧❤❛❞♦ ❞❡ss❛ ❝♦♥❡①ã♦ ♥♦s ♣❡r✲

♠✐t✐rá ♦❜t❡r ❡ss❛s s♦❧✉çõ❡s ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s s✐♠♣❧❡s✳ ❉❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r

❝♦♠♦ t❛❧ ❝♦♥❡①ã♦ ♦❝♦rr❡✱ ❝♦♠♦ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛

✻✸



q✉❛✐sq✉❡r ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ ❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳

✺✳✶✳✶ ❊♥❡r❣✐❛s ❞❛s ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s

❙❛❜❡♠♦s q✉❡ ♥♦ ❝❛s♦ ♣❛❞rã♦ ❡ ♥♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ é ♠♦❞✐✜✲

❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s q✉❡ ♥ã♦ q✉❡❜r❛♠ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦

❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ é ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ✱ ❛ ❡♥❡r❣✐❛ ❞❛s ♣❛rtí❝✉❧❛s

❡ ❛♥t✐♣❛rtí❝✉❧❛s é ❞❡❣❡♥❡r❛❞❛✳ P♦ré♠✱ ♦s ❝❛s♦s q✉❡ ✐r❡♠♦s ❛✈❛❧✐❛r ♦❝♦rr❡ ❛ q✉❡❜r❛

❞❡ss❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛✳ P♦rt❛♥t♦✱ é ❡s♣❡r❛❞♦ q✉❡ ❤❛❥❛ ❞✉❛s ❡♥❡r❣✐❛s ❞✐st✐♥t❛s ♣❛r❛

❛s ♣❛rtí❝✉❧❛s✱ ❜❡♠ ❝♦♠♦ ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛✳ ❖s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡✲

tr✐❛ ❞❡ ▲♦r❡♥t③ ❡ ✐♥❞✉③❡♠ t❛❧ ❛ss✐♠❡tr✐❛ sã♦✿ Âµ ❡ T̂ µν ✳ ❉❡♥♦t❛r❡♠♦s ❛s ❡♥❡r❣✐❛s

♣♦s✐t✐✈❛s ♥ã♦ ❞❡❣❡♥❡r❛❞❛s ♣♦r E(±)
> ❡ ❛s ✐❞❡♥t✐✜❝❛r❡♠♦s ❝♦♠♦ ❛s ❡♥❡r❣✐❛s q✉❡ ❝❛✲

r❛❝t❡r✐③❛♠ ❛s ♣❛rtí❝✉❧❛s✱ ♦✉ s❡❥❛✱ E(±)
> ≡ E

(±)
u ✳ ❏á ❛s ❞✉❛s ❡♥❡r❣✐❛s ♥❡❣❛t✐✈❛s✱ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r E(±)
< ✱ ❛♣ós ❛s ❞❡✈✐❞❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ♣♦❞❡rã♦ s❡r ✐❞❡♥t✐✜❝❛❞❛s

❝♦♠♦ ❛s ❡♥❡r❣✐❛s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✱ ♦✉ s❡❥❛✱ E(±)
v ✳

❙❛❜❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ❡stã♦ ❝♦♥❡❝t❛❞❛s às

s♦❧✉çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛s ♣❛rtí❝✉❧❛s ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛✲

çã♦ ❞❡ ❝❛r❣❛ ❈✳ P♦rt❛♥t♦✱ ❝♦♥❤❡❝❡♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ❝♦♥✲

tr♦❧❛♠ ❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ q✉❛♥❞♦ s✉❜♠❡t✐❞♦s ❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛✱ s❛❜❡r❡♠♦s ❝♦♠♦ s❡rá ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ❡♥❡r❣✐❛s✳

❙♦❜ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛✱ ♦s ❝♦❡✜❝✐❡♥t❡s ♠♦str❛❞♦s ♥❛ ❞❡✲

❝♦♠♣♦s✐çã♦ (4.16) ❝♦♠♣♦rt❛♠✲s❡ ❝♦♠♦✿ {cµν···, dµν···, eµ···, fµ···, gκλµ···,m,m5, a
µ···,

bµ···, Hµν···} C7→ {cµν···,−dµν···,−eµ···,−fµ···, gκλµ···,m,m5,−aµ···, b̂µ,−Hµν···} [✺✵]✳ ❖

r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ é ❜❡♠ ❣❡r❛❧✱ ♣♦ré♠✱ ♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ r❡❛❧✲

♠❡♥t❡ ✐♥t❡r❡ss❛♠ sã♦ d̂µν ✱ b̂µ✱ ĝκλµ ❡ Ĥµν ✳ ❆ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❡♥❡r❣✐❛s ♣❛r❛ ❡st❡s

❝♦❡✜❝✐❡♥t❡s✱ ❞❛❞❛ ♣♦r [✺✵]✱ é ♠♦str❛❞❛ ❛ s❡❣✉✐r✿

E
(±)
< = −E(∓)

> (−p,−dµν···,−Hµν···) . ✭✺✳✶✮

❈♦♠♦ ❥á ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✹✱ ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ♥ã♦ ♣♦ss✉❡♠

s❡♥t✐❞♦ ❢ís✐❝♦ ❛ ♠❡♥♦s q✉❡ ❢❛ç❛♠♦s ✉s♦ ❞❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣✳

❋❛③❡♥❞♦ ✉s♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♥❛ ❡q✉❛çã♦ (5.1)✱ t❡♠♦s

− E(∓)
> (−p,−dµν···,−Hµν···) 7→ E

(∓)
> (p,−dµν···,−Hµν···) ≡ E(∓)

v , ✭✺✳✷✮

✻✹



♦♥❞❡ ✐♥✈❡rt❡♠♦s ♦s s✐♥❛✐s ❞❛s ❝♦♠♣♦♥❡♥t❡s ❡s♣❛❝✐❛✐s ❞♦ ♠♦♠❡♥t♦✱ ❜❡♠ ❝♦♠♦ ♦

s✐♥❛❧ ❞❛ ❡♥❡r❣✐❛✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ p0 ❡ ✜③❡♠♦s ✉s♦ ❞❛ ♥♦t❛çã♦ ❞❛ r❡❢✳ [✺✵]

♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❈♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s d̂µν❡ Ĥµν ✈✐♦❧❛♠ C, ❛s ❡♥❡r❣✐❛s ❞❛s

❛♥t✐♣❛rtí❝✉❧❛s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s às ❡♥❡r❣✐❛s ❞❛s ♣❛rtí❝✉❧❛s ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡

❡q✉❛çã♦✿

E(±)
u (p, dµν···, Hµν···) = E(∓)

u (p,−dµν···,−Hµν···) = E(∓)
v (p) . ✭✺✳✸✮

❚❛✐s ❝♦rr❡s♣♦♥❞ê♥❝✐❛s ❡♥tr❡ ❛s ❡♥❡r❣✐❛s s❡rã♦ ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥❛s ♣ró①✐♠❛s

s❡çõ❡s✳

✺✳✶✳✷ ❖❜t❡♥çã♦ ❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❡s♣✐♥♦r❡s

◆❛ ❧✐t❡r❛t✉r❛✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♠❛✐s ❝♦♠✉♠ ♣❛r❛ ♦❜t❡r ♦s ❡s♣✐♥♦r❡s ❝♦♥s✐st❡ ❡♠

❡❢❡t✉❛r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❡♠ ❞✉❛s ♣❛rt❡s✿ ♦ ❜❧♦❝♦ s✉♣❡r✐♦r✱

q✉❡ ❞✐③ r❡s♣❡✐t♦ às ♣❛rtí❝✉❧❛s✱ ❡ ♦ ❜❧♦❝♦ ✐♥❢❡r✐♦r✱ q✉❡ r❡❢❡r❡✲s❡ às ❛♥t✐♣❛rtí❝✉❧❛s✳

❆ ♣❛rt✐r ❞❡ss❛ ❞❡❝♦♠♣♦s✐çã♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦s ❡s♣✐♥♦r❡s✱ ❜❡♠ ❝♦♠♦ ♦ ❧✐♠✐t❡

♥ã♦ r❡❧❛t✐✈íst✐❝♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✳ P♦✲

ré♠✱ ❝♦♥st❛t❛♠♦s q✉❡ ❡st❡ ♠ét♦❞♦ ✉s✉❛❧ ❢✉♥❝✐♦♥❛ ❛♣❡♥❛s q✉❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ é ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ ❞❡s❝r✐t❛ ♥❛ s❡çã♦ ✹✳✹

♣❡r♠✐t❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❡♥❝♦♥tr❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s q✉❡

q✉❡❜r❛♠ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳ ■ss♦ só é ♣♦ssí✈❡❧✱ ❣r❛ç❛ ❛♦ ❢❛t♦ ❞❛ ❢♦r♠❛

❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ♥ã♦ ♠✐st✉r❛r ❛s ✐♥❢♦r♠❛çõ❡s ❡♥tr❡ ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s✱ ♦✉

s❡❥❛✱ ❡st❛s ✐♥❢♦r♠❛çõ❡s ❡stã♦ ❞❡s❛❝♦♣❧❛❞❛s✳

❆❧é♠ ❞❛ ✈❛♥t❛❣❡♠ ♠❡♥❝✐♦♥❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❛ ♠❡t♦❞♦❧♦❣✐❛ ♥♦s ♣❡r♠✐t✐rá

❣❡♥❡r❛❧✐③❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ q✉❛✐sq✉❡r ♦♣❡r❛❞♦r❡s {Ŝ✱ P̂ ✱ V̂µ✱ Âµ✱ T̂ µν}
❡♠ q✉❛❧q✉❡r ❞✐♠❡♥sã♦ ❝♦♥❤❡❝❡♥❞♦ ❛♣❡♥❛s ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s ✈❡rsõ❡s

♠í♥✐♠❛s ❞❡st❡s ♦♣❡r❛❞♦r❡s✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❝♦♥s✐st❡ ❜❛s✐❝❛♠❡♥t❡ ❞♦s s❡❣✉✐♥t❡s

♣❛ss♦s✿ ❝❛❧❝✉❧❛✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛

♣❡❧♦ ♦♣❡r❛❞♦r A(3)3✱ ✈❡rsã♦ ♠í♥✐♠❛ ❞♦ ♦♣❡r❛❞♦r Â3✱ ❡ ❡❢❡t✉❛✲s❡ ❛ s❡❣✉✐♥t❡ ♣r❡s❝r✐✲

çã♦

A(3)3 7−→ Â3 ≡
∑

d

A(d)3α1...αd−3pα1 . . . pαd−3
. ✭✺✳✹✮

❊ss❛ ♣r❡s❝r✐çã♦ ♠❛♣❡✐❛ ♦ ▼P❊ ♠í♥✐♠♦ ❛♦ ▼P❊ ♥ã♦✲♠í♥✐♠♦✳ ◆ã♦ é ❞✐❢í❝✐❧ ❝♦♠♣r❡✲

✻✺



❡♥❞❡r ♣♦r q✉❡ t❛❧ ♠❛♣❡❛♠❡♥t♦ ❢✉♥❝✐♦♥❛✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ♦ í♥❞✐❝❡ q✉❡ ❝♦♥tr♦❧❛

❛ ♥❛t✉r❡③❛ ❞♦ s♣✐♥ ✭í♥❞✐❝❡ µ = 3 ♥♦ ❝❛s♦ ❛❝✐♠❛✮ ♣❡r♠❛♥❡❝❡ ✜①♦ ❡ ♦s í♥❞✐❝❡s

α1, . . . , αd−3 ♣♦❞❡♠ s❡r ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ✏í♥❞✐❝❡s ✐♥t❡r♥♦s✑ q✉❡ ♥ã♦ ❛❧t❡r❛♠ ❛ ❝♦♥✲

✜❣✉r❛çã♦ ❞♦ ♦♣❡r❛❞♦r Q̂✳ ◆❛ ❡q✉❛çã♦ ❛ s❡❣✉✐r✱ ♠♦str❛♠♦s ♦ ♣❛♣❡❧ ❞❡s❡♠♣❡♥❤❛❞♦

♣❡❧♦ í♥❞✐❝❡ q✉❡ ❝♦♥tr♦❧❛ ❛ ♥❛t✉r❡③❛ ❞♦ s♣✐♥ ❡ ♥❛ s❡q✉ê♥❝✐❛ ♠♦str❛♠♦s ♦ ♣❛♣❡❧

❞❡s❡♠♣❡♥❤❛❞♦ ♣❡❧♦s ✏í♥❞✐❝❡s ✐♥t❡r♥♦s✑ ♥❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♦♣❡r❛❞♦r✳ P❛r❛ ❛ ❝♦♥✲

✜❣✉r❛çã♦ Q̂ = V̂µγµ✱ t❡♠♦s✿

Q̂ ≡ V̂µγµ =




0 0 V̂0 − V̂3 iV̂2 − V̂1

0 0 −V̂1 − iV̂2 V̂0 + V̂3

V̂0 + V̂3 V̂1 − iV̂2 0 0

V̂1 + iV̂2 V̂0 − V̂3 0 0



. ✭✺✳✺✮

❯s❛♥❞♦ ♦ ♠❛♣❡❛♠❡♥t♦

Vµ♠í♥✐♠♦ 7−→ V̂µ◆ã♦✲♠í♥✐♠♦ ≡
∑

d

V (d)µα1...αd−3pα1 . . . pαd−3
, ✭✺✳✻✮

♦❜t❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡s❡❥❛❞❛✳ ❆ss✐♠✱ ✜❝❛ ❝❧❛r♦ q✉❡ ❛ ♣r❡s❝r✐çã♦ ❛❝✐♠❛ ♠❡♥❝✐♦✲

♥❛❞❛ r❡❛❧♠❡♥t❡ ❝♦♥❡❝t❛ ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ❛♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥ã♦✲♠í♥✐♠♦

❡ q✉❡ ♦s ✏í♥❞✐❝❡s ✐♥t❡r♥♦s✑ ♥ã♦ ❛❧t❡r❛♠ ❛ ❝♦♥✜❣✉r❛çã♦ ❞♦ ♦♣❡r❛❞♦r Q̂✳

❆s s♦❧✉çõ❡s ❣❡♥❡r❛❧✐③❛❞❛s só sã♦ ♣♦ssí✈❡✐s✱ ♣♦rq✉❡ sã♦ ✈á❧✐❞❛s ❛♣❡♥❛s ❡♠ ♣r✐✲

♠❡✐r❛ ♦r❞❡♠✳ ◆ã♦ ♣♦❞❡♠♦s ❡sq✉❡❝❡r q✉❡ ❡st❛♠♦s s✉❜st✐t✉✐♥❞♦ ♦s p0 ❛❞✐❝✐♦♥❛✐s q✉❡

❛♣❛r❡❝❡♠ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③ ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣❛❞rã♦

E0✳ P♦ré♠✱ ♦s ❝♦❡✜❝✐❡♥t❡s Ŝ ❡ V̂µ sã♦ ✉♠❛ ❡①❝❡çã♦✱ ❥á q✉❡✱ ❝♦♠♦ ❢♦✐ ❞✐s❝✉t✐❞♦ ♥❛

s❡çã♦ ✹✳✹✱ ♣♦❞❡♠♦s ♦❜t❡r ❛s s♦❧✉çõ❡s ❡①❛t❛s ♣❛r❛ ❡st❛s ❝♦♥✜❣✉r❛çõ❡s✳ ❚❡♥❞♦ ❡♠

♠ã♦s ♦s ❡s♣✐♥♦r❡s ❡①❛t♦s✱ ❛♣❧✐❝❛♠♦s ♦ ♠❛♣❡❛♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ ❝♦♠ ❛❧❣✉♠❛s

r❡ss❛❧✈❛s✱ ♣❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ❡①❛t❛s ❡♠ q✉❛❧q✉❡r ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ d✱ ✈✐❞❡

❛♣ê♥❞✐❝❡ ❉✳

➱ r❡❧❡✈❛♥t❡ ♠❡♥❝✐♦♥❛r ❛q✉✐ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❛s ♣❛rtí❝✉❧❛s

❡ ❛♥t✐♣❛rtí❝✉❧❛s✳ ❉❡♥♦t❛r❡♠♦s ♦s ❞♦✐s ❡s♣✐♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❡ q✉❡

s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r u(α)✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ❞♦✐s ❡s♣✐♥♦r❡s

q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s sã♦ r♦t✉❧❛❞♦s ♣♦r v(α)✱ ♦♥❞❡ α = 1, 2✳ ❖s ❡s♣✐♥♦r❡s

u(α) ❡ v(α) ❡stã♦ ❝♦♥❡❝t❛❞♦s ✉♠ ❛♦ ♦✉tr♦ ❛tr❛✈és ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦

✻✻



❞❡ ❝❛r❣❛ ✭❈✮✳ ❆♦ ❛♣❧✐❝❛r ♦ ♦♣❡r❛❞♦r ❈ ♥❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡

❛♥t✐✲❡s♣✐♥♦r✶

ψc = iγ2ψ∗. ✭✺✳✾✮

❏á s❛❜❡♠♦s ❝♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ s❡ ❝♦♠♣♦rt❛♠

q✉❛♥❞♦ s✉❜♠❡t✐❞♦s ❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛✱ ✈✐❞❡ s✉❜s❡çã♦

✺✳✶✳✶✳ ❈♦♥❢♦r♠❡ ❡q✉❛çã♦ (21) ❞❛ r❡❢❡rê♥❝✐❛ [✺✵] ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s

❛ss✉♠❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

v(1,2) (p, dµν···, Hµν) = u(2,1)c (p,−dµν···,−Hµν···) , ✭✺✳✶✵✮

♦♥❞❡ ✉s❛♠♦s ❛ ♥♦t❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❡♠ (5.9)✳

❈♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s b✱ d✱ H ❡ g q✉❡❜r❛♠ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❛s ❡♥❡r❣✐❛s✱ ❡♥tã♦

❛s ❞✉❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s ♣❛rtí❝✉❧❛s ❡ ❛s ❞✉❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛r✲

tí❝✉❧❛s s❛t✐s❢❛③❡♠ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❡♥tr❡ s✐✳ ❆❧é♠

❞❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱ ♦s ❡s♣✐♥♦r❡s ❞❡✈❡♠ s❡r ♥♦r♠❛❧✐③❛❞♦s✱ ♣♦rt❛♥t♦✱ ❡s❝♦❧❤❡r❡♠♦s ❛

s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦✿

u(α)†u(α) = 2E(α)
u , ✭✺✳✶✶✮

v(α)†v(α) = 2E(α)
v , ✭✺✳✶✷✮

♦♥❞❡ ♦ í♥❞✐❝❡ α ♥ã♦ ✐♥❞✐❝❛ s♦♠❛ ❡ ❛ss✉♠❡ ♦s ✈❛❧♦r❡s α = 1, 2✳

✶

❙❡❥❛ u ✉♠ ❡s♣✐♥♦r ❛r❜✐trár✐♦

u =




u1
u2
u3
u4


 . ✭✺✳✼✮

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s❛❜❡r ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ❈=✐γ2 ♠♦❞✐✜❝❛ ♦
❡s♣✐♥♦r u. ❆♣❧✐❝❛♥❞♦ ❈ ❛ ❡q✉❛çã♦ (5.7)✱ t❡♠♦s

v = i




0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0







u1
u2
u3
u4




∗

=




u4
−u3
−u2
u1




∗

. ✭✺✳✽✮

❆ tr❛♥s❢♦r♠❛çã♦ ❈ ♥ã♦ só ✐♥✈❡rt❡ ❛ ♦r❞❡♠ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❡s♣✐♥♦r u✱ ❝♦♠♦ ✐♥tr♦❞✉③ ✉♠
s✐♥❛❧ ♥❡❣❛t✐✈♦ ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞♦✐s ❡ três✳

✻✼



❆♣ós t♦❞❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ❢❡✐t❛s✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s

❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✳ ◆❛s s❡çõ❡s ❛ s❡❣✉✐r ❝❛❧❝✉❧❛r❡♠♦s ❛s s♦❧✉çõ❡s

❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ♣❛rt✐❝✉❧❛r❡s ❞♦s ♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν ✳

✺✳✷ ❈♦♥✜❣✉r❛çã♦ ✏✐s♦tró♣✐❝❛✑ ❣❡♥❡r❛❧✐③❛❞❛

❆♣ós t♦❞❛ ❛ ❞✐s❝✉ssã♦ ♣r❡✈✐❛✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♦❜t❡r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

♠♦❞✐✜❝❛❞❛✱ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡ ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s q✉❡ s❡❣✉❡♠✳

■r❡♠♦s ✐♥✐❝✐❛r ❝♦♠ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s✱ ♦✉ s❡❥❛✱ ❝♦♠ ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛✳

❙♦❧✉çõ❡s ✐s♦tró♣✐❝❛s ❝❛r❛❝t❡r✐③❛♠✲s❡ ♣♦r ♥ã♦ ❞❡♣❡♥❞❡r ❞❡ ✉♠❛ ❞✐r❡çã♦ ♣r✐✈✐❧❡❣✐❛❞❛✳

❚❛❧ ✐♥❞❡♣❡❞ê♥❝✐❛ ♠❛♥✐❢❡st❛✲s❡ ♥❛s s♦❧✉çõ❡s q✉❛♥❞♦ ❡st❛s ❞❡♣❡♥❞❡♠ ❡①❝❧✉s✐✈❛♠❡♥t❡

❞♦ |p|✳ ❆s ♣♦ssí✈❡✐s ❝♦♥✜❣✉r❛çõ❡s ❞♦s ♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ♦❜t❡r

s♦❧✉çõ❡s ✐s♦tró♣✐❝❛s sã♦ ♠♦str❛❞❛s ❛ s❡❣✉✐r✿

ˆ̊
b =

∑

d ìmpar

b(d)0α1...αd−3pα1 . . . pαd−3
, ✭✺✳✶✸❛✮

ˆ̊
dµ =

ˆ̊
d× diag

(
1,

1

3
,
1

3
,
1

3

)µα1

pα1 ,
ˆ̊
d ≡

∑

d par

d(d)00α2...αd−3pα2 . . . pαd−3, ✭✺✳✶✸❜✮

T̂ ij = ˆ̊gij = ˆ̊g × εijkpk, ˆ̊g ≡
∑

d par

g(d)123α2...αd−3pα2 . . . pαd−3
. ✭✺✳✶✸❝✮

P♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ❛s ❝♦♥✜❣✉r❛çõ❡s (5.13a− 5.13c) sã♦ ❜❡♠ ❣❡r❛✐s ❡ ❝♦♥✲

t❡♠♣❧❛♠ t❛♥t♦ ❛s s♦❧✉çõ❡s ✐s♦tró♣✐❝❛s q✉❛♥t♦ ❛s ❛♥✐s♦tró♣✐❛s✳ ❈♦♠♦ ❡st❛♠♦s ✐♥t❡✲

r❡ss❛❞♦s ♥❛s s♦❧✉çõ❡s ✐s♦tró♣✐❝❛s✱ ❞❡✈❡♠♦s ♥♦s ❛t❡r ❛♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ r❡♣r♦❞✉③❡♠

♦ ▼P❊ ♠í♥✐♠♦✱ ❥á q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛s ❝♦♥✜❣✉r❛çõ❡s (5.13a− 5.13c) tê♠ ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❞❡s❡❥❛❞♦✳ ❖s ❝♦❡✜❝✐❡♥t❡s q✉❡ ❝♦♠♣õ❡♠ ♦ ▼P❊ ♠í♥✐♠♦ sã♦✿ ˆ̊b = b(3)0✱
ˆ̊
d = d(4)00 ❡ ˆ̊g = g(4)123✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ❡st❛s ❝♦♥✜❣✉r❛çõ❡s é

♠♦str❛❞❛ ❛ s❡❣✉✐r

(
γµp

µ −mψ +
ˆ̊A0γ5γ0 +

1

2
T̂ ijσij

)
Ψ = 0, ✭✺✳✶✹✮
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♦♥❞❡
ˆ̊A0 =

ˆ̊
d0 − ˆ̊

b. ✭✺✳✶✺✮

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s ♥♦ ❝á❧❝✉❧♦ ❞♦s ❡s♣✐♥♦r❡s✱ ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛ ❢♦r♠❛

❜❧♦❝♦ ❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ (5.14)✳ ❋❛③❡♥❞♦ ✉s♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♥❛

s❡çã♦ ✹✳✹✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ❡q✉❛çã♦ (4.43)✱ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ t♦r♥❛✲s❡✿

Eψ′ + γ5E0ψ
′ +

1

E0

[
Â0pjγjγ0 −

E0

2
ǫ0jik ˆ̊gijγjγ0 +

1

2

ǫ0jik ˆ̊gijpjplγlγ0
(E0 +mψ)

]
ψ′ = 0,

✭✺✳✶✻✮

♦♥❞❡ ψ′ = Uψ ❡ U é ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ ✉s❛❞❛ ♣❛r❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✐③❛r ❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.14)✳ ❚❡♥❞♦ ❡♠ ♠ã♦s ❛ ❡q✉❛çã♦ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧

❛❝✐♠❛✱ ♣♦❞❡♠♦s ♦❜t❡r ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡ ♦s ❡s♣✐♥♦r❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠

s❡♠ ♠✉✐t❛s ❞✐✜❝✉❧❞❛❞❡s✱ ❥á q✉❡ ❛ ❡q✉❛çã♦ (5.16) é ✉♠❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r

s✐♠♣❧❡s ❞❡ s❡ r❡s♦❧✈❡r✳

❆ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ♠í♥✐♠❛ é ♦❜t✐❞❛

r❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r (5.16)✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ♥♦s ♠♦str❛ ❛s

❡♥❡r❣✐❛s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s

E̊(±)
u = E0

[
1± |p|

E2
0

(
4

3
E0

ˆ̊
d− ˆ̊

b+mψ
ˆ̊g

)]
. ✭✺✳✶✼✮

❆ ❡q✉❛çã♦ ❛❝✐♠❛ ♥♦s ♠♦str❛ ❝❧❛r❛♠❡♥t❡ q✉❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❡s❝♦❧❤✐❞❛ é ✐s♦tró♣✐❝❛✱

❥á q✉❡ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞♦ ♠♦❞✉❧♦ ❞♦ ♠♦♠❡♥t♦ ✭|p|✮✳ ❆s s♦❧✉çõ❡s ♣❛r❛ ❛s

❛♥t✐♣❛rtí❝✉❧❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡s❝r✐t♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✶✱

♦✉ s❡❥❛

E̊(±)
v = E̊(∓)

u (p,−dµν···) . ✭✺✳✶✽✮

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❛ ❡q✉❛çã♦ (5.16) sã♦

Ψ̊(1) = N̊




− |p|+ p3

p1 + ip2

0

0



, Ψ̊(2) = N̊




|p|+ p3

p1 + ip2

0

0



, ✭✺✳✶✾❛✮

✻✾



Ψ̊(3) = N̊




0

0

− |p|+ p3

p1 + ip2



, Ψ̊(4) = N̊




0

0

|p|+ p3

p1 + ip2



, ✭✺✳✶✾❜✮

♦♥❞❡ N̊ é ✉♠ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❛ s❡r ❝❛❧❝✉❧❛❞♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♥❢♦r♠❡ ❝r✐tér✐♦

❡st❛❜❡❧❡❝✐❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✳ P♦❞❡♠♦s ❝♦♥st❛t❛r ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s (5.17) ❡

(5.19a− 5.19b) q✉❡ |p| ♣♦❞❡ s❡r ✉s❛❞♦ ❝♦♠♦ ✉♠ ♣❛râ♠❡tr♦ q✉❡ ❝♦♥❡❝t❛ ❛s ❞✉❛s

s♦❧✉çõ❡s ❞✐st✐♥t❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛ tr♦❝❛ |p| → − |p| ❧❡✈❛✱ ♣♦r ❡①❡♠♣❧♦✱ E̊(+)
u →

E̊
(−)
u ✳ ❖ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ é ✈á❧✐❞♦ ♣❛r❛ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s (5.19a− 5.19b)

❡ s❡rá ❡①♣❧♦r❛❞♦ ♠❛✐s ❛❞✐❛♥t❡✳

❆s s♦❧✉çõ❡s (5.19a− 5.19b)✱ ❝♦♠♦ ❥á s❛❜❡♠♦s✱ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❡s♣✐♥♦r❡s ❞❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♥❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✳ P♦ré♠✱ ❝♦♠♦ ♣♦❞❡ s❡r

✈✐st♦✱ ❡st❛s s♦❧✉çõ❡s ♥ã♦ ❝♦♥tê♠ ♥❡♥❤✉♠❛ ✐♥❢♦♠❛çã♦ ❛❝❡r❝❛ ❞♦s ❝♦❡✜❝✐❡♥t❡ q✉❡

✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱ ♣♦rt❛♥t♦✱ ♥ã♦ sã♦ ❛s s♦❧✉çõ❡s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s✳

❆ ♣r❡s❡♥ç❛ ❞❡ t❛✐s ❝♦❡✜❝✐❡♥t❡s é ❞❡ ✈✐t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ❝♦♠♦

❡❧❡s ♠♦❞✐✜❝❛♠ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ♣r❡❝✐s❛♠♦s

tr❛♥s❢♦r♠❛r ♦s ❡s♣✐♥♦r❡s (5.19a− 5.19b) ❞❡ ♠♦❞♦ ❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ❞❡s❡❥❛❞❛s✳

P❛r❛ ♦❜t❡r t❛✐s s♦❧✉çõ❡s✱ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ U †
(

ˆ̊A0, T̂ ij
)

♥♦s ❡s♣✐♥♦r❡s ❡♥❝♦♥tr❛❞♦s✳ ❆ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ U

(
ˆ̊A0, T̂ ij

)
❡s❝r✐t❛ ❞❡ ❢♦r♠❛

❡①♣❧í❝✐t❛ ♣❛r❛ ♦ ♣r❡s❡♥t❡ ❝❛s♦ é ❞❛❞❛ ♣♦r

U = VW −
ˆ̊A0

4E0

[
γ5, V Wγ5W

†V †]VW +
ˆ̊gij

4E0

[
γ5, V Wγ0σijW

†V †]VW. ✭✺✳✷✵✮

❖❜t❡♥❞♦ ❛ ♠❛tr✐③ ❛❞❥✉♥t❛ ❞♦ ♦♣❡r❛❞♦r U

(
ˆ̊A0, T̂ ij

)
❡ ❛♣❧✐❝❛♥❞♦✲❛ às s♦❧✉çõ❡s

(5.19a)✱ ♦❜t❡♠♦s ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❛s ♣❛rtí❝✉❧❛s✱ ❛ s❛❜❡r✿

ů(1,2)|
E

(±)
u

= N̊ (1,2)
u Z̊

(
ˆ̊A0 − ˆ̊g

|p|2
mψ

)
, ✭✺✳✷✶✮

✼✵



♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Z̊ (X) =

(
φ̊∓

χ̊±

)
− mψ

2E2
0

(
χ̊±

−φ̊∓

)
X, ✭✺✳✷✷❛✮

φ̊± = (E0 +mψ ± |p|)
(
p3 ∓ |p|
p1 + ip2

)
, ✭✺✳✷✷❜✮

χ̊± = (E0 +mψ ± |p|)
(
p3 ± |p|
p1 + ip2

)
. ✭✺✳✷✷❝✮

❆s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛♣❧✐❝❛♥❞♦✲s❡ ❛ ♠❛tr✐③

U †
(

ˆ̊A0, T̂ ij
)

♥❛s s♦❧✉çõ❡s (5.19b)✳ ❉❡✈❡♠♦s ❢❛③❡r ✉s♦ ❞❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡

❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥❛ s❡çã♦ ✹✳✹✱ ♣❛r❛ q✉❡ t❛✐s s♦❧✉çõ❡s

❛❞q✉✐r❛♠ s❡♥t✐❞♦ ❢ís✐❝♦✳ ❯♠❛ ♠❛♥❡✐r❛ ♠❛✐s rá♣✐❞❛ ♣❛r❛ s❡ ♦❜t❡r ♦s ❡s♣✐♥♦r❡s q✉❡

❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✱ ❝♦♥s✐st❡ ❡♠ ❧❡♠❜r❛ q✉❡ ❡st❛s s♦❧✉çõ❡s ❡stã♦ ❝♦♥❡❝t❛✲

❞❛s às s♦❧✉çõ❡s ❞❛s ♣❛rtí❝✉❧❛s ✈✐❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛ ❈✱

❝♦♥❢♦r♠❡ s✉❜s❡çã♦ ✺✳✶✳✷✳ ❋❛③❡♥❞♦ ✉s♦ ❞❛ ❡q❛çã♦ (5.10) t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s

v̊(1,2)|©
E

(±)
v

= N̊ (1,2)
v




ů
(2,1)
4

−ů(2,1)3

−ů(2,1)2

ů
(2,1)
1




∗

(−dµν) , ✭✺✳✷✸✮

♦♥❞❡ ů(2,1)i r❡♣r❡s❡♥t❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❡s♣✐♥♦r ů(α)✱ ♦ ❛st❡r✐s❝♦ s✐❣♥✐✜❝❛ ❝♦♠♣❧❡①♦

❝♦♥❥✉❣❛❞♦ ❡ ♦ ♣❛rê♥t❡s❡s ❛♣ós ❛ ♠❛tr✐③ ❝♦❧✉♥❛ ✐♥❞✐❝❛ q✉❡ ❡st❛♠♦s s✉❜st✐t✉✐♥❞♦ ❛s

❛♥t✐❣❛s ✈❛r✐á✈❡✐s ❡♠ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❡s♣✐♥♦r ♣♦r ❛q✉❡❧❛s ♣r❡s❡♥t❡ ♥♦

♣❛rê♥t❡s❡s✳ ◆♦ ❝❛s♦ ❛❝✐♠❛✱ dµν··· → −dµν···✳

❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s (5.21− 5.23) ♣♦s✲

s✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

N̊ (1,2)
u =

1

4
√
|p| (|p| ± p3) (E0 +mψ)

[
2± |p|

E2
0

(
4

3
E0

ˆ̊
d− ˆ̊

b+mψ
ˆ̊g

)]
, ✭✺✳✷✹❛✮

✼✶



N̊ (1,2)
v = N̊ (2,1)

u (−dµν···) . ✭✺✳✷✹❜✮

❖ ❝r✐tér✐♦ ♣❛r❛ ♦❜t❡r ❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❢♦✐ ❛q✉❡❧❡ ❞❡s❝r✐t♦ ♥❛ s✉❜s❡çã♦

✺✳✶✳✷✳

P✉❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛s s♦❧✉çõ❡s ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡ ♦s ❡s♣✐♥♦r❡s ❞❡♣❡♥✲

❞❡♠ ❛♣❡♥❛s ❞♦ ♠♦❞✉❧♦ ❞♦ ♠♦♠❡♥t♦ |p| ❝♦♠♦ ❡s♣❡r❛❞♦✳ ❆♣❡s❛r ❞❡ t❡r ❡s❝♦❧❤✐❞♦ ❛

❝♦♥✜❣✉r❛çã♦ ♠í♥✐♠❛ ♣❛r❛ q✉❡ ♦❜t✐✈éss❡♠♦s ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛✱ ❛s s♦❧✉✲

çõ❡s ❡s♣✐♥♦r✐❛✐s ❛❝✐♠❛ ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s ♥ã♦✲♠í♥✐♠❛

❝♦♥❢♦r♠❡ ♣r❡s❝r✐çã♦ ❞❡t❛❧❤❛❞❛ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✳

✺✳✸ ❙♦❧✉çõ❡s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡✲

r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧ Âµ

❆♣ós ❛ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛✱ ✐r❡♠♦s ❛❣♦r❛

❛✈❛❧✐❛r ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s ♣❛r❛ ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧ Âµ✳ ❆
❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♣❛r❛ ❡st❡ ❝❛s♦ é ❞❛❞❛ ♣♦r

(
γµp

µ −mψ + Âµγ5γµ
)
ψ = 0, ✭✺✳✷✺✮

❝✉❥❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ❝♦♥❢♦r♠❡ ❡q✉❛çã♦ (4.28)✱ é ❞❛❞❛ ♣♦r

(
p+ Â

)2 (
p− Â

)2
− 2m2

ψ

(
p2 − Â2

)
+m4

ψ = 0, ✭✺✳✷✻✮

♦♥❞❡ p é ♦ 4−vetor ♠♦♠❡♥t♦ ❡ Â é ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛

❛r❜✐trár✐❛✳ ❆♦ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ (5.26) ♣❛r❛ ❛ ❝♦♠♣♦♥❡♥t❡ p0✱ ♦❜t❡♠♦s ❛s ❡♥❡r❣✐❛s

❡①❛t❛s ♣❛r❛ ❛ ♣r❡s❡♥t❡ ❝♦♥✜❣✉r❛çã♦✳ ❈♦♠♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♦♣❡r❛❞♦r❡s

❡♠ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛✱ ❛❧❣✉♠❛s s✐t✉❛çõ❡s ✐♥❝♦♠✉♥s ♦❝♦rr❡♠ q✉❛♥❞♦ p0 ❛❞✐❝✐♦♥❛✐s

❛♣❛r❡❝❡♠ ♥❛ ❡str✉t✉r❛ ❞♦ ♦♣❡r❛❞♦r Â✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ♣♦❞❡♠ ❛♣❛r❡❝❡r ♠❛✐s ❞❡

q✉❛tr♦ s♦❧✉çõ❡s ♣❛r❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ❛❧é♠ ❞❛ ♠♦❞✐✜❝❛çã♦ ❞❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ✉s✉❛❧✳ ❱♦❧t❛r❡♠♦s ❛ ❡st❡ ♣r♦❜❧❡♠❛ ♥❛ s❡çã♦ ✺✳✼✳

✼✷



✺✳✸✳✶ ❖♣❡r❛❞♦r Âi ❝♦♠ i = {1, 2}

❖ ♣r✐♠❡✐r♦ ❝❛s♦ ❛♥✐s♦tró♣✐❝♦ q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s r❡s✐❞❡ ♥❛ ♠♦❞✐✜❝❛çã♦ ❞❛ ❡q✉❛✲

çã♦ ❞❡ ❉✐r❛❝ ♣❡❧♦ ♦♣❡r❛❞♦r Âi ❝✉❥❛s ❝♦♥✜❣✉r❛çõ❡s ❛♣♦♥t❛♠ ♥❛s ❞✐r❡çõ❡s ❞♦s ❡✐①♦s

x ❡ y✳ ❊st❡s ❞♦✐s ❝❛s♦s s❡rã♦ ❡①❛♠✐♥❛❞♦s s❡♣❛r❛❞❛♠❡♥t❡ ❡✱ ❛ ♣♦st❡r✐♦r✐✱ s❡rá ♠♦s✲

tr❛❞♦ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❞❡st❛s ❞✉❛s ❝♦♥✜❣✉r❛çõ❡s✱ ✈✐st♦

q✉❡ ❛ ❡str✉t✉r❛ γ5γi ♣❛r❛ i = {1, 2} sã♦ ❜❡♠ s❡♠❡❧❤❛♥t❡s✷✳

❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ❛♠❜❛s ❝♦♥✜❣✉r❛çõ❡s ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡

❢♦r♠❛ (
γµp

µ −mψ + Âiγ5γi
)
Ψ = 0, ✭✺✳✷✼✮

♦♥❞❡ ♦ í♥❞✐❝❡ i ♥ã♦ ❞❡✈❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛ s♦♠❛✱ ♠❛s s✐♠ ❝♦♠♦ ❛ss✉♠✐♥❞♦

♦s ✈❛❧♦r❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❝❛s♦s s❡♣❛r❛❞❛♠❡♥t❡✳ ❆♥t❡s ❞❡ ♦❜t❡r ❛s s♦❧✉çõ❡s ❡s♣✐✲

♥♦r✐❛✐s✱ ♣r❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ❛s ❡♥❡r❣✐❛s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s

r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ (5.26) s✉❜st✐t✉✐♥❞♦ ♦s p0 ❛❞✐❝✐♦♥❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡str✉t✉r❛

❞♦ ♦♣❡r❛❞♦r Âi ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ✉s✉❛❧ E0 =
√
p2 +m2

ψ ❡ r❡t❡r ❛♣❡♥❛s

t❡r♠♦s ❧✐♥❡❛r❡s ❡♠ Âi. Pr♦❝❡❞❡♥❞♦ ❞❡st❛ ♠❛♥❡✐r❛✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

E(±)
u |Â

i

= E0

(
1± Ωi

E2
0

Âi
)
, Ωi =

√
p2i +m2

ψ, ✭✺✳✷✽✮

♦♥❞❡ ♦ s✉❜s❝r✐t♦ u ❡♠ E
(±)
u s✐❣♥✐✜❝❛ q✉❡ ❡st❛s ❡♥❡r❣✐❛s ❝❛r❛❝t❡r✐③❛♠ às ♣❛rtí❝✉✲

❧❛s✳ ❆s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞♦ ❢♦r♠❛❧✐s♠♦

✷

❈♦♠♦ ✈❡♠♦s ❛ s❡❣✉✐r✱ ❛ ❡str✉t✉r❛ γ5γi ♣❛r❛ i = {1, 2} sã♦ ❜❡♠ s❡♠❡❧❤❛♥t❡s

γ5γ1 =

(
−I2 0
0 I2

)(
0 σ1
−σ1 0

)
= −

(
0 σ1
σ1 0

)
,

γ5γ2 =

(
−I2 0
0 I2

)(
0 σ2
−σ2 0

)
= −

(
0 σ2
σ2 0

)
.

P♦rt❛♥t♦✱ ❝♦♠ ❛s ❞❡✈✐❞❛s ♠♦❞✐✜❝❛çõ❡s é ♣♦ssí✈❡❧ ❝♦♥❡❝t❛r ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s Â1

❡ Â2✳ ❆♣❡♥❛s ♣♦r ❝✉r✐♦s✐❞❛❞❡✱ ❛ ♠❛tr✐③ γ5γ3 ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

γ5γ3 =

(
−I2 0
0 I2

)(
0 σ3
−σ3 0

)
= −

(
0 σ3
σ3 0

)
,

q✉❡✱ ❝❧❛r❛♠❡♥t❡✱ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✳

✼✸



❞❡s❝r✐t♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✶✱ ♦✉ s❡❥❛✱

E(±)
v |Â

i

= E(∓)
u |Â

i

(p,−dµν···) . ✭✺✳✷✾✮

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✉s✉❛❧ ♥♦s ✐♠♣♦ss✐❜✐❧✐t❛

❞❡ ♦❜t❡r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✳ P♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦

❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✹✳✹ ❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.27)✳

P♦❞❡♠♦s ♦❜tê✲❧❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (4.43)✱ ❝♦♠♦ s❡❣✉❡

Eψ′ + γ5E0ψ
′ +

1

E0

[
mψÂjγjγ0γ5 +

Âjpjpkγkγ0γ5
(E0 +mψ)

]
ψ′ = 0, ✭✺✳✸✵✮

♦♥❞❡ ψ′ = Uψ. ❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❛ ❡q✉❛çã♦ (5.30) sã♦ ♦❜t✐❞❛s ❞❡ ♠❛♥❡✐r❛

s✐♠♣❧❡s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r ❡♠ q✉❡stã♦ é ✉♠❛ ♠❛tr✐③ ❜❧♦❝♦✲

❞✐❛❣♦♥❛❧✳ ❆s s♦❧✉çõ❡s ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s Â1 ❡ Â2 sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

Ψ̆
(1)

Â1
= N̆

(
Λ

0

)
, Ψ̆

(2)

Â1
= N̆

(
Λ (−Ω1)

0

)
, ✭✺✳✸✶❛✮

Ψ̆
(3)

Â1
= N̆

(
0

Λ

)
, Ψ̆

(4)

Â1
= N̆

(
0

Λ (−Ω1)

)
, ✭✺✳✸✶❜✮

Ψ̆
(1)

Â2
= N̆ ′

(
Λ̃

0

)
, Ψ̆

(2)

Â2
= N̆ ′

(
Λ̃ (−Ω2)

0

)
, ✭✺✳✸✷❛✮

Ψ̆
(3)

Â2
= N̆ ′

(
0

Λ̃

)
, Ψ̆

(4)

Â2
= N̆ ′

(
0

Λ̃ (−Ω2)

)
, ✭✺✳✸✷❜✮

♦♥❞❡ N̆ ❡ N̆ ′ sã♦ ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❛ ❞❡t❡r♠✐♥❛r ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❝r✐té✲

r✐♦s ❡st❛❜❡❧❡❝✐❞♦s ♥❛ s✉❜s❡çã♦ ✺✳✶✳✶✳ ◆❛s ❡q✉❛çõ❡s ❛❝✐♠❛✱ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s

❞❡✜♥✐çõ❡s✿

0 =

(
0

0

)
, Λ =

(
(E0 +mψ) Ω1 + p1p3

mψ (E0 +mψ) + p1 (p1 + ip2)

)
, ✭✺✳✸✸❛✮

✼✹



Λ̃ =

(
−i (E0 +mψ) Ω2 − ip2p3

mψ (E0 +mψ)− ip2 (p1 + ip2)

)
. ✭✺✳✸✸❜✮

❱❡♠♦s q✉❡ ❛s ❞❡✜♥✐çõ❡s ❞♦s ♣❛râ♠❡tr♦s Λ ❡ Λ̃ ❛❝✐♠❛ ♣♦❞❡♠ s❡r ❝♦♥❡❝t❛❞❛s ✉♠❛

❛ ♦✉tr❛ ❛ ♣❛rt✐r ❞❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦✿

Λ̃ =

(
−iΛ1

Λ2

)
(p1 → p2, p2 → −p1,Ω1 → Ω2) . ✭✺✳✸✹✮

❆ ❝♦♥❡①ã♦ ♠❡♥❝✐♦♥❛❞❛ ♥♦ ✐♥✐❝✐♦ ❞❡st❛ s✉❜s❡çã♦ ♠❛♥✐❢❡st❛✲s❡ ❛tr❛✈és ❞❛ tr❛♥s❢♦r✲

♠❛çã♦ ❛❝✐♠❛ ❡ s❡rá ❡①♣❧♦r❛❞❛ ♠❛✐s ❛❞✐❛♥t❡✳

❉♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ✺✳✷✱ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦

✐♥✈❡rs❛ U †
(
Âi
)

♥♦s ❡s♣✐♥♦r❡s (5.31a− 5.31b) ❡ (5.32a− 5.32b) ❞❡ ♠♦❞♦ q✉❡ ❛s

s♦❧✉☛♦❡s ❝❛rr❡❣✉❡♠ ❡♠ s✉❛ ❡str✉t✉r❛ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝❡r❝❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s q✉❡

♠♦❞✐✜❝❛♠ ❛ ❡q✉❛çã♦ (5.27)✱ ♦✉ s❡❥❛✱ ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛s s♦❧✉çõ❡s ♠❛✐s ❣❡r❛✐s✳ ❆

♠❛tr✐③ U
(
Âi
)
♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❡♠ q✉❡stã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦

(4.40) s✉❜st✐t✉✐♥❞♦ Q̂ =Âiγ5γi✱ ♦✉ s❡❥❛✱

U
(
Âi
)
= VW +

Âi
4E0

[
γ5, V Wγ0γ5γiW

†V †]VW. ✭✺✳✸✺✮

Pr❡❝✐s❛♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ♦ ❝♦♥❥✉❣❛❞♦ ❍❡r♠✐t✐❛♥♦ ❞❛ ♠❛tr✐③ U ✭U †✮ ♥❛s s♦❧✉çõ❡s

(5.31a− 5.32b)✳ ■♥✐❝✐❛r❡♠♦s ♦❜t❡♥❞♦ ❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ Â1 ❛♣❧✐❝❛♥❞♦ ❛

tr❛♥s❢♦r♠❛çã♦ U †
(
Â1
)

♥❛s s♦❧✉çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛s ♣❛rtí❝✉❧❛s✱ ♦✉ s❡❥❛✱ ♥❛s

❡q✉❛çõ❡s (5.31a)✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦✱ t❡♠♦s

u(1)|Â1

E
(+)
u

= U †
(
Â1
)
Ψ̆

(1)

Â1
, ✭✺✳✸✻❛✮

u(1)|Â1

E
(+)
u

= N̆ Â1(1)
u Z̆Â1

(
p, Â1,Ω1

)
, ✭✺✳✸✻❜✮

❡ ❛ s❡❣✉♥❞❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r

u(2)|Â1

E
(−)
u

= U †
(
Â1
)
Ψ̆

(2)

Â1
, ✭✺✳✸✼❛✮

✼✺



u(2)|Â1

E
(−)
u

= N̆ Â1(2)
u Z̆Â1

(
p, Â1,−Ω1

)
. ✭✺✳✸✼❜✮

❋✐③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Z̆Â1
(
p, Â1,Ω1

)
=

(
φ̆+

φ̆−

)
+

1

2E2
0

(
δφ̆+

δφ̆−

)
Â1, ✭✺✳✸✽❛✮

φ̆± =

(
Ă±

B̆±

)
, δφ̆± =

(
−C̆±

D̆±

)
, ✭✺✳✸✽❜✮

♦♥❞❡

Ă± = mψ (Ω1 ∓ ip2) + (Ω1 ± p1) (E0 ∓ p3) , ✭✺✳✸✾❛✮

B̆± = (p1 + ip2) (p1 ± Ω1) +mψ (mψ + E0 ± p3) , ✭✺✳✸✾❜✮

C̆± = mψp3 (mψ + E0 ± p3) + (p1p3 ± iE0p2) (p1 ± Ω1) +mψp2 (iΩ1 ± p2) ,
✭✺✳✸✾❝✮

D̆± = (p1 ± Ω1) [ip2 (p1 + ip2)− (p3 ∓ E0) p3] +mψ [ip2 (E0 +mψ) + p3Ω1] .

✭✺✳✸✾❞✮

❖❜s❡r✈❛♥❞♦ ❛s s♦❧✉çõ❡s (5.31a)✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s

❡s♣✐♥♦r❡s ❡stá ♥♦ s✐♥❛❧ ❞♦ ♣❛râ♠❡tr♦ Ω1✳ ❈♦♠♦ ❛ ♠❛tr✐③ U †
(
Â1
)
é ❛ ♠❡s♠❛ ♣❛r❛

❛♠❜♦s ♦s ❡s♣✐♥♦r❡s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❡st❛s s♦❧✉çõ❡s ❡stã♦ ❝♦♥❡❝t❛❞❛s ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✿

u(2)|Â1

E
(−)
u

(Ω1) = u(1)|Â1

E
(+)
u

(−Ω1) . ✭✺✳✹✵✮

❖ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❝♦rr❡ ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ (5.28)✱ ♦✉ s❡❥❛✱

E(−)
u |Â

1

(Ω1) = E(+)
u |Â

1

(−Ω1) . ✭✺✳✹✶✮

P♦rt❛♥t♦✱ ♦ ♣❛râ♠❡tr♦ Ω1 ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡

❝♦♥❡❝t❛ ❛s ❞✉❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s✳ ❆s ❝♦♥st❛♥t❡s

❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s (5.36b) ❡ (5.37b)✱ s❡❣✉♥❞♦ ❝r✐tér✐♦

✼✻



❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

N̆ Â1(1)
u =

1

4
√
(E0 +mψ) Ω2

1 − p1p3Ω1

(
2 +

Ω1

E2
0

Â1

)
, ✭✺✳✹✷❛✮

N̆ Â1(2)
u = N̆ Â1(1)

u (−Ω1) . ✭✺✳✹✷❜✮

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s sã♦ ❞❛❞❛s ♣♦r

v(1,2)|
E

(±)
v

= u(2,1)c (−dµν···) ,

♦✉ s❡❥❛✱

v(1,2) =




u
(2,1)
4

−u(2,1)3

−u(2,1)2

u
(2,1)
1




∗

(−dµν···) , ✭✺✳✹✸✮

❆ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ ♣❛r❛ ❡st❡ ❝❛s♦ é ❞❛❞❛ ♣♦r

N̆ Â1(1,2)
v = N̆ Â1(2,1)

u (−dµν···) .

■r❡♠♦s ❛❣♦r❛ tr❛t❛r ♦ ❝❛s♦ ❡♠ q✉❡ Q̂ =Â2γ5γ2✳ ❉❡ ♠❛♥❡✐r❛ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á✲

❧♦❣❛ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❞❡✈❡♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦ U †
(
Â2
)
❛♦s ❡s♣✐♥♦✲

r❡s (5.32a)✳ Pr♦❝❡❞❡♥❞♦ ❞❡st❛ ♠❛♥❡✐r❛✱ ♦❜t❡♠♦s ❝♦♠♦ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ♦ s❡❣✉✐♥t❡

❡s♣✐♥♦r

u(1)|Â2

E
(+)
u

= U †
(
Â2
)
Ψ̆

(1)

Â2
, ✭✺✳✹✹❛✮

u(1)|Â2

E
(+)
u

= N̆ Â2(1)
u Z̆Â2

(
p, Â2,Ω2

)
, ✭✺✳✹✹❜✮

❡ ❛ s❡❣✉♥❞❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r

u(2)|Â2

E
(−)
u

= U †
(
Â2
)
Ψ̆

(2)

Â2
, ✭✺✳✹✺❛✮

u(2)|Â2

E
(−)
u

= N̆ Â2(2)
u Z̆Â2

(
p, Â2,−Ω2

)
, ✭✺✳✹✺❜✮

✼✼



❆ s❡❣✉✐r✱ ♠♦str❛♠♦s ❛s ❞❡✜♥✐çõ❡s ✉s❛❞❛s

Z̆Â2
(
p, Â2,Ω2

)
=

(
φ̆+

φ̆−

)
+

1

2E2
0

(
δφ̆+

δφ̆−

)
Â2, ✭✺✳✹✻❛✮

φ̆± =

(
Ă±

B̆±

)
, δφ̆± =

(
−C̆±

D̆±

)
, ✭✺✳✹✻❜✮

♦♥❞❡

Ă± = mψ (Ω2 ± ip1) + (Ω2 ± p2) (E0 ∓ p3) , ✭✺✳✹✼❛✮

B̆± = −i (p1 + ip2) (p2 ± Ω2) +mψ (mψ + E0 ± p3) , ✭✺✳✹✼❜✮

C̆± = mψp3 (mψ + E0 ± p3) + (p2p3 ± iE0p2) (p2 ± Ω2) +mψp2 (iΩ2 ∓ p1) ,
✭✺✳✹✼❝✮

D̆± = (p2 ± Ω2) [−p1 (p1 + ip2)− (p3 ∓ E0) p3] +mψ [−ip1 (E0 +mψ) + p3Ω2] .

✭✺✳✹✼❞✮

❖❜s❡r✈❛♥❞♦ ❛s s♦❧✉çõ❡s (5.32a)✱ ♣❡r❝❡❜❡♠♦s ♥♦✈❛♠❡♥t❡ q✉❡ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛

❡♥tr❡ ♦s ❡s♣✐♥♦r❡s ❡stá ♥♦ s✐♥❛❧ ❞♦ ♣❛râ♠❡tr♦ Ω2✳ ❈♦♠♦ ❛ ♠❛tr✐③ U †
(
Â2
)

é ❛

♠❡s♠❛ ♣❛r❛ ❛♠❜♦s ♦s ❡s♣✐♥♦r❡s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❡st❛s s♦❧✉çõ❡s ❡stã♦ ❝♦♥❡❝t❛❞❛s

❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦✉ s❡❥❛✱

u(2)|Â2

E
(−)
u

(Ω2) = u(1)|Â2

E
(+)
u

(−Ω2) . ✭✺✳✹✽✮

❖ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❝♦rr❡ ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ (5.28)

E(−)
u |Â

2

(Ω2) = E(+)
u |Â

2

(−Ω2) . ✭✺✳✹✾✮

P♦rt❛♥t♦✱ ♦ ♣❛râ♠❡tr♦ Ω2 t❛♠❜é♠ s❡ t♦r♥❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✐♠♣♦rt❛♥t❡✱ ✉♠❛ ✈❡③

q✉❡ ❡❧❡ ❝♦♥❡❝t❛ ❛s ❞✉❛s s♦❧✉çõ❡s✳ ❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠

✼✽



♥❛s ❡q✉❛çõ❡s (5.44b) ❡ (5.45b) ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

N̆ Â2(1)
u =

1

4
√
(E0 +mψ) Ω2

2 − p1p3Ω2

(
2 +

Ω2

E2
0

Â2

)
, ✭✺✳✺✵❛✮

N̆ Â2(2)
u = N̆ Â2(1)

u (−Ω2) . ✭✺✳✺✵❜✮

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❝♦❡✜❝✐❡♥t❡ Â1✱ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s q✉❡ ❞❡s❝r❡✈❡♠ ❛s

❛♥t✐♣❛rtí❝✉❧❛s sã♦✿

v(1,2)|
E

(±)
v

= u(2,1)c (−dµν···) , ✭✺✳✺✶✮

❝✉❥❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ é

N̆ Â2(1,2)
v = N̆ Â2(2,1)

u (−dµν···) .

❈♦♠♦ ♣ô❞❡ s❡r ♣❡r❝❡❜✐❞♦ ❞❡s❞❡ ❛ ❡q✉❛çã♦ (5.34) ❡ ❛♦ ❧♦♥❣♦ ❞♦s r❡s✉❧t❛❞♦s

❡①♣♦st♦s ❛❝✐♠❛✱ ♦s ❡s♣✐♥♦r❡s ❞❡st❛s ❞✉❛s ❝♦♥✜❣✉r❛çõ❡s ♣♦❞❡♠ s❡r ♠❛♣❡❛❞♦s ✉♠

♥♦ ♦✉tr♦ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦✿

u(1)|Â2

E(+) = N̆ Â1(1)
u




−iZ̆Â1

1

Z̆Â1

2

−iZ̆Â1

3

Z̆Â1

4




(
p1 → p2, p2 → −p1, Â1 → Â2,Ω1 → Ω2

)
, ✭✺✳✺✷❛✮

u(2)|Â2

E(−) = N̆ Â1(1)
u




−iZ̆Â1

1

Z̆Â1

2

−iZ̆Â1

3

Z̆Â1

4




(
p1 → p2, p2 → −p1, Â1 → Â2,Ω1 → −Ω2

)
,

✭✺✳✺✷❜✮

♦♥❞❡ Z̆Â1

i sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❡①♣r❡ssã♦ Z̆Â1
(
p, Â1,Ω1

)
✳

✼✾



✺✳✸✳✷ ❖♣❡r❛❞♦r Â3

❆♥❛❧✐s❛r❡♠♦s ❛❣♦r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ ❡♠ q✉❡ ♦ ú♥✐❝♦ ❝♦❡✜❝✐❡♥t❡ ♥ã♦

♥✉❧♦ é Â3✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ❡st❡ ❝❛s♦ é ❞❛❞❛ ♣♦r✿

(
γµp

µ −mψ + Â3γ5γ3

)
Ψ = 0. ✭✺✳✺✸✮

❆ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s sã♦ ♦❜t✐❞❛ ❞❡

♠❛♥❡✐r❛ ❡q✉✐✈❛❧❡♥t❡ ❛ s✉❜s❡çã♦ ✺✳✸✳✶✳ ❖ r❡s✉❧t❛❞♦ ♣❛r❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ é

♠♦str❛❞♦ ❛ s❡❣✉✐r

E(±)
u |Â

3

= E0

(
1± Ω3

E2
0

Â3

)
, Ω3 =

√
p23 +m2

ψ. ✭✺✳✺✹✮

P❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❛ ❡q✉❛çã♦ (5.53) , ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛ ❢♦r♠❛

❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.53)✳ P♦rt❛♥t♦✱ ♣❛rt✐♥❞♦ ❞❛

❡q✉❛çã♦ (4.43)✱ t❡♠♦s

Eψ′ + γ5E0ψ
′ +
Â3

E0

[
mψγ

3γ0γ5 +
p3pkγkγ0γ5
(E0 +mψ)

]
ψ′ = 0, ✭✺✳✺✺✮

♦♥❞❡ ψ′ = Uψ✳ ❆ ♣❛rt✐r ❞❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❛❝✐♠❛ ♦❜t❡♠♦s ❝♦♠♦ s♦❧✉çõ❡s ♦s

s❡❣✉✐♥t❡s ❡s♣✐♥♦r❡s

Ψ̆
(1)

Â3
= N̆

(
Λ

0

)
, Ψ̆

(2)

Â3
= N̆

(
Λ (−Ω3)

0

)
, ✭✺✳✺✻❛✮

Ψ̆
(3)

Â3
= N̆

(
0

Λ

)
, Ψ̆

(4)

Â3
= N̆

(
0

Λ (−Ω3)

)
, ✭✺✳✺✻❜✮

♦♥❞❡ ✉s❛♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

0 =

(
0

0

)
, Λ =

(
(E0 +mψ) (mψ + Ω3) + p23

(p1 + ip2) p3

)
. ✭✺✳✺✼✮

❆s s♦❧✉çõ❡s (5.56a− 5.56b) ♥ã♦ sã♦ ❛s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s✳ P♦rt❛♥t♦✱ ❡♠

❛♣❧✐❝❛çõ❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s✱ ✜❝❛ ❞✐❢í❝✐❧ s❛❜❡r q✉❛✐s ♠♦❞✐✜❝❛çõ❡s ♦ ❝♦❡✜❝✐❡♥t❡ Â3

✽✵



✐♥tr♦❞✉③✳ ❈♦♠♦ ❥á ❞✐s❝✉t✐❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✸✳✶✱ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛✲

çã♦ U †
(
Â3
)

♥♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (5.55)✳ ❆ tr❛♥s❢♦r♠❛çã♦

U
(
Â3
)
♣❛r❛ ♦ ❝❛s♦ ❛♥✐s♦tró♣✐❝♦ ❡♠ q✉❡stã♦ é ❞❛❞♦ ♣♦r✿

U = VW +
Â3

4E0

[
γ5, V Wγ0γ5γ3W

†V †]VW. ✭✺✳✺✽✮

❖❜t❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❛ ♠❛tr✐③ U
(
Â3
)
❡ ❛♣❧✐❝❛♥❞♦ ❛♦s ❡s♣✐♥♦r❡s (5.56a)✱

♦❜t❡♠♦s ❝♦♠♦ ♣r✐♠❡✐r❛ s♦❧✉çã♦

u(1)|Â3

E
(+)
u

= U †
(
Â3
)
Ψ̆

(1)

Â3
, ✭✺✳✺✾❛✮

u(1)|Â3

E
(+)
u

= N̄ (1)
u Z̆Â3

(
Â3,Ω3

)
, ✭✺✳✺✾❜✮

❡ ❛ s❡❣✉♥❞❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r

u(2)|Â3

E
(−)
u

= U †
(
Â3
)
Ψ̆

(2)

Â3
, ✭✺✳✻✵❛✮

u(2)|Â3

E
(−)
u

= N̄ (2)
u Z̆Â3

(
Â3,−Ω3

)
, ✭✺✳✻✵❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Z̆Â1
(
Â3
)
=

(
φ̄+

φ̄−

)
+
p1 + ip2
2E2

0

(
δφ̄+

δφ̄−

)
Â3, ✭✺✳✻✶❛✮

φ̄± =

(
Ā±

∓B̄∓

)
, δφ̄± = ±ε · φ̄∗

±, ε =

(
0 1

−1 0

)
, ✭✺✳✻✶❜✮

Ā± = p3 (p3 ± Ω3) +mψ (mψ − Ω3) + E0 (mψ ∓ p3 − Ω3) , ✭✺✳✻✷❛✮

B̄± = (p1 + ip2) (mψ ± p3 − Ω3) . ✭✺✳✻✷❜✮

✽✶



❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ N̄ (1)
u ❡ N̄ (2)

u ♣♦ss✉❡♠ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s

N̄ Â3(1)
u =

1

4
√
S3 (E0 − Ω3) (Ω3 −mψ)

(
2 +

Ω3

E2
0

Â3

)
, ✭✺✳✻✸❛✮

N̄ Â3(2)
u = N̄ Â3(1)

u (−Ω3) . ✭✺✳✻✸❜✮

❆ss✐♠ ❝♦♠♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♦ ♣❛râ♠❡tr♦ Ω3 ♥♦s ♣❡r♠✐t❡ ❝♦♥❡❝t❛r ❛s ❞✉❛s

s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✳

❆s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s s❡❣✉❡♠ ♦ ♠❡s♠♦ ❢♦r♠❛❧✐s♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛

s✉❜s❡çã♦ ✺✳✶✳✷✱ ♦✉ s❡❥❛✱

v(1,2)|
E

(±)
v

= u(2,1)c (−dµν···) , ✭✺✳✻✹✮

❝✉❥❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❡ ❡♥❡r❣✐❛s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

N̆ Â3(1,2)
v = N̆ Â3(2,1)

u (−dµν···) , ✭✺✳✻✺❛✮

E(±)
v (p) = E(∓)

u (p,−dµν···) . ✭✺✳✻✺❜✮

P✉❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦s ❝❛s♦s ❛♥✐s♦tró♣✐❝♦s ❞♦ ♦♣❡✲

r❛❞♦r Âµ sã♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s q✉❡ ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦

✺✳✷✳ ❖ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ✉♠ ♣❛râ♠❡tr♦ ❝♦♠♦ ♦ Ωi ❝❛r❛❝t❡r✐③❛ ❛s s♦❧✉çõ❡s ❛♥✐✲

s♦tró♣✐❝❛s✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡ ♣❛râ♠❡tr♦ ✐♥tr♦❞✉③ ✉♠❛ ❞✐r❡çã♦ ♣r✐✈✐❧❡❣✐❛❞❛ ♥❛s

s♦❧✉çõ❡s✳ ❚❛❧ ❞✐r❡çã♦ ♣r✐✈✐❧❡❣✐❛❞❛ ♠❛♥✐❢❡st❛✲s❡ ❛tr❛✈és ❞❛ ♣r❡s❡♥ç❛ ❞❛ ❝♦♠♣♦♥❡♥t❡

❞♦ ♠♦♠❡♥t♦ pi✳ ❱✐♠♦s t❛♠❜é♠ q✉❡ ♦ ♣❛râ♠❡tr♦ Ωi t♦r♥❛✲s❡ r❡❧❡✈❛♥t❡✱ ♥ã♦ só

♣❡❧❛ ❛♥✐s♦tr♦♣✐❛✱ ♠❛s t❛♠❜é♠ ♣❡❧❛ ❝♦♥❡①ã♦ q✉❡ ❡st❛❜❡❧❡❝❡ ❡♥tr❡ ❛s ❞✉❛s s♦❧✉çõ❡s

❞✐st✐♥t❛s q✉❡ s❡ ❞á ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ Ωi → −Ωi✳

✺✳✹ ❙♦❧✉çõ❡s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡✲

r❛❞♦r t❡♥s♦r✐❛❧ T̂ µν

❖ ❝❡♥ár✐♦ q✉❡ ❡①♣❧♦r❛r❡♠♦s ❛❣♦r❛ ❝♦♥s✐st❡ ❞❛ ♠♦❞✐✜❝❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

♣❡❧♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧ T̂ µν ✳ ❙❛❜❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r T̂ µν ❝♦♥t❡♠♣❧❛ ♦s ❝♦❡✜❝✐✲

✽✷



❡♥t❡s ĝµν ❡ Ĥµν ✱ ❝♦♥❢♦r♠❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❢♦r♥❡❝✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ (4.16)✳ ❉❡✈✐❞♦

❛ s✉❛ ❡str✉t✉r❛✱ ❛ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦r❡s t♦r♥❛✲s❡ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛ ❡ ❛ ❢♦r♠❛ ❞♦s

❡s♣✐♥♦r❡s é ❡s♣❡r❛❞❛ s❡r ♠❛✐s r♦❜✉st❛✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ❝❛❧❝✉❧❛r❡♠♦s ♦s ❡s♣✐♥♦r❡s

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ♠♦❞♦ ❛ t❡♥t❛r s✐♠♣❧✐✜❝❛r ✉♠ ♣♦✉❝♦ ♦s r❡s✉❧t❛❞♦s✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ♠♦str❛♠♦s ❛ s❡❣✉✐r ❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ T̂ µν
(
γµp

µ −mψ +
1

2
T̂ µνσµν

)
ψ = 0, ✭✺✳✻✻✮

❝✉❥❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ é ❞❛❞❛ ♣♦r

(
p2 −m2

ψ −
1

2
T̂ µν T̂µν

)2

+
1

4

(
˜̂T µν T̂µν

)2
−4T̂ µν T̂νκpκpµ−2m2

ψT̂ µν T̂µν = 0. ✭✺✳✻✼✮

◆♦✈❛♠❡♥t❡✱ p é ♦ 4 − vetor ♠♦♠❡♥t♦✱ T̂ µν é ♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧ ❞❡ r❛♥❦ 2 ❡
˜̂T µν = 1

2
εµναβT̂αβ é ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞✉❛❧ ❞♦ ♦♣❡r❛❞♦r T̂ µν ✳ ❱❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡

t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛ ❡✱ ❝♦♠♦ ❥á ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦

✺✳✸✱ t❛♥t♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ q✉❛♥t♦ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦❞❡♠

❡♥❣❧♦❜❛r ❡♠ s✉❛ ❡str✉t✉r❛ p0 ❛❞✐❝✐♦♥❛✐s✳ ❚r❛t❛r❡♠♦s ❞❡st❡ ❞❡t❛❧❤❡ ♥❛ s❡çã♦ ✺✳✼✳

❆ s❡❣✉✐r✱ ❝❛❧❝✉❧❛r❡♠♦s ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s ❞♦

♦♣❡r❛❞♦r T̂ µν ✳

✺✳✹✳✶ ❖♣❡r❛❞♦r T̂ 0i ❝♦♠ i = {1, 2}
❆ ♣r✐♠❡✐r❛ ❝♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ♣♦s✲

s✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ (
γµp

µ −mψ +
1

2
T̂ 0iσ0i

)
ψ = 0, ✭✺✳✻✽✮

♦♥❞❡ σ0i = i
2
[γ0, γi] ❡ ♦ í♥❞✐❝❡ i ♥ã♦ ❞❡✈❡ s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ ❊✐♥st❡✐♥✱

♠❛s ❝♦♠♦ ❛ss✉♠✐♥❞♦ ♦s ✈❛❧♦r❡s 1 ❡ 2 s❡♣❛r❛❞❛♠❡♥t❡✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ ❝♦♠♦

❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✸✳✶✱ ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❡st❛ ❝♦♥✜❣✉r❛çã♦ ❣✉❛r❞❛♠ ❡♥tr❡

s✐ ✉♠❛ ❝♦♥❡①ã♦✸❀ ❡①♣❧♦r❛r❡♠♦s ❡st❛ ❝♦♥❡①ã♦ ❛♦ ❧♦♥❣♦ ❞❡st❛ s✉❜s❡çã♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧

✸

✽✸



❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.68)✳ P♦❞❡♠♦s ♦❜tê✲❧❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛

❡q✉❛çã♦ (4.43)✱ ❛ s❛❜❡r✿

Eψ′ + γ5E0ψ
′ +

iT̂ 0i

E0

(
pjγjγi + pi

)
ψ′ = 0, ✭✺✳✻✾✮

♦♥❞❡ ψ′ = Uψ. ❆ ❝♦♥tr✐❜✉✐çã♦ ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣♦❞❡ s❡r

♦❜t✐❞❛ r❡s♦❧✈❡♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❛❝✐♠❛✱ ❝✉❥♦ r❡s✉❧t❛❞♦ é ♠♦str❛❞♦ ❛

s❡❣✉✐r✿

E(±)
u |T̂

0i

= E0

(
1± Θi

E2
0

T̂ 0i

)
, Θi =

√
p2 + p2i . ✭✺✳✼✵✮

❊st❡ r❡s✉❧t❛❞♦ r❡❢❡r❡✲s❡ às ❡♥❡r❣✐❛s ❞❛s ♣❛rtí❝✉❧❛s✳ ❆s ❡♥❡r❣✐❛s ❞❛s ❛♥t✐♣❛rtí❝✉❧❛s

sã♦ ♦❜t✐❞❛s ❝♦♥❢♦r♠❡ s✉❜s❡çã♦ ✺✳✶✳✶✱ ♦✉ s❡❥❛✱

E(±)
v |T̂

0i

= E(∓)
u |T̂

0i

(p,−Hµν···) .

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❝❛❞❛ ❝♦♥✜❣✉r❛çã♦ T̂ 0i ✭i = {1, 2}✮ sã♦✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱

Ψ̂
(1)

T̂ 01
= N̂

(
Ω

0

)
, Ψ̂

(2)

T̂ 01
= N̂

(
Ω (−Θ1)

0

)
, ✭✺✳✼✶❛✮

Ψ̂
(3)

T̂ 01
= N̂

(
0

Ω

)
, Ψ̂

(4)

T̂ 01
= N̂

(
0

Ω (−Θ1)

)
, ✭✺✳✼✶❜✮

❈♦♠♦ ♣♦❞❡♠♦s ✈❡r ❛ s❡❣✉✐r✱ ❛ ❡str✉t✉r❛ ❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s T̂ 01 ❡ T̂ 02 sã♦ ❜❡♠ s❡♠❡❧❤❛♥t❡s

σ01 =
i

2
[γ0, γ2] = i

(
−σ1 0
0 σ1

)
,

σ02 =
i

2
[γ0, γ2] = −i

(
σ2 0
0 −σ2

)
.

❆ tít✉❧♦ ❞❡ ❝✉r✐♦s✐❞❛❞❡✱ ♦ ♦♣❡r❛❞♦r ❜✐❧✐♥❡❛r q✉❡ ❛❝♦♠♣❛♥❤❛ ♦ ♦♣❡r❛❞♦r T̂ 03 ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡
❢♦r♠❛

σ03 =
i

2
[γ0, γ3] = i

(
−σ3 0
0 σ3

)
.

❱❡♠♦s q✉❡ ❛ ❡str✉t✉r❛ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ♦ q✉❡ ✐♠♣♦ss✐❜✐❧✐t❛ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❡❧❡s✳

✽✹



Ψ̂
(1)

T̂ 02
= N̂ ′

(
Ω̃

0

)
, Ψ̂

(2)

T̂ 02
= N̂ ′

(
Ω̃ (−Θ2)

0

)
, ✭✺✳✼✷❛✮

Ψ̂
(3)

T̂ 02
= N̂ ′

(
0

Ω̃

)
, Ψ̂

(4)

T̂ 02
= N̂ ′

(
0

Ω̃ (−Θ2)

)
, ✭✺✳✼✷❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

0 =

(
0

0

)
, Ω =

(
ip2 + iΘ1

p3

)
, Ω̃ =

(
−p1 +Θ2

p3

)
.

P♦❞❡♠♦s ❝♦♥st❛t❛r ❛tr❛✈és ❞❛s s♦❧✉çõ❡s ❛❝✐♠❛ q✉❡ ♦s ❡s♣✐♥♦r❡s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s

❝♦♥✜❣✉r❛çõ❡s ❡stã♦ ❝♦♥❡❝t❛❞♦s ✉♠ ❛♦ ♦✉tr♦ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦✿

Ω̃ =

(
iΩ1

Ω2

)
(p1 → p2, p2 → −p1,Θ1 → Θ2) . ✭✺✳✼✸✮

❊ss❛ ❝♦♥❡①ã♦ ♥♦s ♣❡r♠✐t✐rá s✐♠♣❧✐✜❝❛r ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s✱ ✉♠❛ ✈❡③ q✉❡ ❛ tr❛♥s✲

❢♦r♠❛çã♦ ❛❝✐♠❛ t❛♠❜é♠ s❡rá ✈á❧✐❞❛ ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s ♠❛✐s ❣❡r❛✐s q✉❡ ♠♦str❛✲

r❡♠♦s ❛ s❡❣✉✐r✳

Pr❡❝✐s❛♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦ U †
(
T̂ 0i
)
♥♦s ❡s♣✐♥♦r❡s (5.71a− 5.72b)

❞❡ ♠♦❞♦ ❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ♠❛✐s ❣❡r❛✐s✳ ❙✉❜st✐t✉✐♥❞♦ Q̂ =1
2
T̂ 0iσ0i ♥❛ ❡q✉❛çã♦

(4.40)✱ ♦❜t❡♠♦s ❞❡ ♠❛♥❡✐r❛ ❞✐r❡t❛ ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ q✉❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛ ❛

❡q✉❛çã♦ (5.68)✱ ❛ s❛❜❡r✿

U = VW +
T̂ 0i

4E0

[
γ5, V Wγ0σ0iW

†V †]VW. ✭✺✳✼✹✮

■♥✐❝✐❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦ ❛s s♦❧✉çõ❡s ❣❡r❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r T̂ 01✳ ❆ss✐♠✱ ❛♣❧✐✲

❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ U †
(
T̂ 01
)

♥❛s s♦❧✉çõ❡s (5.71a) t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s

s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

u(1)|T̂ 01

E
(+)
u

= U †
(
T̂ 01
)
Ψ̂

(1)

T̂ 01
, ✭✺✳✼✺❛✮

✽✺



u(1)|T̂ 01

E
(+)
u

= N̂ T̂ 01(1)
u Ẑ T̂ 01

Û
(
p, T̂ 01,Θ1

)
, ✭✺✳✼✺❜✮

u(2)|T̂ 01

E
(−)
u

= U †
(
T̂ 01
)
Ψ̂

(1)

T̂ 01
, ✭✺✳✼✻❛✮

u(2)|T̂ 01

E
(−)
u

= N̂ T̂ 01(2)
u Ẑ T̂ 01

(
p, T̂ 01,−Θ1

)
. ✭✺✳✼✻❜✮

◆❛s ❡q✉❛çõ❡s ❛❝✐♠❛✱ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

Ẑ T̂ 01
(
p, T̂ 01, S1

)
=

(
φ̂+

φ̂−

)
+

1

2E2
0

(
δφ̂+

δφ̂−

)
T̂ 01, ✭✺✳✼✼❛✮

φ̂± =

(
Â∓

B̂±

)
, δφ̂± = p3

(
±Â
B̂

)
+ i (p2 −Θ1)

(
B̂

±Â

)
, ✭✺✳✼✼❜✮

♦♥❞❡

Â± = i (E0 +mψ) (p2 −Θ1)± p3 (p1 − iΘ1) , ✭✺✳✼✽❛✮

B̂± = (E0 +mψ) p3 ∓ i (p1 + ip2) (p2 −Θ1)± p23, ✭✺✳✼✽❜✮

Â = 2im2
ψ + p1 (ip1 +Θ1) + imψ (E0 −mψ) , ✭✺✳✼✽❝✮

B̂ = iE0p1 −mψΘ1. ✭✺✳✼✽❞✮

❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s (5.75b) ❡ (5.76b)

♣♦ss✉❡♠ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s

N̂ T̂ 01(1)
u =

1

4

√
Θ1 + p2

p23Θ1 (E0 +mψ)

(
2 +

Θ1

E2
0

T̂ 01

)
, ✭✺✳✼✾❛✮

N̂ T̂ 01(2)
u = N̂ T̂ 01(1)

u (−Θ1) . ✭✺✳✼✾❜✮

❊①♣❧♦r❛♥❞♦ ❛❣♦r❛ ❛ ❝♦♥❡①ã♦ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐✲

✽✻



❛✐s✱ ❡♥❝♦♥tr❛♠♦s ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ T̂ 02✱ ❛ s❛❜❡r✿

u(1)|T̂ 02

E
(+)
u

= N̂ T̂ 01(1)
u




−iẐ T̂ 01

1

Ẑ T̂ 01

2

−iẐ T̂ 01

3

Ẑ T̂ 01

4




(
p1 = p2, p2 = −p1, p3, T̂ 02,Θ2

)
, ✭✺✳✽✵❛✮

u(2)|T̂ 02

E
(−)
u

= N̂ T̂ 01(1)
u




−iẐ T̂ 01

1

Ẑ T̂ 01

2

−iẐ T̂ 01

3

Ẑ T̂ 01

4




(
p1 = p2, p2 = −p1, p3, T̂ 02,−Θ2

)
, ✭✺✳✽✵❜✮

♦♥❞❡ Ẑ T̂ 01

i sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ Ẑ T̂ 01
(
p, T̂ 01,Θ1

)
❡ ❛s ❞❡✜♥✐çõ❡s ❡♥tr❡

♣❛rê♥t❡s❡s ❞❡✈❡♠ s❡r ❛♣❧✐❝❛❞❛s t❛♥t♦ às ❝♦♠♣♦♥❡♥t❡s Ẑ T̂ 01

i q✉❛♥t♦ às ❝♦♥st❛♥t❡s

❞❡ ♥♦r♠❛❧✐③❛çã♦ N̂ T̂ 01(1)
u ✱ ♦✉ s❡❥❛✱

N̂ T̂ 02(1)
u ≡ N̂ T̂ 01(1)

u

(
p1 = p2, p2 = −p1, p3, T̂ 02,Θ2

)
=

=
1

4

√
Θ2 − p1

p23Θ2 (E0 +mψ)

(
2 +

Θ2

E2
0

T̂ 02

)
, ✭✺✳✽✶❛✮

N̂ T̂ 02(2)
u ≡ N̂ T̂ 01(1)

u

(
p1 = p2, p2 = −p1, p3, T̂ 02,−Θ2

)
=

=
1

4

√
Θ2 + p1

p23Θ2 (E0 +mψ)

(
2− Θ2

E2
0

T̂ 02

)
. ✭✺✳✽✶❜✮

Pr❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ❛❣♦r❛ ❝♦♠♦ sã♦ ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❆s s♦❧✉✲

çõ❡s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s s❡❣✉❡♠ ♦ ♠❡s♠♦ ❢♦r♠❛❧✐s♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦

✺✳✶✳✷✱ ♦✉ s❡❥❛✱

v(1,2)|
E

(±)
v

= u(2,1)c (−Hµν···) , ✭✺✳✽✷✮

❝✉❥❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ sã♦✿

N̆ T̂ 0i(1,2)
v = N̆ T̂ 0i(2,1)

u (−Hµν···) . ✭✺✳✽✸✮

✽✼



✺✳✹✳✷ ❖♣❡r❛❞♦r T̂ 03

❖✉tr❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✐♥t❡r❡ss❡ ❞♦ ♦♣❡r❛❞♦r T̂ µν é ♠♦str❛❞❛ ❛ s❡❣✉✐r

(
γµp

µ −mψ +
1

2
T̂ 03σ03

)
ψ = 0. ✭✺✳✽✹✮

❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♠♦str❛❞❛ ❛❝✐♠❛ ♣♦❞❡ s❡r ♣♦st❛ ♥❛ s✉❛ ❢♦r♠❛

❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❢❛③❡♥❞♦ ✉s♦ ❞❛ ❡q✉❛çã♦ (4.43)✱ ❝♦♠♦ s❡❣✉❡✿

Eψ′ + γ5E0ψ
′ +

iT̂ 03

E0

(
pjγjγ3 + p3

)
ψ′ = 0, ✭✺✳✽✺✮

♦♥❞❡ ψ′ = Uψ. ❖s ❛✉t♦✈❡t♦r❡s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r

Ψ̂
(1)

T̂ 03
= N̂




iΘ3

(p1 + ip2)

0

0



, Ψ̂

(2)

T̂ 03
= N̂




−iΘ3

(p1 + ip2)

0

0



, ✭✺✳✽✻❛✮

Ψ̂
(3)

T̂ 03
= N̂




0

0

iΘ3

(p1 + ip2)



, Ψ̂

(4)

T̂ 03
= N̂




0

0

−iΘ3

(p1 + ip2)



, ✭✺✳✽✻❜✮

❡ ♦s ❛✉t♦✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s às s♦❧✉çõ❡s (5.86a) sã♦✿

E(±)
u |T̂

03

= E0

(
1± Θ3

E2
0

T̂ 03

)
, Θ3 =

√
p2 + p23. ✭✺✳✽✼✮

❱❡♠♦s q✉❡ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❛❝✐♠❛ ❝♦♥tê♠ ❛♣❡♥❛s ❝♦♥tr✐❜✉✐çõ❡s ❛té ♣r✐♠❡✐r❛

♦r❞❡♠ ♥♦s t❡r♠♦s ❞❡ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③✳ ■ss♦ é ❡s♣❡r❛❞♦✱ ❥á q✉❡ ❛ ❡q✉❛çã♦ ❜❧♦❝♦✲

❞✐❛❣♦♥❛❧ (5.85) ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛♣❡♥❛s ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s (5.86a− 5.86b) q✉❡ ♦ ♣❛râ♠❡tr♦ Θ3 ♣♦❞❡

s❡r ✉s❛❞♦ ♣❛r❛ ❝♦♥❡❝t❛r ❛s ❞✉❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s✱ ♦✉ s❡❥❛✱ Ψ̂(1)

T̂ 03

Θ3→−Θ37→ Ψ̂
(2)

T̂ 03
✳

❈♦♠♦ ♥♦s ❝❛s♦s ❥á tr❛t❛❞♦s✱ ♦ ♣❛râ♠❡tr♦ Θ3 t♦r♥❛✲s❡ ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥❛

❝❛r❛❝t❡r✐③❛çã♦ ❞❛s s♦❧✉çõ❡s✳

✽✽



❆s s♦❧✉çõ❡s (5.86a− 5.86b) ♥ã♦ sã♦ ❛s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s✱ ❥á q✉❡ ♥ã♦ ❝♦♥✲

t❡♠♣❧❛♠ ✐♥❢♦r♠❛çõ❡s ❛❝❡r❝❛ ❞♦ ❝♦❡✜❝✐❡♥t❡ q✉❡ ♠♦❞✐✜❝❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ P♦r✲

t❛♥t♦✱ ❝♦♠♦ ♥♦s ❝❛s♦s ❥á tr❛t❛❞♦s✱ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦ U †
(
T̂ 03
)

♥♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (5.85)✳ ❆ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ q✉❡

❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.84) é ❞❛❞❛ ♣♦r✿

U
(
T̂ 03
)
= VW +

T̂ 03

4E0

[
γ5, V Wγ0σ03W

†V †]VW. ✭✺✳✽✽✮

❖❜t❡♥❞♦ ❛ ♠❛tr✐③ ❛❞❥✉♥t❛ ❞❛ ♠❛tr✐③ U
(
T̂ 03
)

❛❝✐♠❛ ❡ ❛♣❧✐❝❛♥❞♦ ❛♦s ❡s♣✐♥♦r❡s

(5.86a)✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

u(1)|T̂ 03

E
(+)
u

= U †
(
T̂ 03
)
Ψ̂

(1)

T̂ 03
, ✭✺✳✽✾❛✮

u(1)|T̂ 03

E
(+)
u

= N̂ T̂ 03(1)
u Ẑ T̂ 03

(
p, T̂ 03,Θ3

)
, ✭✺✳✽✾❜✮

❡

u(2)|T̂ 03

E
(−)
u

= U †
(
T̂ 03
)
Ψ̂

(2)

T̂ 03
, ✭✺✳✾✵❛✮

u(2)|T̂ 03

E
(−)
u

= N̂ T̂ 03(1)
u Ẑ T̂ 03

(
p, T̂ 03,−Θ3

)
, ✭✺✳✾✵❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Ẑ T̂ 03
(
p, T̂ 03,Θ3

)
=

(
φ̃+

φ̃−

)
+

1

2E2
0

(
δφ̃+

δφ̃−

)
T̂ 03, ✭✺✳✾✶❛✮

φ̃± =

(
i (p1 − ip2) Ã∓

Θ3Ã±

)
, δφ̃± =

(
i (p1 − ip2) B̃±

Θ3B̃∓

)
, ✭✺✳✾✶❜✮

Ã± = E0 +mψ ± p3 ∓ iΘ3, ✭✺✳✾✷❛✮

B̃± = ip3 (E0 ∓ p3)− (mψ ± p3)Θ3 ∓ imψ (E0 +mψ) . ✭✺✳✾✷❜✮

✽✾



❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s (5.89b) ❡ (5.90b)✱

s❡❣✉♥❞♦ ❝r✐tér✐♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

N̂ T̂ 03(1)
u =

1

4 |Θ3|
√
E0 +mψ

(
2 +

Θ3

E2
0

T̂ 03

)
, ✭✺✳✾✸❛✮

N̂ T̂ 03(2)
u = N̂ T̂ 03(1)

u (−Θ3) . ✭✺✳✾✸❜✮

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s sã♦

v(1,2)|
E

(±)
v

= u(2,1)c (−Hµν···) . ✭✺✳✾✹✮

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛ ♥❛s s✉❜s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ❛s ❝♦♥st❛♥t❡s ❞❡

♥♦r♠❛❧✐③❛çã♦ ❡ ❛s ❡♥❡r❣✐❛s ❞❛s ❛♥t✐♣❛rtí❝✉❧❛s ♣♦ss✉❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ s❡❣✉✐♥t❡

❢♦r♠❛

N̆ T̂ 03(1,2)
v = N̆ T̂ 03(2,1)

u (−Hµν···) , ✭✺✳✾✺✮

E(±)
v (p) = E(∓)

u (p,−Hµν···) . ✭✺✳✾✻✮

✺✳✹✳✸ ❖♣❡r❛❞♦r T̂ i3 ❝♦♠ i = {1, 2}

❆ ♣r✐♠❡✐r❛ ❝♦♥✜❣✉r❛çã♦ ♣✉r❛♠❡♥t❡ ❡s♣❛❝✐❛❧ ❞♦ ♦♣❡r❛❞♦r T̂ µν é ❝❛r❛❝t❡r✐③❛❞❛

♣❡❧♦ ♦♣❡r❛❞♦r T̂ i3✱ ♦♥❞❡ i = {1, 2}, ❡ ♠♦❞✐✜❝❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ (
γµp

µ −mψ +
1

2
T̂ i3σi3

)
ψ = 0. ✭✺✳✾✼✮

❆ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❛tr❛✈és ❞❛

❡q✉❛çã♦ (4.43)✱ ❛ s❛❜❡r✿

Eψ′ + γ5E0ψ
′ +

ǫ0ji3T̂ i3
2E0

[
−E0γ

jγ0 +
pjpkγkγ0
(E0 +mψ)

]
ψ′ = 0, ✭✺✳✾✽✮

♦♥❞❡ ψ′ = Uψ✳ ❖s ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s q✉❡ ❛❞✈ê♠ ❞❛ ❡q✉❛çã♦ (5.98) ♣❛r❛ ❛♠❜❛s

❛s ❝♦♥✜❣✉r❛çõ❡s sã♦

E(±)
u |T̂

i3

= E0

(
1± Υi3

E2
0

T̂ i3
)
, Υi3 =

√
p2i + p23 +m2

ψ. ✭✺✳✾✾✮

✾✵



❏á ♦s ❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❛♣ós r❡✐♥t❡r♣r❡t❛çã♦ ❛ss✉♠❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

E(±)
v (p) = E(∓)

u |T̂
i3

(p,−Hµν···) . ✭✺✳✶✵✵✮

❖s ❛✉t♦✈❡t♦r❡s ❞❛ ❡q✉❛çã♦ (5.98) ♣❛r❛ ❛♠❜♦s ♦s ✈❛❧♦r❡s ❞❡ i sã♦✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱

Ψ̄
(1)

T̂ 13
= N̄

(
∆

0

)
, Ψ̄

(2)

T̂ 13
= N̄

(
∆ (−Υ13)

0

)
, ✭✺✳✶✵✶❛✮

Ψ̄
(3)

T̂ 13
= N̄

(
0

∆ (−Υ13)

)
, Ψ̄

(4)

T̂ 13
= N̄

(
0

∆

)
, ✭✺✳✶✵✶❜✮

Ψ̄
(1)

T̂ 23
= N̄ ′

(
∆̄

0

)
, Ψ̄

(2)

T̂ 23
= N̄ ′

(
∆̄ (−Υ23)

0

)
, ✭✺✳✶✵✷❛✮

Ψ̄
(3)

T̂ 23
= N̄ ′

(
0

∆̄ (−Υ23)

)
, Ψ̄

(4)

T̂ 23
= N̄ ′

(
0

∆̄

)
, ✭✺✳✶✵✷❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✹

0 =

(
0

0

)
, ∆ =

(
ip2p3 + i (E0 +mψ)Υ13

E0 (E0 +mψ) + ip2 (p1 + ip2)

)
, ✭✺✳✶✵✹❛✮

✹

❖s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s σi3 ♣❛r❛ i = {1, 2} sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r

σ13 =
i

2
[γ1, γ3] = i

(
σ2 0
0 σ2

)
, ✭✺✳✶✵✸❛✮

σ23 =
i

2
[γ2, γ3] =

(
σ1 0
0 σ1

)
. ✭✺✳✶✵✸❜✮

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❛ ❡str✉t✉r❛ ❞❡st❡s ❞♦✐s t❡r♠♦s sã♦ ❜❛st❛♥t❡ s❡♠❡❧❤❛♥t❡s✳ P♦rt❛♥t♦✱ ❛
❝♦♥❡①ã♦ ❡♥tr❡ ❡❧❡s é ❢❛❝tí✈❡❧✳

✾✶



∆̄ =

(
−p1p3 + (E0 +mψ)Υ23

E0 (E0 +mψ)− p1 (p1 + ip2)

)
. ✭✺✳✶✵✹❜✮

❆s ❝♦♥✜❣✉r❛çõ❡s ❡♠ q✉❡stã♦✱ ❛ss✐♠ ❝♦♠♦ ♦s ❝❛s♦s tr❛t❛❞♦s ♥❛s s✉❜s❡çõ❡s ✺✳✸✳✶ ❡

✺✳✹✳✶✱ ♣♦ss✉❡♠ ✉♠❛ ❝♦♥❡①ã♦✳ ❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❞❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱

∆ =

(
i∆̄1

∆̄2

)
(p1 → −p2, p2 → p1,Υ23 → Υ13) . ✭✺✳✶✵✺✮

P♦rt❛♥t♦✱ só ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛s s♦❧✉çõ❡s ♣❛r❛ ✉♠❛ ❞❛s ❝♦♥✜❣✉r❛çõ❡s✱ ❞✐❣❛♠♦s

T̂ 23✱ ❡ ❢❛③❡r ✉s♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s (5.105) ♣❛r❛ ❝♦♥❡❝t❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s

❞♦ ♦✉tr♦ ❝♦❡✜❝✐❡♥t❡✳

❖s ❡s♣✐♥♦r❡s (5.101a− 5.102b) ♥ã♦ sã♦ ❛s s♦❧✉çõ❡s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s ❡✱ ❛ss✐♠

❝♦♠♦ ♥♦s ♦✉tr♦s ❝❛s♦s✱ ♣r❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ q✉❡ ❜❧♦❝♦✲

❞✐❛❣♦♥❛❧✐③❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.97)✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ (4.40)

❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ ❞❡s❡❥❛❞❛ é ❞❛❞❛ ♣♦r

U = VW +
T̂ i3
4E0

[
γ5, V Wγ0σi3W

†V †]VW. ✭✺✳✶✵✻✮

❆♣❧✐❝❛♥❞♦ ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ U †
(
T̂ 23
)
às s♦❧✉çõ❡s (5.102a)✱ ♦❜t❡♠♦s

❛s ❞✉❛s s♦❧✉çõ❡s ❛ s❡❣✉✐r

u(1)|T̂ 23

E(+) = U †
(
T̂ 23
)
Ψ̄

(1)

T̂ 23
, ✭✺✳✶✵✼❛✮

u(1)|T̂ 23

E(+) =
¯̄N T̂ 23(1)
u Z̃ T̂ 23

(
p, T̂ 23,Υ23

)
, ✭✺✳✶✵✼❜✮

u(2)|T̂ 23

E(−) = U †
(
T̂ 23
)
Ψ̄

(1)

T̂ 23
, ✭✺✳✶✵✽❛✮

u(2)|T̂ 23

E(−) =
¯̄N T̂ 23(2)
u Z̃ T̂ 23

(
p, T̂ 23,−Υ23

)
, ✭✺✳✶✵✽❜✮

✾✷



♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Z̃ T̂ 23
(
p, T̂ 23,Υ23

)
=

(
¯̄φ+

− ¯̄φ−

)
+

p1
2E2

0

(
¯̄φ−
¯̄φ+

)
T̂ 23, ✭✺✳✶✵✾❛✮

¯̄φ± =

(
− ¯̄A±
¯̄B±

)
, ✭✺✳✶✵✾❜✮

¯̄A± = p1 − ip2 ± (E0 +mψ ∓ p3) ¯̄A, ✭✺✳✶✶✵❛✮

¯̄B± = (p1 + ip2)
¯̄A± (E0 +mψ ± p3) , ✭✺✳✶✶✵❜✮

¯̄A =
p1p3 + (E0 +mψ)Υ23

E0 (E0 +mψ)− p1 (p1 + ip2)
. ✭✺✳✶✶✵❝✮

❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s (5.107b− 5.108b)

sã♦✿

¯̄N T̂ 23(1)
u =

√
E0 +mψ − p1p3/Υ23

p1p3
Υ23

4 (E0 +mψ)

(
2 +

Υ23

E2
0

T̂ 23

)
, ✭✺✳✶✶✶❛✮

¯̄N T̂ 23(2)
u = ¯̄N T̂ 23(1)

u (−Υ23) . ✭✺✳✶✶✶❜✮

❆s s♦❧✉çõ❡s ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ T̂ 13 sã♦ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛s tr❛♥s❢♦r♠❛çõ❡s

(5.105)✳ ❊❢❡t✉❛♥❞♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ♥❛ s♦❧✉çã♦ (5.107b)✱ ♦❜t❡♠♦s

u(1)|T̂ 13

E(+) =
¯̄N T̂ 23(1)
u




iZ̃ T̂ 23

1

Z̃ T̂ 23

2

iZ̃ T̂ 23

3

Z̃ T̂ 23

4




(
p1 = −p2, p2 = p1, p3, T̂ 13,Υ13

)
, ✭✺✳✶✶✷✮

✾✸



u(2)|T̂ 13

E(−) =
¯̄N T̂ 23(1)
u




iZ̃ T̂ 23

1

Z̃ T̂ 23

2

iZ̃ T̂ 23

3

Z̃ T̂ 23

4




(
p1 = −p2, p2 = p1, p3, T̂ 13,−Υ13

)
. ✭✺✳✶✶✸✮

❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ♣❛r❛ ♦s ❝❛s♦s ❛❝✐♠❛ sã♦✿

¯̄N T̂ 13(1)
u ≡ ¯̄N T̂ 23(1)

u

(
p1 = −p2, p2 = p1, p3, T̂ 13,Υ13

)
=

=

√
E0 +mψ + p2p3

Υ13

4 (E0 +mψ)

(
2 +

Υ13

E2
0

T̂ 13

)
, ✭✺✳✶✶✹❛✮

¯̄N T̂ 13(2)
u ≡ ¯̄N T̂ 23(1)

u

(
p1 = −p2, p2 = p1, p3, T̂ 13,−S13

)
=

=

√
E0 +mψ − p2p3

Υ13

4 (E0 +mψ)

(
2− Υ13

E2
0

T̂ 13

)
. ✭✺✳✶✶✹❜✮

P❛r❛ ✜♥❛❧✐③❛r✱ ♣r❡❝✐s❛♠♦s ❞❛s s♦❧✉çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ❛s s♦❧✉çõ❡s ❞❡s❡❥❛❞❛s sã♦✿

v(1,2)|
E

(±)
v

= u(2,1)c (−Hµν···) , ✭✺✳✶✶✺✮

❝✉❥❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

N̆ T̂ i3(1,2)
v = N̆ T̂ i3(2,1)

u (−Hµν···) . ✭✺✳✶✶✻✮

✺✳✹✳✹ ❖♣❡r❛❞♦r T̂ 12

❈♦♠♦ ú❧t✐♠♦ ❝❛s♦✱ ❝❛❧❝✉❧❛r❡♠♦s ❛s s♦❧✉çõ❡s ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦✲

❞✐✜❝❛❞❛ (
γµp

µ −mψ +
1

2
T̂ 12σ12

)
ψ = 0. ✭✺✳✶✶✼✮

✾✹



❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡ ♣❛r❛

✐ss♦ ✉s❛r❡♠♦s ❛ ❡q✉❛çã♦ (4.43)✱ ❛ s❛❜❡r✿

Eψ′ + γ5E0ψ
′ +
T̂ 12

2E0

(
−E0γ

3γ0 +
p3pkγkγ0
(E0 +mψ)

)
ψ′ = 0, ✭✺✳✶✶✽✮

♦♥❞❡ ψ′ = Uψ✳ ❖s ❞♦✐s ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s q✉❡ ❛❞✈ê♠ ❞❛ ❡q✉❛çã♦ (5.118) sã♦

E(±)
u |T̂

12

= E0

(
1± Υ12

E2
0

T̂ 12

)
, Υ12 =

√
p21 + p22 +m2

ψ. ✭✺✳✶✶✾✮

❖s ❛✉t♦✈❡t♦r❡s ❞❛ ❡q✉❛çã♦ (5.118) sã♦ ♠♦str❛❞♦s ❛❜❛✐①♦

Ψ̌
(1)

T̂ 12
= Ň

(
∆̃

0

)
, Ψ̌

(2)

T̂ 12
= Ň

(
∆̃ (−Υ12)

0

)
, ✭✺✳✶✷✵❛✮

Ψ̌
(3)

T̂ 12
= Ň

(
0

∆̃ (−Υ12)

)
, Ψ̌

(4)

T̂ 12
= Ň

(
0

∆̃

)
, ✭✺✳✶✷✵❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

0 =

(
0

0

)
, ∆̃ =

(
(E0 +mψ)Υ12 −Υ2

12 − E0mψ

(p1 + ip2) p3

)
. ✭✺✳✶✷✶✮

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥❛s s✉❜s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s q✉❡ ♦❜✲

t❡♠♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ (5.118) ♥ã♦ sã♦ ❛s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s✳

P♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ❞❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ U
(
T̂ 12
)

q✉❡ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛ ❛

❡q✉❛çã♦ (5.117)✱ ♦✉ s❡❥❛✱ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ♠❛tr✐③

U
(
T̂ 12
)
= VW +

T̂ 12

4E0

[
γ5, V Wγ0σ12W

†V †]VW. ✭✺✳✶✷✷✮

❈❛❧❝✉❧❛♥❞♦ ❛ ♠❛tr✐③ ❛❞❥✉♥t❛ ❞❛ ♠❛tr✐③ U
(
T̂ 12
)
❡ ❛♣❧✐❝❛♥❞♦ ❛♦s ❡s♣✐♥♦r❡s (5.120a)✱

♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

u(1)|T̂ 12

E
(+)
u

= U †
(
T̂ 12
)
Ψ̌

(1)

T̂ 12
✭✺✳✶✷✸❛✮

✾✺



u(1)|T̂ 12

E
(+)
u

= Ň T̂ 12(1)
u Z̄ T̂ 12

(
p, T̂ 12,Υ12

)
, ✭✺✳✶✷✸❜✮

❡

u(2)|T̂ 12

E
(−)
u

= U †
(
T̂ 12
)
Ψ̌

(2)

T̂ 12
✭✺✳✶✷✹❛✮

u(1)|T̂ 12

E
(−)
u

= Ň T̂ 12(2)
u Z̄ T̂ 12

(
p, T̂ 12,−Υ12

)
, ✭✺✳✶✷✹❜✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

Z̄ T̂ 12
(
p, T̂ 12,Υ12

)
=

(
φ̌+

−φ̌−

)
+

p3
2E2

0

(
φ̌−

φ̌+

)
T̂ 12, ✭✺✳✶✷✺❛✮

φ̌± =

(
−Ǎ±

B̌±

)
, ✭✺✳✶✷✺❜✮

Ǎ± = p1 − ip2 ± (E0 +mψ ∓ p3) Ǎ, ✭✺✳✶✷✻❛✮

B̌± = (p1 + ip2) Ǎ± (E0 +mψ ± p3) , ✭✺✳✶✷✻❜✮

Ǎ =
(E0 +mψ) (E0 −Υ12)

(p1 + ip2) p3
. ✭✺✳✶✷✻❝✮

❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛s s♦❧✉çõ❡s (5.123b− 5.124b) sã♦

♦❜t✐❞❛s ❛ ♣❛rt✐r ❞♦s ❝r✐tér✐♦s ♠❡♥❝✐♦♥❛❞♦s ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷ ❡✱ ♣♦rt❛♥t♦✱ ❛ss✉♠❡♠

♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s✿

Ň T̂ 12(1)
u =

√
E0 +mψ −Υ12 +

E0mψ
Υ12

4 (E0 +mψ)

(
2 +

Υ12

E2
0

T̂ 12

)
, ✭✺✳✶✷✼✮

Ň T̂ 12(2)
u = Ň T̂ 12(1)

u (−Υ12) . ✭✺✳✶✷✽✮

P❛r❛ ✜♥❛❧✐③❛r✱ ♣r❡❝✐s❛♠♦s ❞❛s s♦❧✉çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ❛s s♦❧✉çõ❡s ❞❡s❡❥❛❞❛s sã♦✿

✾✻



v(1,2)|
E

(±)
v

= u(2,1)c (−Hµν···) , ✭✺✳✶✷✾✮

❝✉❥❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❡ ❡♥❡r❣✐❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡

❢♦r♠❛

N̆ T̂ 12(1,2)
v = N̆ T̂ 12(2,1)

u (−Hµν···) , ✭✺✳✶✸✵❛✮

E(±)
v (p) = E(∓)

u (p,−Hµν···) . ✭✺✳✶✸✵❜✮

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ✐♥✐❝✐♦ ❞❡st❛ s❡çã♦ ❡ ♣✉❞❡♠♦s ❝♦♥st❛t❛r ❛♦ ❧♦♥❣♦ ❞♦s ❝á❧❝✉❧♦s

❡❢❡t✉❛❞♦s✱ ❛s s♦❧✉çõ❡s ♣❛r❛ ❛s ❞✐✈❡rs❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧ sã♦

♠✉✐t♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s q✉❡ ❛s ❞❡♠❛✐s tr❛t❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦✳ ❱✐♠♦s t❛♠❜é♠ q✉❡

♦s ♥♦✈♦s ♣❛râ♠❡tr♦s Θi ❡ Υij q✉❡ ✐♥tr♦❞✉③✐♠♦s✱ ❛❧é♠ ❞❡ ❝❛r❛❝t❡r✐③❛r ❛s s♦❧✉çõ❡s

❛♥✐s♦tró♣✐❝❛s✱ ♣♦ss✐❜✐❧✐t❛r❛♠ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❞✉❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s q✉❡ s✉r❣❡♠

❞❡✈✐❞♦ ❛ q✉❡❜r❛ ❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳

✺✳✺ ❙♦❧✉çõ❡s ♣❛r❛ ♦ ♦♣❡r❛❞♦r P̂
P❛r❛ ✜♥❛❧✐③❛r♠♦s ♦ ❡st✉❞♦ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❢❛③❡♥❞♦ ✉s♦ ❞❛ ♠❡t♦❞♦❧♦✲

❣✐❛ ❛♣r❡s❡♥t❛❞❛✱ tr❛t❛r❡♠♦s ❛❣♦r❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r

♣s❡✉❞♦❡s❝❛❧❛r✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❡s❝r❡✈❡✲s❡ ❝♦♠♦✿

(
γµp

µ −mψ + iP̂γ5
)
ψ = 0. ✭✺✳✶✸✶✮

❖ ♦♣❡r❛❞♦r ♣s❡✉❞♦❡s❝❛❧❛r ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛

p2 −m2
ψ + P̂2 = 0. ✭✺✳✶✸✷✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡♠♦s ♦❜t❡r ❛s ❡♥❡r❣✐❛s ♣❡r♠✐t✐❞❛s ♣❛r❛ q✉❛✐sq✉❡r

❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r P̂ ✳ ❖ ✐♥t❡r❡ss❡ ❡♠ ❝❛❧❝✉❧❛r ❛s s♦❧✉çõ❡s ♣❛r❛ ❡st❛ ❝♦♥✲

✜❣✉r❛çã♦ r❡s✐❞❡ ♥♦ ❢❛t♦ ✐♥✉s✐t❛❞♦ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦❡s❝❛❧❛r ♥ã♦ ♣♦ss✉✐

❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ♦✉ s❡❥❛✱ s❡ ❡①♣❛♥❞✐r♠♦s

❛s s♦❧✉çõ❡s ❛❞✈✐♥❞❛s ❞❛ ❡q✉❛çã♦ (5.132) ♦❜t❡r❡♠♦s ❝♦♠♦ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐çã♦ ♥ã♦

♥✉❧❛ ❡♠ P̂ ❝♦rr❡çõ❡s q✉❛❞rát✐❝❛s✳ ❆ s❡❣✉✐r✱ ♠♦str❛♠♦s ❛ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐çã♦ ♥ã♦

✾✼



♥✉❧❛ ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

Eu = E0 +
P̂2

2E0

. ✭✺✳✶✸✸✮

❉❡ ❢❛t♦✱ t♦❞❛s ❛s ♣♦tê♥❝✐❛s í♠♣❛r❡s ❛❞✈✐♥❞❛s ❞❛ ❡①♣❛♥sã♦ ❞❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

(5.132) sã♦ ♥✉❧❛s✳ ❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❛s s♦❧✉çõ❡s sã♦ ❞❡❣❡♥❡r❛❞❛s✱ ♦✉ s❡❥❛✱

❤❛✈❡rá ❛♣❡♥❛s ✉♠❛ ❡♥❡r❣✐❛ ♣❛r❛ ❛♠❜❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ s♣✐♥✳

❈♦♠♦ ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦❡s❝❛❧❛r ♥ã♦ ♣♦ss✉✐ ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱

❡s♣❡r❛♠♦s ❡♥tã♦ q✉❡ ❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❡♠ q✉❡stã♦ ♥ã♦

t❡♥❤❛ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❡♠ P̂ ✳ ❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ❡ss❛ ❛✉sê♥❝✐❛ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❛

♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ U ✉s❛❞❛ ♣❛r❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛ ❛ ❡q✉❛çã♦ (5.131) ♥♦s ❝♦♥✲

❞✉③ ❛ ✉♠❛ ❡q✉❛çã♦ q✉❡ r❡té♠ ❛♣❡♥❛s ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P♦rt❛♥t♦✱

❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ (5.131) é ❞❛❞❛ ♣♦r

Eψ′ + γ5E0ψ
′ = 0. ✭✺✳✶✸✹✮

❱❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♥ã♦ ❢❛③ q✉❛❧q✉❡r ♠❡♥çã♦ ❛♦ ♦♣❡r❛❞♦r P̂ ✳ ❖s ❛✉t♦✈❡✲

t♦r❡s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ sã♦ ❞❛❞♦s ♣♦r

Ψ̂
(1)

P̂ = NP̂

(
Ω

0

)
, Ψ̂

(2)

P̂ = NP̂

(
∆

0

)
, ✭✺✳✶✸✺❛✮

Ψ̂
(3)

P̂ = NP̂

(
0

Ω

)
, Ψ̂

(4)

P̂ = NP̂

(
0

∆

)
, ✭✺✳✶✸✺❜✮

♦♥❞❡

0 =

(
0

0

)
, Ω =

(
1

0

)
, ∆ =

(
0

1

)
. ✭✺✳✶✸✻✮

❖s ❛✉t♦✈❛❧♦r❡s ♦❜t✐❞♦s sã♦ q✉❛tr♦ ✈❡③❡s ❞❡❣❡♥❡r❛❞♦s ❡ ♣♦ss✉❡♠ ♦ s❡❣✉✐♥t❡ ✈❛❧♦r✿

Eu = E0 ❡ Ev = E0.

❆s s♦❧✉çõ❡s (5.135a− 5.135b) ♥ã♦ sã♦ ❛s ♠❛✐s ❣❡r❛✐s ♣♦ssí✈❡✐s✱ ♣♦rt❛♥t♦✱ ♣r❡✲

❝✐s❛♠♦s ♦❜t❡r ♦s ❡s♣✐♥♦r❡s ♠❛✐s ❣❡r❛✐s✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞❛ ♠❛tr✐③ U †
(
P̂
)

✾✽



q✉❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ (4.40)✱ ❛ s❛❜❡r✿

U =

(
1 +

iP̂
4E0

[
γ5, V Wγ0γ5W

†V †]
)
VW. ✭✺✳✶✸✼✮

❆ ♠❛tr✐③ U ❛❝✐♠❛ é ❛ r❡s♣♦♥sá✈❡❧ ♣♦r ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✐③❛r ❛ ❡q✉❛çã♦ (5.131)✳ ❆♣❧✐✲

❝❛♥❞♦ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ U †
(
P̂
)

às s♦❧✉çõ❡s (5.135a) ♦❜t❡♠♦s ♦s s❡✲

❣✉✐♥t❡s ❡s♣✐♥♦r❡s

u(1)|P̂
E

(+)
u

= N P̂
u

(
σ3 · φ−

φ+

)
−N P̂

u

iP̂
2E0

(
φ+

−σ3 · φ−

)
, ✭✺✳✶✸✽❛✮

u(2)|P̂
E

(+)
u

= N P̂
u

(
−iσ2 · φ∗

+

σ1 · φ∗
−

)
−N P̂

u

iP̂
2E0

(
σ1 · φ∗

−

iσ2 · φ∗
+

)
, ✭✺✳✶✸✽❜✮

♦♥❞❡

φ± =

(
A±

B

)
, ✭✺✳✶✸✾❛✮

A± = E0 +mψ ± p3, B = p1 + ip2, ✭✺✳✶✸✾❜✮

∗ s✐❣♥✐✜❝❛ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❡ σi sã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐✳ ❆ ❝♦♥st❛♥t❡ ❞❡

♥♦r♠❛❧✐③❛çã♦ NP̂ é ❝❛❧❝✉❧❛❞❛ s❡❣✉✐♥❞♦ ♦s ❝r✐tér✐♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ s✉❜s❡çã♦ ✺✳✶✳✷✳

P❛r❛ ♦ ❝❛s♦ ❝♦rr❡♥t❡✱ t❡♠♦s✿

N P̂
u =

1
√

2 (E0 +mψ)
√

1 + P̂2

4E2
0

.

P❛r❛ ✜♥❛❧✐③❛r✱ ♣r❡❝✐s❛♠♦s ❞❛s s♦❧✉çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ❛ s✉❜s❡çã♦ ✺✳✶✳✷✱ ❛s s♦❧✉çõ❡s ❞❡s❡❥❛❞❛s sã♦✿

v(1,2)|Ev = u(2,1)c (−fµ···) , ✭✺✳✶✹✵✮

✾✾



❝✉❥❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ♣♦ss✉❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

N̆ P̂
v = N P̂

u (−fµ···) . ✭✺✳✶✹✶✮

❆♣❡s❛r ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ (5.131) ♥ã♦ q✉❡❜r❛r ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛

❞❡ s♣✐♥✱ é ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r ♦ ❢❛t♦ ❞❡st❡ ❝♦❡✜❝✐❡♥t❡ ♥ã♦ ♣♦ss✉✐r ❝♦♥tr✐❜✉✐çõ❡s ❡♠

♣r✐♠❡✐r❛ ♦r❞❡♠ ❡✱ ❝♦♠♦ ❛♥❛❧✐s❛♠♦s s♦❧✉çõ❡s ♣❛r❛ ✈ár✐❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ s❡t♦r

❢❡r♠✐ô♥✐❝♦✱ ♣♦r ❝♦♠♣❧❡t❡③❛✱ ✜♥❛❧✐③❛♠♦s ❞❡t❛❧❤❛♥❞♦ ❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ♦♣❡r❛❞♦r

P̂ ✳

✺✳✻ ❈♦♥s✐stê♥❝✐❛ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s

❆♣❡♥❛s ♣♦r s❡❣✉r❛♥ç❛✱ é s❡♠♣r❡ ❛❝♦♥s❡❧❤á✈❡❧ ✈❡r✐✜❝❛r s❡ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s

r❡❛❧♠❡♥t❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✳ P❛r❛ r❡❛❧✐③❛r t❛❧ ✈❡r✐✜❝❛çã♦✱

♣r❡❝✐s❛♠♦s ♠✉❧t✐♣❧✐❝❛r ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦✱ q✉❡ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r

D̂✱ ♣♦r ❝❛❞❛ ✉♠ ❞♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s ❡✱ ❛♦ ✜♥❛❧✱ s✉❜st✐t✉í♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡r✲

sã♦ r❡❧❛t✐✈❛ ❛ ❝❛❞❛ ❡s♣✐♥♦r✳ ❖ r❡s✉❧t❛❞♦ ❞❡st❛ ♦♣❡r❛çã♦ ❞❡✈❡ s❡r ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦

♣❛r❛ q✉❡ ♦s r❡s✉❧t❛❞♦s s❡❥❛♠ ❝♦♥s✐st❡♥t❡s✳ ❖s ❡s♣✐♥♦r❡s✱ ❛ss✐♠ ❝♦♠♦ ♦ ♦♣❡r❛❞♦r

❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ❡ ❛ ♣ró♣r✐❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ♣♦ss✉❡♠ ✉♠❛ ❢♦r♠❛ ❡①tr❡✲

♠❛♠❡♥t❡ ❝♦♠♣❧❡①❛✳ P♦rt❛♥t♦✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ ❛❧❣✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦

♣❛r❛ q✉❡ ♣♦ss❛♠♦s r❡❛❧✐③❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ ❡s✲

❝♦❧❤✐❞❛ ❝♦♥s✐st❡ ❡♠ ❛tr✐❜✉✐r ✈❛❧♦r❡s ❝♦♥s✐st❡♥t❡s ❛s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♠♦❞♦

❛ ❢❛❝✐❧✐t❛r ❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ❊❢❡t✉❛♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ t♦❞❛s

❛s s♦❧✉çõ❡s ❡s♣✐♥♦r❡s ❝❛❧❝✉❧❛❞❛s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ❝♦♥st❛t❛♠♦s q✉❡ ♥♦ss♦s r❡✲

s✉❧t❛❞♦s s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ❝♦♠ ✉♠❛ ♣r❡❝✐sã♦ ❞❡ 100 ❝❛s❛s

❞❡❝✐♠❛✐s✳ ◆ã♦ ❞❡✈❡♠♦s ❡sq✉❡❝❡r q✉❡ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s sã♦ ✈á❧✐❞♦s ❛♣❡♥❛s ❡♠

♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❆ss✐♠✱ ❞❡✈❡♠♦s t❡r ♦ ❝✉✐❞❛❞♦ ❞❡ ✈❡r✐✜❝❛r s❡ ❛♣❡♥❛s ❝♦♥tr✐❜✉✐çõ❡s

❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❡stã♦ s❡♥❞♦

❧❡✈❛❞❛s ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❛♥❞♦ ❡❢❡t✉❛♠♦s ♦ ♣r♦❞✉t♦ ❡♥tr❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝

♠♦❞✐✜❝❛❞♦ D̂ ❡ ♦s ❡s♣✐♥♦r❡s✳ ❙♦♠❡♥t❡ ♥❡ss❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ ❛ ♠ét♦❞♦❧♦❣✐❛ ❞❡s✲

❝r✐t❛ ❛❝✐♠❛ r❡❛❧♠❡♥t❡ ♥♦s ❞❛rá ✉♠❛ s♦❧✉çã♦ ❝♦rr❡t❛✳ ❈♦♠♦ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✱

❛✈❛❧✐❛r❡♠♦s s✉❝✐♥t❛♠❡♥t❡ ♦ ❝❛s♦ ❛♥✐s♦tró♣✐❝♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✸✳✷✳ ❖

✶✵✵



♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ é ♠♦str❛❞♦ ❛ s❡❣✉✐r

D̂Â3 = E + γ5E0 +
Â3

E0

R̂, ✭✺✳✶✹✷✮

♦♥❞❡ ❞❡✜♥✐♠♦s R̂ ❝♦♠♦

R̂ ≡
(
mψγ

3γ0γ5 +
p3pkγkγ0γ5
(E0 +mψ)

)
. ✭✺✳✶✹✸✮

❆ s♦❧✉çã♦ ❡s♣✐♥♦r✐❛❧ q✉❡ ✉s❛r❡♠♦s ❝♦♠♦ ❡①❡♠♣❧♦ s❡rá

u(1)|Â3

E
(+)
u

= N̆
(
φ̄+

φ̄−

)
+
p1 + ip2
2E2

0

N̆
(
δφ̄+

δφ̄−

)
Â3.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡①♣r❡ssã♦ (5.142) ♣❡❧♦ ❡s♣✐♥♦r u(1)|Â3

E
(+)
u

❛❝✐♠❛ ❡ s✉❜st✐t✉✐♥❞♦ ❛s

❡①♣r❡ssõ❡s ♣❛r❛ D̂Â3 ❡ u(1)|Â3

E
(+)
u

✱ ♦❜t❡♠♦s

D̂Â3 × u(1)|Â3

E
(+)
u

= EI4

(
φ̄+

φ̄−

)
+

(p1 + ip2)

2E0

EI4

(
δφ̄+

δφ̄−

)
Â3

E0

+ E0γ5

(
φ̄+

φ̄−

)
+

+
p1 + ip2

2
γ5

(
δφ̄+

δφ̄−

)
Â3

E0

+ R̂
(
φ̄+

φ̄−

)
Â3

E0

+
p1 + ip2
2E0

R̂
(
δφ̄+

δφ̄−

)(
Â3

E0

)2

.

✭✺✳✶✹✹✮

❈♦♠♦ E ≡ p0 ❡ ❞❡✈❡♠♦s s✉❜st✐t✉✐r p0 ♣♦r E(+)
u |Â3

= E0

(
1 + Ω3

E2
0
Â3
)
, ❛ ❡q✉❛çã♦

❛❝✐♠❛ ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

D̂Â3 × u(1)|Â3

E
(+)
u

= E0

(
1 +

Ω3

E2
0

Â3

)(
φ̄+

φ̄−

)
+

(p1 + ip2)

2

(
1 +

Ω3

E2
0

Â3

)(
δφ̄+

δφ̄−

)
Â3

E0

+

E0γ5

(
φ̄+

φ̄−

)
++

p1 + ip2
2

γ5

(
δφ̄+

δφ̄−

)
Â3

E0

+ R̂
(
φ̄+

φ̄−

)
Â3

E0

+
p1 + ip2
2E0

R̂
(
δφ̄+

δφ̄−

)(
Â3

E0

)2

.

❈♦♠♦ ❞✐ss❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✈❡♠♦s r❡t❡r ❛♣❡♥❛s t❡r♠♦s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦s

❝♦❡✜❝✐❡♥t❡ q✉❡ ✐♥❞✉③❡♠ ❛ ✈✐♦❧❛çã♦ ♥❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ P♦rt❛♥t♦✱ ❡❧✐♠✐♥❛♥❞♦

✶✵✶



t❡r♠♦s q✉❛❞rát✐❝♦s ❡♠ Â3✱ ♦❜t❡♠♦s✿

D̂Â3 × u(1)|Â3

E
(+)
u

= E0

(
1 +

Ω3

E2
0

Â3

)(
φ̄+

φ̄−

)
+

(p1 + ip2)

2

(
δφ̄+

δφ̄−

)
Â3

E0

+

+ E0γ5

(
φ̄+

φ̄−

)
+
p1 + ip2

2
γ5

(
δφ̄+

δφ̄−

)
Â3

E0

+ R̂
(
φ̄+

φ̄−

)
Â3

E0

. ✭✺✳✶✹✺✮

P❛r❛ ❛✈❛❧✐❛r♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ✜③❡♠♦s ✉s♦ ❞♦ s✐st❡♠❛ ❞❡

á❧❣❡❜r❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝❛✳ P❛r❛ ✈❡r✐✜❝❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s s♦❧✉çõ❡s✱

✜③❡♠♦s ✉s♦ ❞♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❛r❜✐trár✐♦s

G =

{
p1 = eπ, p2 =

π3

e
, p3 =

e3

π
, mψ = e, Â3 =

π2

100

}
. ✭✺✳✶✹✻✮

❋✐③❡♠♦s ❛ ❡s❝♦❧❤❛ ❞❡ss❡s ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❛✐s ♥❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ♣♦✐s ✐ss♦

✐♠♣❡❞❡ q✉❡ ❤❛❥❛ ❝❛♥❝❡❧❛♠❡♥t♦s ✏♠✐❧❛❣r♦s♦s✑ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ q✉❡ ♣♦ss❛♠ ♥♦s

✐♥❞✉③✐r ❛ ✐♥t❡r♣r❡t❛çõ❡s ❡rrô♥❡❛s✳ ❉❡✈❡♠♦s ♦❜s❡r✈❛r t❛♠❜é♠ q✉❡ ♦ ✈❛❧♦r ❞❡ Â3

❞❡✈❡ s❡r ❛r❜✐trár✐❛♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❡st❛♠♦s tr❛t❛♥❞♦ ♦s ♦♣❡✲

r❛❞♦r❡s ❞❡ ♠❛♥❡✐r❛ ♣❡rt✉r❜❛t✐✈❛✳ ❖ ❝♦♠❛♥❞♦ ❛ s❡r ✉t✐❧✐③❛❞♦ ♥♦ ▼❛t❤❡♠❛t✐❝❛ é

♠♦str❛❞♦ ❛ s❡❣✉✐r

N [❡①♣r❡ssã♦, n] , ✭✺✳✶✹✼✮

♦♥❞❡ ✏❡①♣r❡ssã♦✑ ✐♥❞✐❝❛ ❛ ❢✉♥çã♦ q✉❡ ❞❡s❡❥❛♠♦s ❛✈❛❧✐❛r ♥✉♠❡r✐❝❛♠❡♥t❡ ❡ ✏n✑ ✐♥❞✐❝❛

❛ ♣r❡❝✐sã♦ ❞❛ ❛✈❛❧✐❛çã♦ ♥✉♠ér✐❝❛ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s✳ P❛r❛ ❛✈❛❧✐❛r ♦ ❝❛s♦ ❡♠

q✉❡stã♦✱ ❜❛st❛ ✐♥tr♦❞✉③✐r ♦ s❡❣✉✐♥t❡ ❝♦♠❛♥❞♦ ♥♦ ▼❛t❤❡♠❛t✐❝❛

N
[
D̂Â3 × u(1)|Â3

E
(+)
u

/.G, 100
]
, ✭✺✳✶✹✽✮

♦♥❞❡ /.G é ♦ ❝♦♠❛♥❞♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ❡st❛♠♦s s✉❜st✐t✉✐♥❞♦ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ♣❡❧♦s

✈❛❧♦r❡s ❞❡✜♥✐❞♦s ♥❛ ❡q✉❛çã♦ (5.146)✳ ❖ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦ ▼❛t❤❡♠❛t✐❝❛

❢♦✐

D̂Â3 × u(1)|Â3

E
(+)
u

=




0.× 10−150 + 0.× 10−150i

0.× 10−151 + 0.× 10−151i

0.× 10−150 + 0.× 10−150i

0.× 10−151 + 0.× 10−151i



. ✭✺✳✶✹✾✮

✶✵✷



P♦rt❛♥t♦✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ♦ ♥♦ss♦ r❡s✉❧t❛❞♦ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✲

✜❝❛❞❛✳ ❋✐③❡♠♦s ✉s♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ t♦❞♦s ♦s ❝❛s♦s ♣r♦♣♦st♦s ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s ❡ ♦❜t✐✈❡♠♦s r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s ♣❛r❛ t♦❞♦s ❡❧❡s✳

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ ✈❡r✐✜❝❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❝♦♥s✐st❡ ❡♠

✈❡r✐✜❝❛r s❡ ♦ ❧✐♠✐t❡ Q̂ → 0 r❡♣r♦❞✉③ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥❛ ❛✉sê♥❝✐❛

❞❡ t❡r♠♦s ❞❡ ✈✐♦❧❛çã♦✳ ◆♦ ❛♣ê♥❞✐❝❡ ❈ ♦❜t✐✈❡♠♦s ❛s s♦❧✉çõ❡s ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

❧✐✈r❡ ♥❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✳ ❆ s❡❣✉✐r✱ r❡♣r♦❞✉③✐♠♦s ❛s ❡q✉❛çõ❡s (C.29a− C.29d)
♦❜t✐❞❛s ♥❛q✉❡❧❡ ❛♣ê♥❞✐❝❡

u(1,2)|E0 = N
(
±Λ(+)

Λ(−)

)
↔ E0,

v(1,2)|E0 = iγ2 · N
(
±Λ(−)

Λ(+)

)∗

↔ E0.

❆ ♣❛rt✐r ❞❡st❛s s♦❧✉çõ❡s✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r s❡ ♥♦ss❛s s♦❧✉çõ❡s sã♦ r❡❛❧♠❡♥t❡ ❝♦♥✲

s✐st❡♥t❡s✳ ❯♠❛ ♦❧❤❛❞❛ rá♣✐❞❛ ♥❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s Ψ̊(α)✱ Ψ̆(α)

Âi ✱ Ψ̂
(α)

T̂ 0i
✱ Ψ(α)

T̂ ij ❡

✈❡r✐✜❝❛♠♦s q✉❡ s✐♠♣❧❡s♠❡♥t❡ ❢❛③❡r Q̂ → 0 ♥ã♦ r❡♣r♦❞✉③✐rá ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝ ❧✐✈r❡ ♥❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ❡st❛s s♦❧✉çõ❡s ♥ã♦ ❝♦rr❡s♣♦♥❞❡♠

❛♦s ❡s♣✐♥♦r❡s ❞♦ ♦♣❡r❛❞♦r

D̂ = E + γ5E0. ✭✺✳✶✺✵✮

P♦ré♠✱ ♥ã♦ é tã♦ ❞✐❢í❝✐❧ ♣❡r❝❡❜❡r q✉❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛q✉❡❧❛s s♦❧✉çõ❡s✱

♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ Q̂ → 0✱ ♥♦s ❢♦r♥❡❝❡rã♦ ❛s s♦❧✉çõ❡s ❝♦rr❡t❛s ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡

❉✐r❛❝ (5.150)✳ ❈♦♠♦ ❛ tr❛♥s❢♦r♠❛çã♦ U †
(
Q̂ → 0

)
é ❧✐♥❡❛r✱ t❡♠♦s q✉❡

U †
(
Q̂ → 0

)(
a(1)Ψ̊

(1) ± b(2)Ψ̊(2)
)
= a(1)ů

(1)|E0 ± b(2)ů(2)|E0 , ✭✺✳✶✺✶✮

♣♦r ❡①❡♠♣❧♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ♣❛râ♠❡tr♦s ❡s❝♦❧❤✐❞♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ♣❛r❛ ❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s s♦❧✉çõ❡s ❞❛ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ♥ã♦ s❡ ♠♦❞✐✜❝❛rã♦ ❛♣ós

❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ s❡r ❛♣❧✐❝❛❞❛✳ ❚♦❞♦s ♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s ♥❛s ❞✐✈❡rs❛s

❝♦♥✜❣✉r❛çõ❡s ♣r♦♣♦st❛s ♥❛s s❡çõ❡s ✺✳✷✱ ✺✳✸✱ ✺✳✹ ❡ ✺✳✺ ❛ss✉♠❡♠ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s

✶✵✸



♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ Q̂ → 0✿

2∑

β=1

ξ̊(β)s ů(β)|
E̊

(β)
u

= u(s)|
E̊

(±)
u →E0

,

2∑

β=1

ς̊(β)s v̊(β)|
E̊

(β)
v

= v(s)|
E̊

(±)
v →E0

, ✭✺✳✶✺✷❛✮

2∑

β=1

ξÂ
i(β)

s u(β)|Âi
E

(β)
u

= u(s)|
E

(±)
u →E0

,

2∑

β=1

ςÂ
i(β)

s v(β)|Âi
E

(β)
v

= v(s)|
E

(±)
v →E0

, ✭✺✳✶✺✷❜✮

2∑

β=1

ξT̂
0i(β)

s u(β)|T̂ 0i

E
(β)
u

= u(s)|
E

(±)
u →E0

,

2∑

β=1

ς T̂
0i(β)

s v(β)|T̂ 0i

E
(β)
v

= v(s)|
E

(±)
v →E0

, ✭✺✳✶✺✷❝✮

2∑

β=1

ξT̂
ij(β)

s u(β)|T̂ ij
E

(β)
u

= u(s)|
E

(±)
u →E0

,

2∑

β=1

ς T̂
ij(β)

s v(β)|T̂ ij
E

(β)
v

= v(s)|
E

(±)
v →E0

, ✭✺✳✶✺✷❞✮

2∑

β=1

ξP̂(β)
s u(β)|P̂Eu = u(s)|Eu→E0 ,

2∑

β=1

ς P̂(β)
s v(β)|P̂Ev = v(s)|Ev→E0 , ✭✺✳✶✺✷❡✮

♦♥❞❡ ♦ ♣❛râ♠❡tr♦ s ❛ss✉♠❡ ♦s ✈❛❧♦r❡s 1 ❡ 2, ❡ u(s) ❡ v(s) ❝♦rr❡s♣♦♥❞❡♠ às s♦❧✉✲

çõ❡s (C.29a− C.29d)✳ ❖s ❧✐♠✐t❡s ❛❝✐♠❛ t❡♥❞❡♠ ❛♦s r❡s✉❧t❛❞♦s ❞❡s❡❥❛❞♦s ♣❛r❛ ❛s

❡s❝♦❧❤❛s ❛♣r♦♣r✐❛❞❛s ❞♦s ♣❛râ♠❡tr♦s ξ(β)s ❡ ς(β)s ✳ ❉❡✈❡♠♦s s❛❧✐❡♥t❛r q✉❡ ❛s ❝♦♠❜✐✲

♥❛çõ❡s ❧✐♥❡❛r❡s (5.152a− 5.152d) só s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥♦ ❧✐♠✐t❡ ❡♠

q✉❡ Q̂ → 0✱ ❝❛s♦ ❝♦♥trár✐♦ ❡❧❛s ♥ã♦ s❛t✐s❢❛rã♦✳ ❖ ♠♦t✐✈♦✱ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡

❝❛❞❛ ❡s♣✐♥♦r ů(1)|
E̊

(+)
u

❡ ů(2)|
E̊

(−)
u

✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦ss✉✐ ✉♠❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

❞✐❢❡r❡♥t❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝❛❞❛ ❡s♣✐♥♦r s❛t✐s❢❛rá s✉❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜✲

❝❛❞❛ ❝♦♠ s✉❛ r❡s♣❡❝t✐✈❛ ❡♥❡r❣✐❛ s❡♣❛r❛❞❛♠❡♥t❡✳ ❊st❡ ♣r♦❜❧❡♠❛ ♥ã♦ ♦❝♦rr❡ q✉❛♥❞♦

❢❛③❡♠♦s Q̂ → 0✱ ✉♠❛ ✈❡③ q✉❡ t♦❞❛s ❛s ♥♦ss❛s s♦❧✉çõ❡s ♣❛ss❛♠ ❛ s❡r ❞❡❣❡♥❡r❛❞❛s✱

♦✉ s❡❥❛✱ ♣♦ss✉❡♠ ❛ ♠❡s♠❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳ ❆ ú♥✐❝❛ ❡①❝❡çã♦ ❛ ❡ss❛ r❡❣r❛ sã♦

❛s s♦❧✉çõ❡s (5.152e)✱ ❥á q✉❡ ❡❧❛s sã♦ ❞❡❣❡♥❡r❛❞❛s✳ ❆s t❛❜❡❧❛s ✺✳✶ ❡ ✺✳✷ ♠♦str❛♠ ♦s

✈❛❧♦r❡s ❞❡st❡s ♣❛râ♠❡tr♦s ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❡s❝♦❧❤✐❞❛s✳ ❈♦♠ ❡st❡s r❡✲

s✉❧t❛❞♦s ❡♠ ♠ã♦s✱ ♠♦str❛♠♦s ❞❡✜♥✐t✐✈❛♠❡♥t❡ ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s ♥♦ss❛s s♦❧✉çõ❡s✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ❛ ♣❛rt✐r ❞❛s s♦❧✉çõ❡s ❞✐s♣♦st❛s ❛❝✐♠❛ q✉❡ ❡❧❛s ❞✐❢❡r❡♠ ❞❛s

s♦❧✉çõ❡s ✉s✉❛✐s ❡♥❝♦♥tr❛❞❛s ❝♦♠✉♠❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛✳ ❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ❡st❛ ❞✐❢❡✲
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r❡♥ç❛ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ t❡r♠♦s ✉s❛❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❛s ♠❛tr✐③❡s

❣❛♠♠❛✱ q✉❡ ❞✐❢❡r❡♠ ❞❛ r❡♣r❡s❡♥t❛çã♦ ✉s✉❛❧ ❡♥❝♦♥tr❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛✳ ❆ ❝♦♥❡①ã♦

❡♥tr❡ ❡st❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❞❡t❛❧❤❛❞❛

♥♦ ❛♣ê♥❞✐❝❡ ❈✳

❈♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛✳ ❈♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ Â3

P❛râ♠❡tr♦ ❱❛❧♦r❡s P❛râ♠❡tr♦ ❱❛❧♦r❡s

ξ̊
(1)
1

(p3+|p|)
2|p|(p1+ip2)

ξ
Â3(1)
1

1
Ω3(E0+mψ)

ξ̊
(2)
1

−(p3−|p|)
2|p|(p1+ip2)

ξ
Â3(2)
1

−1
Ω3(E0+mψ)

ξ̊
(1)
2

−1
2|p| ξ

Â3(1)
2

(p2−p3)p3
2(p1+ip2)(E0+m)((E0+m)(m+Ω3)+p23)Ω3

ξ̊
(2)
2

1
2|p| ξ

Â3(2)
2

−(p2−p3)p3
2(p1+ip2)(E0+m)((E0+m)(m−Ω3)+p23)Ω3

ς̊
(1)
1

(p3+|p|)
2|p|(p1+ip2)

ς
Â3(1)
1

1
Ω3(E0+mψ)

ς̊
(2)
1

−(p3−|p|)
2|p|(p1+ip2)

ς
Â3(2)
1

−1
Ω3(E0+mψ)

ς̊
(1)
2

−1
2|p| ς

Â3(1)
2

(p2−p3)p3
2(p1+ip2)(E0+m)((E0+m)(m+Ω3)+p23)Ω3

ς̊
(2)
2

1
2|p| ς

Â3(2)
2

−(p2−p3)p3
2(p1+ip2)(E0+m)((E0+m)(m−Ω3)+p23)Ω3

❚❛❜❡❧❛ ✺✳✶✿ ❱❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ξ(β)s ❡ ς(β)s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛ ❡
❛♥✐s♦tró♣✐❝❛ Â3.

❈♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ T̂ 03 ❈♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ T̂ 12

P❛râ♠❡tr♦ ❱❛❧♦r❡s P❛râ♠❡tr♦ ❱❛❧♦r❡s

ξ
T̂ 03(1)
1

1
2iΘ3

ξ
T̂ 12(1)
1

1
2Υ12(E0+mψ)

ξ
T̂ 03(2)
1 − 1

2iΘ3

ξ
T̂ 12(2)
1 − 1

2Υ12(E0+mψ)

ξ
T̂ 03(1)
2

1
2(p1+ip2)

ξ
T̂ 12(1)
2

(E2

0
−Υ2

12)(Υ
2

12
−m2

ψ)
2Υ12p3(p1+ip2)(E0+mψ)((E0+mψ)Υ12−Υ2

12
−E0mψ)

ξ
T̂ 03(2)
2

1
2(p1+ip2)

ξ
T̂ 12(2)
2

(E2

0
−2

12)(Υ
2

12
−m2

ψ)
2Υ12p3(p1+ip2)(E0+mψ)((E0+mψ)Υ12+Υ2

12
+E0mψ)

ς
T̂ 03(1)
1

1
2iΘ3

ς
T̂ 12(1)
1

1
2Υ12(E0+mψ)

ς
T̂ 03(2)
1 − 1

2iΘ3

ς
T̂ 12(2)
1 − 1

2Υ12(E0+mψ)

ς
T̂ 03(1)
2

1
2(p1+ip2)

ς
T̂ 12(1)
2

(E2

0
−Υ2

12)(Υ
2

12
−m2

ψ)
2Υ12p3(p1+ip2)(E0+mψ)((E0+mψ)Υ12−Υ2

12
−E0mψ)

ς
T̂ 03(2)
2

1
2(p1+ip2)

ς
T̂ 12(2)
2

(E2

0
−Υ2

12)(Υ
2

12
−m2

ψ)
2Υ12p3(p1+ip2)(E0+mψ)((E0+mψ)Υ12+Υ2

12
+E0mψ)

❚❛❜❡❧❛ ✺✳✷✿ ❱❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ξ(β)s ❡ ς(β)s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛
T̂ 03 ❡ T̂ 12.

✶✵✺



✺✳✼ ❉❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ❛❞✐❝✐♦♥❛✐s

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛s s❡çõ❡s ✺✳✸ ❡ ✺✳✹✱ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♦♣❡r❛❞♦r❡s

❞❡ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛ ❡ ❞❡✈✐❞♦ ❛ ❡ss❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♣♦❞❡♠

s✉r❣✐r✳ ❈♦♠♦ ❥á ❝✐t❛❞♦✱ ♣r♦❜❧❡♠❛s ❝♦♠ ❛ ❞✐♥â♠✐❝❛ ✉s✉❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

s✉r❣❡ q✉❛♥❞♦ p0 ❛❞✐❝✐♦♥❛✐s ❡stã♦ ♣r❡s❡♥t❡s ♥❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✳ ❆ r❡❧❛çã♦ ❞❡

❞✐s♣❡rsã♦ t❛♠❜é♠ ❡①✐❜❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✐♥❣✉❧❛r q✉❡ s❡ ♠❛♥✐❢❡st❛ ♥♦ ❛♣❛r❡✲

❝✐♠❡♥t♦ ❞❡ s♦❧✉çõ❡s ✏❡s♣úr✐❛s✑✱ ♦✉ s❡❥❛✱ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ q✉❡ ♥ã♦ r❡♣r♦❞✉③❡♠

♦ ❧✐♠✐t❡ ❡s♣❡r❛❞♦ q✉❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ s❡ ❛♥✉✲

❧❛♠✳ ▼♦str❛r❡♠♦s ❛ s❡❣✉✐r ❝♦♠♦ r❡s♦❧✈❡r ❡st❡s ♣r♦❜❧❡♠❛s ♥♦s s❡t♦r❡s ❢❡r♠✐ô♥✐❝♦

♠í♥✐♠♦ ❡ ♥ã♦ ♠í♥✐♠♦✳

✺✳✼✳✶ ❙❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦

◆♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ♥ã♦ s✉r❣❡♠ ♣r♦❜❧❡♠❛s ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱

✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❤á p0 s✉✜❝✐❡♥t❡s ♥❛s ❡str✉t✉r❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✐♥❞✉③❛♠

r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ✏❡s♣úr✐❛s✑✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ♦❧❤❛❞❛ rá♣✐❞❛ ♥❛ ❡q✉❛çã♦ (4.7a)

❡ ♦❜s❡r✈❛♠♦s q✉❡ ♦s p0 ❛❞✐❝✐♦♥❛✐s q✉❡ s✉r❣❡♠ ♠♦❞✐✜❝❛♠ s♦♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ ❆ s❡❣✉✐r✱ r❡♣r♦❞✉③✐♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ (4.6)

♣❛r❛ ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦

D̂ = γµpµ +

(
c(4)µνγν + d(4)µνγ5γν + e(4)µ + if (4)µγ5 +

1

2
g(4)κλµσκλ

)
pµ −M,

✭✺✳✶✺✸✮

♦✉ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛

D̂ = γµpµ +

(
c(4)0νγν + d(4)0νγ5γν + e(4)0 + if (4)0γ5 +

1

2
g(4)κλ0σκλ

)
p0

+

(
c(4)iνγν + d(4)iνγ5γν + e(4)i + if (4)iγ5 +

1

2
g(4)κλiσκλ

)
pi −M. ✭✺✳✶✺✹✮

❖s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✐♥t❡❣r❛♠ ♦ ❝♦❡✜❝✐❡♥t❡ M ♥ã♦ ✐♥tr♦❞✉③❡♠ p0 ❛❞✐❝✐♦♥❛✐s✱ ♣♦r✲

t❛♥t♦✱ ♥ã♦ ♠♦❞✐✜❝❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ P♦ré♠✱ ✈❡♠♦s ❝❧❛r❛♠❡♥t❡

q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s
{
c(4)µν ✱d(4)µν ✱e(4)µ✱f (4)µ✱g(4)κλµ

}
✐♥tr♦❞✉③❡♠ ♠♦❞✐✜❝❛çõ❡s ♥❛ ❞✐✲

♥â♠✐❝❛ ❞♦ ♦♣❡r❛❞♦r (5.154)✳

✶✵✻



◆♦ss♦ ✐♥t❡r❡ss❡ r❡s✐❞❡ ❡♥tã♦ ❡♠ r❡❝✉♣❡r❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❝♦♥✈ê♥❝✐♦♥❛❧

❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ r❡❝✉♣❡r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡s❡❥❛❞♦ ❢♦✐

♣r♦♣♦st♦ ❉✳ ❈♦❧❧❛❞❛② ❡ ❱✳❆✳ ❑♦st❡❧❡❝❦ý ❬✼✼❪ ❡ s❡rá ❞❡s❝r✐t♦ ❡ ❛♣❧✐❝❛❞♦ ❛ ✉♠ ❝❛s♦

♣❛rt✐❝✉❧❛r✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ ❝♦♥s✐st❡ ❡♠ ✐♥tr♦❞✉③✐r ✉♠ ♥♦✈♦ ❡s♣✐♥♦r χ q✉❡ ❝♦♥❡❝t❛✲s❡

❛♦ ❡s♣✐♥♦r ♦r✐❣✐♥❛❧ ψ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦

ψ = Aχ. ✭✺✳✶✺✺✮

❆ ♠❛tr✐③ A ❞❡✈❡ s❡r ✐♥✈❡rsí✈❡❧ ❡ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡

A†γ0Γ0A = I4. ✭✺✳✶✺✻✮

❈♦♠♦ ♣✉❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ❡q✉❛çã♦ (5.154)✱ Γ0 ❝♦♥té♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s t❡♠✲

♣♦r❛✐s q✉❡ ❞❡✈❡♠ s❡r r❡♠♦✈✐❞❛s ♣❡❧♦ ♣r♦❝❡❞✐♠❡♥t♦ ♠❡♥❝✐♦♥❛❞♦✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦

é ❡✜❝❛③ ❡✱ ❝♦♠♦ ❡①❡♠♣❧♦✱ ❝❛❧❝✉❧❛r❡♠♦s ❛ ♠❛tr✐③ A ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ d(4)00 ❡ c(4)00

sã♦ ♦s ú♥✐❝♦s ❝♦❡✜❝✐❡♥t❡s ♥ã♦ ♥✉❧♦s✳ P❛r❛ ❡♥❝♦♥tr❛r ❛ ♠❛tr✐③ A ❜❛st❛ r❡s♦❧✈❡r♠♦s

❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

A†γ0
(
γ0 + d(4)00γ5γ0 + c(4)00γ0

)
A = I4, ✭✺✳✶✺✼✮

❝✉❥❛ s♦❧✉çã♦ é

A = diag (A00,A11,A22,A33) , ✭✺✳✶✺✽✮

♦♥❞❡

A00 = A11 =
1√

1 + c(4)00 + d(4)00
, ✭✺✳✶✺✾✮

A22 = A33 =
1√

1 + c(4)00 − d(4)00
. ✭✺✳✶✻✵✮

❈♦♠ ❡ss❡ r❡s✉❧t❛❞♦ ❡♠ ♠ã♦s✱ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❝♦♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦✲

r❛❧ ❝♦rr❡t❛✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♣❛r❛ ♦ ♥♦✈♦ ❡s♣✐♥♦r χ ♣♦ss✉✐ ❛ ♠❡s♠❛ r❡❧❛çã♦ ❞❡

❞✐s♣❡rsã♦✱ ♣♦ré♠✱ ❛❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s sã♦ ♠♦❞✐✜❝❛❞❛s ❞❡✈✐❞♦ ❛ ♥♦✈❛ ❢♦r♠❛ ❞❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ t❛♥t♦ ♦ ♣r♦♣❛❣❛❞♦r ❝♦♠♦ q✉❛✐sq✉❡r q✉❛♥t✐❞❛✲

❞❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦s ❡s♣✐♥♦r❡s s❡ ♠♦❞✐✜❝❛rã♦ ❬✼✽❪✳ P❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❝✐t❛❞❛✱ ♦

✶✵✼



♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

S ′−1 ≡ γ0A†γ0
(
γµpµ −mψI4 + d(4)00γ5γ0p0 + c(4)00γ0p0

)
A , ✭✺✳✶✻✶✮

❝✉❥♦ ♣r♦♣❛❣❛❞♦r ♠♦❞✐✜❝❛❞♦ ♣❡❧❛ ♠❛tr✐③ A s❡rá✿

iS ′ =
i

∆

(
ξ̂µγ

µ + Ξ̂I4 + Υ̂γ5 + ζ̂µγ
5γµ + ψ̂µνσ

µν
)
, ✭✺✳✶✻✷✮

♦♥❞❡

Ξ̂ = −mψA11A33α−, Υ̂ = 0, ✭✺✳✶✻✸❛✮

ξ̂µ = −2p2d
(4)2
00 p0δ0µ +A2

11A
2
33α−p0δ0µ − α−βpiδiµ, ✭✺✳✶✻✸❜✮

ζ̂µ = 2p2d
(4)
00 βp0δ0µ − d(4)00 α+piδiµ, ✭✺✳✶✻✸❝✮

ψ̂µ0 = 0, ψ̂ij = mψA11A33d
(4)
00 p0εijkpk, ✭✺✳✶✻✸❞✮

α± = ±E2
0 +A2

11A
2
33p

2
0, ✭✺✳✶✻✸❡✮

β = 1 + c
(4)
00 . ✭✺✳✶✻✸❢✮

❆ ♠❡t♦❞♦❧♦❣✐❛ ❡♠♣r❡❣❛❞❛ ♣❛r❛ ♦❜t❡r ♦ ♣r♦♣❛❣❛❞♦r é ♠♦str❛❞❛ ♥♦ ❛♣ê♥❞✐❝❡ ❊✳ ❖

❢❛t♦r ∆ ❝♦rr❡s♣♦♥❞❡ à ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦

(4.28)✱ ♦✉ s❡❥❛✱

∆ = E4
0 + 4m2

ψ

(
d(4)00p0

)2 − 2E2
0

[(
1 + c(4)00

)2
+
(
d(4)00

)2] (
p0
)2

+
[(
1 + c(4)00

)2 −
(
d(4)00

)2]2 (
p0
)4
. ✭✺✳✶✻✹✮

✺✳✼✳✷ ❙❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥ã♦✲♠í♥✐♠♦

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♥♦ s❡t♦r ♥ã♦ ♠í♥✐♠♦ ❛s ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s

❛❞✐❝✐♦♥❛✐s ♠♦❞✐✜❝❛♠ ♥ã♦ só ❛ ❞✐♥â♠✐❝❛ ❝♦♠♦ t❛♠❜é♠ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳

❆s ♠♦❞✐✜❝❛çõ❡s q✉❡ s✉r❣❡♠ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ s❡ ♠❛♥✐❢❡st❛♠ ♥❛ ❢♦r♠❛ ❞❡

s♦❧✉çõ❡s ❞✐t❛s ✏❡s♣úr✐❛s✑✱ ♦✉ s❡❥❛✱ q✉❡ ♥ã♦ ♣♦ss✉❡♠ ❡q✉✐✈❛❧❡♥t❡s ♥❛ t❡♦r✐❛ ❞❡ ❉✐r❛❝

✶✵✽



✉s✉❛❧✳ ❈♦♠♦ ✉♠ ❡①❡♠♣❧♦ ❡❧✉❝✐❞❛t✐✈♦✱ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r Q̂ =b(5)000 (i∂0)
2 γ5γ0 ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

♣❛r❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

p
(±)
0 = E0 ± pE0b

(5)000 + . . . , ✭✺✳✶✻✺❛✮

p
(±)
0 = −E0 ± pE0b

(5)000 + . . . , ✭✺✳✶✻✺❜✮

p
(±)
0 =

1

b(5)000
± |p| − 1

2

(
2p2 +m2

ψ

)
b(5)000 + . . . , ✭✺✳✶✻✺❝✮

p
(±)
0 = − 1

b(5)000
± |p|+ 1

2

(
2p2 +m2

ψ

)
b(5)000 + . . . . ✭✺✳✶✻✺❞✮

❆s ❞✉❛s ú❧t✐♠❛s ❡q✉❛çõ❡s ♥ã♦ ♣♦ss✉❡♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❞❡q✉❛❞♦ q✉❛♥❞♦ ❡❢❡t✉❛✲

♠♦s ♦ ❧✐♠✐t❡ b(5)000 → 0✳ ❚❛✐s s♦❧✉çõ❡s sã♦ ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ❡❢❡✐t♦s ♣r♦✈❡♥✐❡♥t❡s

❞❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦ ❡ ♥♦r♠❛❧♠❡♥t❡ sã♦ ❞❡s❝❛rt❛❞❛s✳ ❖✉tr❛ ♦❜s❡r✈❛çã♦ ✈á❧✐❞❛ é

q✉❡✱ ❛ tr❡❡✲❧❡✈❡❧✱ t❛✐s s♦❧✉çõ❡s ♣♦❞❡♠ s❡r ❞❡s❝❛rt❛❞❛s s❡♠ ♥❡♥❤✉♠ ♣r❡❥✉í③♦ às ❛♥á✲

❧✐s❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s✳ ❉❡✈❡✲s❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛s s♦❧✉çõ❡s ✏❡s♣úr✐❛s✑ ♥ã♦ ♦❝♦rr❡♠

q✉❛♥❞♦ ♦s ♦♣❡r❛❞♦r❡s ♣♦ss✉❡♠ ❛♣❡♥❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♠♦♠❡♥t♦ p ♥❛ s✉❛ ❡str✉✲

t✉r❛✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛

♣❡❧♦ ♦♣❡r❛❞♦r Q̂ =
∑3

1 b
(5)1ii (i∂i)

2 γ5γ1✱ ❝♦♠ b(5)111 = b(5)122 = b(5)133 ❛♣❡♥❛s ♣♦r

s✐♠♣❧✐❝✐❞❛❞❡✱ sã♦

p
(±)
0 = ±

√
E2

0 + p4 (b(5)133)
2
+ b(5)133p2

√
m2
ψ + p21, ✭✺✳✶✻✻❛✮

p
(±)
0 = ±

√
E2

0 + p4 (b(5)133)
2 − b(5)133p2

√
m2
ψ + p21. ✭✺✳✶✻✻❜✮

❆ss✐♠✱ ✈❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ ❢❛③❡♥❞♦ b(5)133 → 0 ♦❜t❡♠♦s ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝ ✉s✉❛❧✳

✶✵✾



✶✶✵



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦ ✜③❡♠♦s ✉♠❛ rá♣✐❞❛ ❛❜♦r❞❛❣❡♠ ♥♦ ❝❛♣ít✉❧♦ ✷ s♦❜r❡ s✐♠❡tr✐❛s✳

❈♦♠❡♥t❛♠♦s rá♣✐❞❛♠❡♥t❡ s♦❜r❡ s✐♠❡tr✐❛s ❞✐s❝r❡t❛s✱ ♦♥❞❡ ❞❡♠♦s ê♥❢❛③❡ ♥❛s s✐♠❡✲

tr✐❛s ❈✱ P✱ ❚✱ s✉❛ ❝♦♠❜✐♥❛çã♦ ❈P❚ ❡ ❡st✉❞❛♠♦s ❝♦♠♦ ♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s

s❡ ❝♦♠♣♦rt❛♠ s♦❜ ❡st❛s tr❛♥s❢♦r♠❛çõ❡s✳ ❉❡s❝r❡✈❡♠♦s ❞❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛ ❛ t❡♦r✐❛

❞♦s ❣r✉♣♦s ❞❡ ▲✐❡✱ ♦♥❞❡ ❡♥❢❛t✐③❛♠♦s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ❈♦♠♦ ❡①❡♠♣❧♦✱

❞❡s❝r❡✈❡♠♦s ♦s ❣r✉♣♦s U (1)✱ SU (2)✱ SU (3) ❡ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ❈♦♠♦

♦ ❣r✉♣♦ ❞❡ ▲♦r❡♥t③ ❝♦♥st✐t✉✐ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ ❋ís✐❝❛ ❞❡ ♣❛rtí✲

❝✉❧❛s ❡ ❢♦✐ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✱

tr❛t❛♠♦s✲♦ ❞❡ ♠❛♥❡✐r❛ ❞❡t❛❧❤❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✳ ❋✐♥❛❧✐③❛♠♦s ❞❡s❝r❡✈❡♥❞♦ ❝♦♠♦

♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s❡ ❝♦♠♣♦rt❛♠ s♦❜r❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲♦r❡♥t③✳

■♥✐❝✐❛♠♦s ♦ ❝❛♣ít✉❧♦ ✸ ❞✐s❝✉t✐♥❞♦ ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞♦ ▼P❊ ❡ ❞❡t❛❧❤❛♠♦s

❝♦♠♦ ♦ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ❢♦✐ ❡str✉t✉r❛❞♦✳ ❉❡s❝r❡✈❡♠♦s t♦❞♦s ♦s s❡t♦r❡s q✉❡

❝♦♠♣õ❡♠ ♦ ▼P❊ ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ❡ ❞❡♠♦s ê♥❢❛s❡ ❡s♣❡❝✐❛❧ ❛♦ s❡t♦r ❞♦s ❢ér♠✐♦♥s✳

❆♣r❡s❡♥t❛♠♦s ♦ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♠í♥✐♠♦ ❞♦ ▼P❊ ❡ ✉♠ ❝♦♠♣✐❧❛❞♦ ❞♦s ♣r✐♥❝✐♣❛✐s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❡st❡ s❡t♦r✳

◆♦ ❝❛♣ít✉❧♦ ✹ ♦ s❡t♦r ❞♦s ❢ér♠✐♦♥s ❢♦✐ ❣❡♥❡r❛❧✐③❛❞♦✱ ♦✉ s❡❥❛✱ tr❛♥s❢♦r♠❛♠♦s

♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ✈✐♦❧❛♠ ❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✱ q✉❡ ♦✉tr♦r❛ ❡r❛♠ ❝♦♥st❛♥t❡s✱

❡♠ ♦♣❡r❛❞♦r❡s✳ ❚❛✐s ♦♣❡r❛❞♦r❡s ♣♦ss✉❡♠ ❡♠ s✉❛ ❡str✉t✉r❛ ❞❡r✐✈❛❞❛s ❞❡ ❛❧t❛ ♦r✲

❞❡♠✳ ❖ s❡t♦r ❢❡r♠✐ô♥✐❝♦ ❣❡♥❡r❛❧✐③❛❞♦ ❛♣r❡s❡♥t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦

s❡t♦r ❢❡r♠✐ô♥✐❝♦ ♥ã♦✲♠í♥✐♠♦✳ ◆✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ❝♦♥❞❡♥s❛r ♦s s❡t♦r❡s ♠í♥✐♠♦ ❡

♥ã♦✲♠í♥✐♠♦ ❡♠ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛✱ ❢♦♠♦s ❧❡✈❛❞♦s ❛ ❞❡❝♦♠♣♦r ♦ ♦♣❡r❛❞♦r Q̂ ❡♠

✶✶✶



t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s {ĉµν ✱ d̂µν ✱ êµ✱ f̂µ✱ ĝκλµ✱ m̂✱ m̂5✱ âµ✱ b̂µ✱ Ĥµν} ❞❡ ♠♦❞♦ ❛ ❢❛✲

❝✐❧✐t❛r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s✳ ❆♣❡♥❛s ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ ♥♦s r❡str✐♥❣✐♠♦s ❛♦

tr❛t❛♠❡♥t♦ ❞❡ ✉♠ ú♥✐❝♦ ❢ér♠✐♦♥✳ ▼♦str❛♠♦s t❛♠❜é♠ ❛ ❢♦r♠❛ ❣❡r❛❧ ❞♦ ♦♣❡r❛❞♦r

Q̂✱ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ t❡r♠♦s ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✱ s✉❛ ❝❧❛ss✐✜❝❛çã♦ s♦❜

tr❛♥s❢♦r♠❛çõ❡s ❈P❚ ❡ ❞❡ ▲♦r❡♥t③✱ ❜❡♠ ❝♦♠♦ ❛ ❢♦r♠❛ ❡♠ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥✲

❣❡❛♥❛ L ❞❡ ❉✐r❛❝ é ♠♦❞✐✜❝❛❞❛✳ ❊st✉❞❛♠♦s ❛✐♥❞❛ ❛❧❣✉♥s ❛s♣❡❝t♦s ❞❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r Q̂✳
❆♣ós ❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ s❡t♦r ❣❡♥❡r❛❧✐③❛❞♦✱ ❝❛❧❝✉❧❛♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✱

❛ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛✱ ❛♣r❡s❡♥t❛♠♦s ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡♠ ♣r✐♠❡✐r❛

♦r❞❡♠ ♥♦s ♦♣❡r❛❞♦r❡s {Ŝ, P̂ , V̂µ, Âµ, T̂ µν}✱ ❛❧é♠ ❞❡ ❞❡t❛❧❤❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡st❡ r❡s✉❧t❛❞♦✳ ▼♦str❛♠♦s t❛♠❜é♠ ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦

❞❡ ❉✐r❛❝✳ ❊ss❛ ♥♦✈❛ ♠❡t♦❞♦❧♦❣✐❛ ❝♦♥s✐st✐✉ ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ U ❞❡

♠♦❞♦ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ❢♦ss❡ ♣♦st❛ ❡♠ s✉❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✳

❆ ✈❛♥t❛❣❡♠ ❞❡st❛ ♥♦✈❛ ♠❡t♦❞♦❧♦❣✐❛ ❝♦♥s✐st✐✉ ❡♠ ♣♦❞❡r tr❛t❛r ♦ ♦♣❡r❛❞♦r Q̂ ❞❡

♠❛♥❡✐r❛ ❣❡r❛❧✱ ♥♦s ♣♦ss✐❜✐❧✐t❛r ❣❡♥❡r❛❧✐③❛r ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ❜❡♠ ❝♦♠♦ ❞❡✲

s❛❝♦♣❧❛r ❛s ❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❞❛s ❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s

❛♥t✐♣❛rtí❝✉❧❛s✳

❏á ♥♦ ❝❛♣ít✉❧♦ ✺ ✉s❛♠♦s t♦❞♦ ♦ ❛r❝❛❜♦✉ç♦ t❡ór✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦s ❝❛♣ít✉❧♦s

❛♥t❡r✐♦r❡s ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥

♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❖s ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❢♦r❛♠ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦s

♦♣❡r❛❞♦r❡s Âµ ❡ T̂ µν ✳ ❈♦♥❢♦r♠❡ ♠♦str❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧

Âµ ❝♦♥t❡♠♣❧❛ ❡♠ s✉❛ ❡str✉t✉r❛ ♦s ❝♦❡✜❝✐❡♥t❡s d̂µ ❡ b̂µ✱ ❥á ♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧ ❞❡

r❛♥❦ ✲2 T̂ µν ❝♦♥t❡♠♣❧❛ ♦s ❝♦❡✜❝✐❡♥t❡ ĝµν ❡ Ĥµν ✳ ❯♠❛ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ♠❛✐s

♥♦tór✐❛ ❞❡st❡s ♦♣❡r❛❞♦r❡s é q✉❡ ❡❧❡s ♣♦ss✉❡♠ ❞✉❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❞✐st✐♥t❛s

♣❛r❛ ❝❛❞❛ ♣r♦❥❡çã♦ ❞❡ s♣✐♥✳ P❛r❛ ❡st❡s ❞♦✐s ♦♣❡r❛❞♦r❡s ❝❛❧❝✉❧❛♠♦s ❛s r❡❧❛çõ❡s ❞❡

❞✐s♣❡rsã♦✱ ❜❡♠ ❝♦♠♦ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛s ✈ár✐❛s ❝♦♥✜❣✉r❛çõ❡s ♣♦ssí✈❡✐s✳

❆ ♣r✐♠❡✐r❛ ❝♦♥✜❣✉r❛çã♦ tr❛t❛❞❛ ♣❛r❛ ❛♠❜♦s ♦s ♦♣❡r❛❞♦r❡s ❢♦✐ ❛ ✏✐s♦tró♣✐❝❛✱✑

✉♠❛ ✈❡③ q✉❡ ❛s s♦❧✉çõ❡s ❞❡♣❡♥❞❡♠ ❞❡ ♣♦✉❝♦s ♣❛râ♠❡tr♦s✳ ▼♦str❛♠♦s q✉❡✱ ❞❡

❢❛t♦✱ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡ ❡s♣✐♥♦r❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞♦ ♠ó❞✉❧♦ ❞♦ ♠♦✲

♠❡♥t♦✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ✐s♦tr♦♣✐❛✱ ❡ ♣♦ss✉❡♠ ✉♠❛ ❢♦r♠❛ r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✳

P♦ré♠✱ q✉❛♥❞♦ ❣❡♥❡r❛❧✐③❛♠♦s t❛✐s s♦❧✉çõ❡s ♣❛r❛ ♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦✱ ❛s s♦❧✉çõ❡s

t♦r♥❛♠✲s❡ ♠❛✐s ❝♦♠♣❧❡①❛s ❞❡✈✐❞♦ ❛♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❛❞✐❝✐♦♥❛✐s ❞♦

♠♦♠❡♥t♦✳ ❋✐♥❛❧✐③❛♠♦s ♦❜t❡♥❞♦ ♦s ❡s♣✐♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ❡ ❛s

✶✶✷



❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ s❡❣✉✐♥❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✶✳

❊♠ s❡❣✉✐❞❛ tr❛t❛♠♦s s❡♣❛r❛❞❛♠❡♥t❡ ❛s ❝♦♥✜❣✉r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s ❞♦s ♦♣❡r❛❞♦✲

r❡s Âµ ❡ T̂ µν ✳ P❡r❝❡❜❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s sã♦ ♠✉✐t♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s

q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛s às s♦❧✉çõ❡s ✐s♦tró♣✐❝❛s✳ P❡r❝❡❜❡♠♦s✱ ❡ ❡r❛ ❡s♣❡r❛❞♦ ♥❡st❡s

❝❛s♦s✱ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ♣❛râ♠❡tr♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♠♦♠❡♥t♦

❡✱ ♣♦rt❛♥t♦✱ ❝❛r❛❝t❡r✐③❛♠ ❛ ❛♥✐s♦tr♦♣✐❛ ❞❛ ❝♦♥✜❣✉r❛çã♦ tr❛t❛❞❛✳ ❖s ♣❛râ♠❡tr♦s

❛♥✐s♦tró♣✐❝♦s Ωi,Θi,Υij ❞❡s❡♠♣❡♥❤❛r❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ ❝♦♥❡①ã♦ ❡♥tr❡

❛s s♦❧✉çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛ q✉❡❜r❛ ♥❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳ ❋❛③❡r Ωi 7→ −Ωi✱

♣♦r ❡①❡♠♣❧♦✱ ❝♦♥❡❝t❛ ♦s ❞♦✐s ❡s♣✐♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❡ ♦s ❞♦✐s ❛♥t✐✲

❡s♣✐♥♦r❡s✳ ❆ ♠❡s♠❛ ❝♦♥❡①ã♦ ❢♦✐ ♦❜s❡r✈❛❞❛ ❡♥tr❡ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡ ❡♥tr❡ ❛s

❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦✳ ◆❛ t❛❜❡❧❛ ✻✳✶ ❝♦♠♣✐❧❛♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♥♦ ❝❛♣ít✉❧♦ ✺✳

P♦r ❝♦♠♣❧❡t❡③❛✱ ❛✈❛❧✐❛♠♦s t❛♠❜é♠ ♦ ♦♣❡r❛❞♦r P̂ q✉❡✱ ❛♣❡s❛r ❞❡ s❡r ❞❡❣❡♥❡r❛❞♦

❝♦♠ r❡s♣❡✐t♦ ❛♦ s♣✐♥✱ ♣♦ss✉✐ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ♣❡❝✉❧✐❛r✳ ❚❛❧ ♦♣❡r❛❞♦r ♥ã♦ ♣♦ss✉✐

❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦ ❛ ♣❛rt✐r ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡r✲

sã♦ (4.31)✳ ❊♠ ♦❜s❡r✈á✈❡✐s ❡①♣❡r✐♠❡♥t❛✐s ❝♦♠♦ t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦✱ ♣♦r ❡①❡♠♣❧♦✱

é ❡s♣❡r❛❞♦ q✉❡ ♦ ♦♣❡r❛❞♦r P̂ ❝♦♥tr✐❜✉❛ ❛♣❡♥❛s ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠✳ P♦rt❛♥t♦✱ ❡♠

♣r✐♥❝í♣✐♦✱ ❡r❛ ❡s♣❡r❛❞♦ q✉❡ ♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s ✈✐❛ ❢♦r♠❛❧✐s♠♦ ❛♣r❡s❡♥t❛❞♦ ♥♦

❝❛♣ít✉❧♦ ✹ t❛♠❜é♠ ♥ã♦ ♣♦ss✉íss❡♠ t❛❧ ❝♦♥tr✐❜✉✐çã♦✳ P♦ré♠✱ ♠♦str❛♠♦s q✉❡ ♦

♦♣❡r❛❞♦r P̂ ❝♦♥tr✐❜✉✐ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ❝♦♠♦ ♣ô❞❡ s❡r

❈♦❡✜❝✐❡♥t❡ X E
(±)
u /E0 ❊s♣✐♥♦r❡s ❆♥t✐✲❡s♣✐♥♦r❡s P❛râ♠❡tr♦s

4
3E0

ˆ̊
d− ˆ̊

b+mψ
ˆ̊g 1± |p|

E2

0

X ❊q✳ ✭5.21✮ ❊q✳ ✭5.23✮ |p|
Â1 ❊q✬s✳ ✭5.36b✮ ❡ ✭5.37b✮ ❊q✳ ✭5.43✮

Â2 1± Ωi
E2

0

X ❊q✬s✳ ✭5.44b✮ ❡ ✭5.45b✮ ❊q✳ ✭5.51✮ Ωi =
√
p2i +m2

ψ

Â3 ❊q✬s✳ ✭5.59b✮ ❡ ✭5.60b✮ ❊q✳ ✭5.64✮

T̂ 01 ❊q✬s✳ ✭5.75b✮ ❡ ✭5.76b✮ ❊q✳ ✭5.82✮

T̂ 02 1± Θi
E2

0

X ❊q✬s✳ ✭5.80a✮ ❡ ✭5.80b✮ ❊q✳ ✭5.82✮ Θi =
√
p2 − p2i

T̂ 03 ❊q✬s✳ ✭5.89b✮ ❡ ✭5.90b✮ ❊q✳ ✭5.94✮

T̂ 13 ❊q✬s✳ ✭5.112✮ ❡ ✭5.113✮ ❊q✳ ✭5.116✮

T̂ 23 1± Υij
E2

0

X ❊q✬s✳ ✭5.107b✮ ❡ ✭5.108b✮ ❊q✳ ✭5.116✮ Υij =
√
p2i + p2j +m2

ψ

T̂ 12 ❊q✬s✳ ✭5.123b✮ ❡ ✭5.124b✮ ❊q✳ ✭5.129✮

❚❛❜❡❧❛ ✻✳✶✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡ ❡s♣✐♥♦r❡s
♠♦❞✐✜❝❛❞♦s✳

✶✶✸



✈✐st♦ ♥❛ s❡çã♦ ✺✳✺✳

❉✐s❝✉t✐♠♦s ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞❡ ❞✉❛s ❢♦r♠❛s✿ ♥✉♠ér✐❝❛ ❡

❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ◆♦ q✉❡ ❝♦♥❝❡r♥❡ ❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✱ ❡①♣❧✐❝❛♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡

❝♦♠♦ ♣r♦❝❡❞❡r ♣❛r❛ t❡st❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞♦s ❡s♣✐♥♦r❡s✳ ❊♠♣r❡❣❛♠♦s ❡st❡ ♠ét♦❞♦✱

♣♦✐s ❛s ❡str✉t✉r❛s ❞❛s ❡q✉❛çõ❡s ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛✱ ❜❡♠ ❝♦♠♦ ♦s ❡s♣✐♥♦r❡s ❡

r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❡♥✈♦❧✈✐❞❛s ♥♦ ♣r♦❜❧❡♠❛ sã♦ ❜❛st❛♥t❡ ❝♦♠♣❧❡①❛s✳ ◆♦ q✉❡

❞✐③ r❡s♣❡✐t♦ ❛♦ t❡st❡ ❛♥❛❧ít✐❝♦✱ t❡♥t❛♠♦s r❡♣r♦❞✉③✐r ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ❧✐✈r❡✱ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ Q̂ → 0✱ ❛ ♣❛rt✐r ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♦❜t✐❞❛s

♣❛r❛ ❝❛❞❛ ❝❛s♦✳ ❆♠❜♦s ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❛❞♦t❛❞♦s s❡ ♠♦str❛r❛♠ ❡✜❝❛③❡s ❡ ♥♦s

♣♦ss✐❜✐❧✐t❛r❛♠ ♠♦str❛r q✉❡ ❛s ♥♦ss❛s s♦❧✉çõ❡s sã♦ r❡❛❧♠❡♥t❡ ❝♦♥s✐st❡♥t❡s ♣❛r❛ t♦❞♦s

♦s ❝❛s♦s tr❛t❛❞♦s✳

❆✈❛❧✐❛♠♦s ❡ ❞✐s❝✉t✐♠♦s t❛♠❜é♠ ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡r✐✈❛❞❛s

t❡♠♣♦r❛✐s ❛❞✐❝✐♦♥❛✐s ♥♦s s❡t♦r❡s ♠í♥✐♠♦ ❡ ♥ã♦ ♠í♥✐♠♦ ❞♦ ▼P❊✳ ❆♣r❡s❡♥t❛♠♦s ✉♠

♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✼✼❪ q✉❡ ♥♦s ♣❡r♠✐t❡ r❡❝✉♣❡r❛r ❛ ❞✐♥â♠✐❝❛ ✉s✉❛❧

❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥♦ s❡t♦r ♠í♥✐♠♦ ❞♦ ▼P❊✳ ❈♦♠♦ ✉♠ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✱

❝❛❧❝✉❧❛♠♦s ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❛ ♠❛tr✐③ A ♥❡❝❡ssár✐❛ ♣❛r❛ r❡♠♦✈❡r ❛s ❞❡r✐✈❛❞❛s

t❡♠♣♦r❛✐s ❛❞✐❝✐♦♥❛✐s ❞❡✈✐❞♦ ❛ ♣r❡s❡♥ç❛ ❞♦ ♦♣❡r❛❞♦r Q̂ = d(4)00γ5γ0i∂0 + c(4)00γ0i∂0

♥❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ L✳ ❆tr❛✈és ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✺✳✼✳✶✱

♠♦str❛♠♦s ❝♦♠♦ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ r❡❝✉♣❡r❛ ♥♦✈❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❛❞❡q✉❛❞❛✳ ❈❛❧❝✉❧❛♠♦s t❛♠❜é♠ ♦ ♣r♦♣❛❣❛❞♦r ♣❛r❛ ❛ ♥♦✈❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ❡ ♠♦str❛♠♦s q✉❡ ❛ ♠❛tr✐③ A ♥ã♦ ♠♦❞✐✜❝❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳ P♦r ✜♠✱

❛✈❛❧✐❛♠♦s ❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ss❛s ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ♥♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦ ❞♦

▼P❊✳ ❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ❡❢❡✐t♦s ❢♦✐ ♦ s✉r❣✐♠❡♥t♦ ❞❡ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❞✐t❛s

✏❡s♣úr✐❛s✳✑ ❚❛✐s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ ❛❞✐❝✐♦♥❛✐s ♥ã♦ r❡♣r♦❞✉③❡♠ ♦ ❧✐♠✐t❡ ❡s♣❡r❛❞♦

q✉❛♥❞♦ Q̂ → 0 ❡✱ ♣♦rt❛♥t♦✱ sã♦ ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ❡❢❡✐t♦s ❛❞✈✐♥❞♦s ❞❛ ❡s❝❛❧❛ ❞❡

P❧❛♥❝❦✳

❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ❝❛♣ít✉❧♦ ✺ ♣♦❞❡♠ s❡r ✉s❛❞♦s ❡♠ ❛♣❧✐❝❛çõ❡s

❢❡♥♦♠❡♥♦❧ó❣✐❝❛s✱ t❛✐s ❝♦♠♦ r❛❞✐❛çã♦ ❈❤❡r❡♥❦♦✈ ❡ ❞❡❝❛✐♠❡♥t♦ ❞❡ ❢ót♦♥s✳ P♦❞❡♠♦s

t❛♠❜é♠ ❛✈❛❧✐❛r q✉❛✐s ❡❢❡✐t♦s ♦ s❡t♦r ♥ã♦✲♠í♥✐♠♦ ✐♥❞✉③ ♥♦ ❧✐♠✐t❡ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦

✉s❛♥❞♦ ❢♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹✳ P♦rt❛♥t♦✱ ♥♦ss♦ ♣ró①✐♠♦

♦❜❥❡t✐✈♦ é ✉s❛r t♦❞♦ ♦ ❢❡rr❛♠❡♥t❛❧ ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ❛✈❛❧✐❛r t♦❞❛s ❛s ♣♦ssí✈❡✐s

❛♣❧✐❝❛çõ❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s✳

✶✶✹



❆♣ê♥❞✐❝❡ ❆

❈á❧❝✉❧♦ ❞❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

■r❡♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♠♦str❛❞❛ ♥❛ s❡çã♦

✹✳✸✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ❡♠

❢♦r♠❛ ❞❡ ❜❧♦❝♦✱

γµp
µ −mψ + Q̂ =

(
A B

C D

)
. ✭❆✳✶✮

❊s❝r❡✈❡♥❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ ♦♣❡r❛❞♦r Q̂✱ t❡♠♦s

Q̂ = Ŝ + iP̂γ5+V̂
µ
γµ + Âµγ5γµ +

1

2
T̂ µνσµν , ✭❆✳✷✮

♦r❣❛♥✐③❛♥❞♦ ✉♠ ♣♦✉❝♦ ♠❛✐s

(
pµ+V̂µ + Âµγ5

)
γµ +

(
−mψ + Ŝ + iP̂γ5

)
+T̂ µνσµν , ✭❆✳✸✮

pµ

(
I2 0

0 I2

)
γµ+V̂

µ

(
I2 0

0 I2

)
γµ+Âµ

(
−I2 0

0 I2

)
γµ −mψ

(
I2 0

0 I2

)

+ Ŝ
(
I2 0

0 I2

)
+iP̂

(
−I2 0

0 I2

)
+
1

2
T̂ µνσµν , ✭❆✳✹✮

♦❜t❡♠♦s

✶✶✺



(
pµ + V̂µ − Âµ 0

0 pµ + V̂µ + Âµ

)
γµ +

(
−mψ + Ŝ − iP̂ 0

0 −mψ + Ŝ + iP̂

)

+
i

4
T̂ µν [γµ, γν ] . ✭❆✳✺✮

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s

Ŝ± = −mψ + Ŝ ± iP̂ , V̂µ± = pµ + V̂µ ± Âµ, ✭❆✳✻✮

t❡♠♦s (
V̂µ− 0

0 V̂µ+

)
γµ +

(
Ŝ− 0

0 Ŝ+

)
+
i

4
T̂ µν [γµ, γν ] . ✭❆✳✼✮

■♥tr♦❞✉③✐♥❞♦ ❛ ♥♦t❛çã♦

σµ =
(
σ0, σi

)
, ✭❆✳✽✮

♦♥❞❡ σ0 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❡ σi r❡♣r❡s❡♥t❛ ❛ ✐ ✲és✐♠❛ ♠❛tr✐③

❞❡ P❛✉❧✐✳ ❆ ♠❛tr✐③ ❛❞❥✉♥t❛ ❛ σµ é σ̄µ = (σ0,−σi) , ❡ ❛♠❜❛s s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡

✐❞❡♥t✐❞❛❞❡ ❜ás✐❝❛✿

σ̄µσν = ηµν +
i

2
ǫµνκλσ̄

κσλ. ✭❆✳✾✮

❘❡❡s❝r❡✈❡♥❞♦ (A.7)

(
V̂µ− 0

0 V̂µ+

)
γµ +

(
Ŝ− 0

0 Ŝ+

)
+
i

4
T̂ µν {γµγν − γνγµ} , ✭❆✳✶✵✮

❡ ✉s❛♥❞♦ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ♣❛r❛ ❛s ♠❛tr✐③❡s ❣❛♠♠❛✱ ♦❜t❡♠♦s

(
V̂µ− 0

0 V̂µ+

)(
0 σµ

σ̄µ 0

)
+

(
Ŝ− 0

0 Ŝ+

)
+

+
i

4
T̂ µν

(
0 σµ

σ̄µ 0

)(
0 σν

σ̄ν 0

)
− i

4
T̂ µν

(
0 σν

σ̄ν 0

)(
0 σµ

σ̄µ 0

)
, ✭❆✳✶✶✮

✶✶✻



♦✉ ❞❡ ❢♦r♠❛ ♠❛✐s ❝♦♠♣❛❝t❛

(
Ŝ− V̂µ−σµ
V̂µ+σ̄µ Ŝ+

)
+
i

2
T̂ µν

(
σµσ̄ν 0

0 σ̄µσν

)
. ✭❆✳✶✷✮

❋❛③❡♥❞♦ T̂ µν = 1
2

(
T̂ µν + T̂ µν

)
♥❛ ú❧t✐♠❛ ♣❛r❝❡❧❛

(
Ŝ− V̂µ−σµ
V̂µ+σ̄µ Ŝ+

)
+
i

4

(
T̂ µνσµσ̄ν + T̂ µνσµσ̄ν 0

0 T̂ µν σ̄µσν + T̂ µν σ̄µσν

)
, ✭❆✳✶✸✮

❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ (A.9)✱ ♦❜t❡♠♦s

(
Ŝ− V̂µ−σµ
V̂µ+σ̄µ Ŝ+

)
+

i

4

(
G11 0

0 G22

)
, ✭❆✳✶✹✮

♦♥❞❡

G11 = T̂ µνσµσ̄ν + T̂ µνηµν −
i

2
T̂ µνǫµνκλσκσ̄λ, ✭❆✳✶✺✮

G22 = T̂ µν σ̄µσν + T̂ µνηµν +
i

2
T̂ µνǫµνκλσ̄κσλ, ✭❆✳✶✻✮

❈♦♠♦ T̂ µνηµν = 0 ❡ ❛ ♣❛r❝❡❧❛ 1
2
ǫµνκλT̂κλ = ˜̂T µν ❡q✉✐✈❛❧❡ ❛♦ ❞✉❛❧ ❞♦ ♦♣❡r❛❞♦r T̂ µν ✱

t❡♠♦s

G11 =
(
T̂ µν − iT̃ µν

)
σµσ̄ν , ✭❆✳✶✼✮

G22 =
(
T̂ µν + iT̃ µν

)
σ̄µσν . ✭❆✳✶✽✮

❉❡✜♥✐♥❞♦

T̂ µν± =
1

2

(
T̂ µν ± iT̃ µν

)
, ✭❆✳✶✾✮

♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

(
A B

C D

)
=

(
Ŝ− + i

2
T̂ µν− σµσ̄ν V̂µ−σµ
V̂µ+σ̄µ Ŝ+ + i

2
T̂ µν+ σ̄µσν

)
. ✭❆✳✷✵✮

✶✶✼



Pr❡❝✐s❛♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✳ P❛r❛ ✐ss♦✱ ♥♦s ✈❛❧❡✲

r❡♠♦s ❞❛ ✐❞❡♥t✐❞❛❞❡ ❥á ♠❡♥❝✐♦♥❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹✱ ✐st♦ é

det

(
A B

C D

)
= det (AD) + det (BC)− tr

(
B̄AC̄D

)
. ✭❆✳✷✶✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ (A.20)✱ t❡♠♦s

det

(
Ŝ− + i

2
T̂ µν− σµσ̄ν V̂µ−σµ
V̂µ+σ̄µ Ŝ+ + i

2
T̂ µν+ σ̄µσν

)
=

= det

[(
Ŝ− +

i

2
T̂ µν− σµσ̄ν

)(
Ŝ+ +

i

2
T̂ µν+ σ̄µσν

)]
+ det

(
V̂µ−σµV̂µ+σ̄µ

)

− tr

[
V̂µ−σ̄µ

(
Ŝ− +

i

2
T̂ µν− σµσ̄ν

)
V̂µ+σµ

(
Ŝ+ +

i

2
T̂ µν+ σ̄µσν

)]
. ✭❆✳✷✷✮

❈❛❧❝✉❧❛r❡♠♦s ❝❛❞❛ ✉♠ ❞♦s t❡r♠♦s s❡♣❛r❛❞❛♠❡♥t❡✱ ❛ s❛❜❡r

❼ Pr✐♠❡✐r♦ t❡r♠♦✿ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

det

[(
Ŝ− +

i

2
T̂ µν− σµσ̄ν

)(
Ŝ+ +

i

2
T̂ µν+ σ̄µσv

)]
=

= det

(
Ŝ− +

i

2
T̂ µν− σµσ̄ν

)
det

(
Ŝ+ +

i

2
T̂ µν+ σ̄µσν

)
. ✭❆✳✷✸✮

❈❛❧❝✉❧❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦ det
(
Ŝ+ + i

2
T̂ µν+ σµσ̄ν

)
✳ ❆♥❛❧✐s❛♥❞♦ s❡♣❛r❛❞❛♠❡♥t❡ ♦

s❡❣✉♥❞♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡s✱ t❡♠♦s

T̂ µν+ σ̄µσν =
1

2

(
T̂ µν + i

2
ǫµνκλT̂κλ

)
σ̄µσν ,

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν +

i

4
ǫµνκλT̂κλσ̄µσν .

❙✉❜st✐t✉✐♥❞♦ σ̄µσν = (ηµν +
i
2
ǫµνκλσ̄

κσλ) ♥♦ s❡❣✉♥❞♦ t❡r♠♦✱ t❡♠♦s

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν +

i

4
ǫµνκλT̂κλ

(
ηµν +

i

2
ǫµναβσ̄

ασβ
)
, ✭❆✳✷✹✮

✶✶✽



❝♦♠♦ ηµνǫµνκλT̂κλ = 0✱ ♦❜t❡♠♦s

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν −

1

8
ǫµνκλǫµναβT̂κλσ̄ασβ, ✭❆✳✷✺✮

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν −

1

8
(δαλδκβ − δακδβλ) T̂κλσ̄ασβ, ✭❆✳✷✻✮

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν −

1

8
T̂κλσ̄λσκ +

1

8
T̂κλσ̄κσλ, ✭❆✳✷✼✮

T̂ µν+ σ̄µσν =
1

2
T̂ µν σ̄µσν −

1

4
T̂κλσ̄λσκ, ✭❆✳✷✽✮

T̂ µν+ σ̄µσν =
1

4
T̂ µν σ̄µσν . ✭❆✳✷✾✮

❊❢❡t✉❛♥❞♦ ❛ s♦♠❛ ❞❡ ❊✐♥st❡✐♥✱ t❡♠♦s

T̂ µν+ σ̄µσν =
1

4
T̂ µν σ̄µσν = T̂ 00σ̄0σ0 + T̂ 0iσ̄0σi + T̂ i0σ̄iσ0 + T̂ ijσ̄iσj, ✭❆✳✸✵✮

♦✉ ❛✐♥❞❛

T̂ µν+ σ̄µσν = T̂ 0iσ0σi − T̂ i0σiσ0 − T̂ ijσiσj. ✭❆✳✸✶✮

❯s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ σiσj = δij + iεijkσk ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

❡①♣r❡ssã♦

T̂ µν+ σ̄µσν = 2T̂ 0iσ0σi − T̂ ij (δij + iεijkσk) , ✭❆✳✸✷✮

T̂ µν+ σ̄µσν = 2T̂ 0iσ0σi − iεijkT̂ ijσk, ✭❆✳✸✸✮

T̂ µν+ σ̄µσν = 2

(
T̂ 0k − i

2
εijkT̂ ij

)
σk. ✭❆✳✸✹✮

❊❢❡t✉❛♥❞♦ ❛ s♦♠❛ s♦❜r❡ ♦ í♥❞✐❝❡ k, ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

T̂ µν+ σ̄µσν = 2

(
T̂ 01 − i

2
εij1T̂ ij

)
σ1+2

(
T̂ 02 − i

2
εij2T̂ ij

)
σ2+2

(
T̂ 03 − i

2
εij3T̂ ij

)
σ3.

✭❆✳✸✺✮

✶✶✾



❊❢❡t✉❛♥❞♦ ❛❣♦r❛ ❛ s♦♠❛ ♥♦s í♥❞✐❝❡s i, j✱ ♦❜t❡♠♦s

T̂ µν+ σ̄µσν = 2
(
T̂ 01 − iT̂ 23

)
σ1 + 2

(
T̂ 02 − iT̂ 31

)
σ2 + 2

(
T̂ 03 − iT̂ 12

)
σ3. ✭❆✳✸✻✮

❙✉❜st✐t✉✐♥❞♦ ❛s ♠❛tr✐③❡s ❣❛♠♠❛✱

σ0 =

(
1 0

0 1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, ✭❆✳✸✼✮

♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

T̂ µν+ σ̄µσν = 2
(
T̂ 01 − iT̂ 23

)(0 1

1 0

)
+2
(
T̂ 02 − iT̂ 31

)(0 −i
i 0

)
+2
(
T̂ 03 − iT̂ 12

)(1 0

0 −1

)
.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r i
2
❡ ❛❞✐❝✐♦♥❛♥❞♦ ♦ ♦♣❡r❛❞♦r Ŝ+✱ ♦❜t❡♠♦s ❛

s❡❣✉✐♥t❡ ♠❛tr✐③

Ŝ+ +
i

2
T̂ µν+ σ̄µσν =

(
Ŝ+ + iT̂ 03 + T̂ 12 iT̂ 01 + T̂ 23 + T̂ 02 − iT̂ 31

iT̂ 01 + T̂ 23 − T̂ 02 + iT̂ 31 Ŝ+ − T̂ 12 − iT̂ 03

)
.

❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é

det

(
Ŝ+ +

i

2
T̂ µν+ σ̄µσν

)
= Ŝ2

+ +
(
T̂ 01
)2

+
(
T̂ 02
)2

+
(
T̂ 03
)2
−
(
T̂ 12
)2
−
(
T̂ 31
)2

−
(
T̂ 23
)2

+ 2iT̂ 01T̂ 23 + 2iT̂ 02T̂ 31 + 2iT̂ 03T̂ 12,

♦✉ ❛✐♥❞❛

det

(
Ŝ+ +

i

2
T̂ µν+ σ̄µσν

)
= Ŝ2

+ − T̂ 2
+ , ✭❆✳✸✽✮

♦♥❞❡ T̂ 2
+ = T̂ µν+ T̂µν+✳

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ✐♥t❡✐r❛♠❡♥t❡ s❡♠❡❧❤❛♥t❡ ❛♦ ❝á❧❝✉❧♦ ❛❝✐♠❛✱ ♦ ♣r✐♠❡✐r♦

t❡r♠♦ ❞❛ ❡q✉❛çã♦ (A.23) é ❞❛❞♦ ♣♦r

det

(
Ŝ− +

i

2
T̂ µν− σ̄µσν

)
= Ŝ2

− +
(
T̂ 01
)2

+
(
T̂ 02
)2

+
(
T̂ 03
)2
−
(
T̂ 12
)2
−
(
T̂ 31
)2

−
(
T̂ 23
)2
− 2iT̂ 01T̂ 23 − 2iT̂ 02T̂ 31 − 2iT̂ 03T̂ 12,

✶✷✵



♦✉ ❛✐♥❞❛

det

(
Ŝ− +

i

2
T̂ µν− σ̄µσν

)
= Ŝ2

− − T̂ 2
− , ✭❆✳✸✾✮

♦♥❞❡ T̂ 2
− = T̂ µν− T̂µν− ✶✳

❙✉❜st✐t✉✐♥❞♦ ♦s r❡s✉❧t❛❞♦s (A.38) ❡ (A.39) ❡♠ (A.23)✱ ♦❜t❡♠♦s

det

[(
Ŝ− +

i

2
T̂ µν− σµσ̄ν

)(
Ŝ+ +

i

2
T̂ µν+ σ̄µσv

)]
=
(
Ŝ2
− − T̂ 2

−

)(
Ŝ2
+ − T̂ 2

+

)
. ✭❆✳✹✵✮

❼ ❙❡❣✉♥❞♦ t❡r♠♦✿ ❖ s❡❣✉♥❞♦ t❡r♠♦ é ♠♦str❛❞♦ ❛ s❡❣✉✐r

det
(
V̂µ−σµV̂µ+σ̄µ

)
= det

(
V̂µ−σµ

)
det
(
V̂µ+σ̄µ

)
, ✭❆✳✹✶✮

❡①♣❛♥❞✐♥❞♦ ❛ s♦♠❛ ❞❡ ❝❛❞❛ ✉♠ ❞♦s t❡r♠♦s ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦✱ ♦❜t❡♠♦s

det
(
V̂µ−σµV̂µ+σ̄µ

)
= det

(
V̂0
− − V̂3

− iV̂2
− − V̂1

−

−V̂1
− − iV̂2

− V̂0
− + V̂3

−

)
det

(
V̂0
+ − V̂3

+ iV̂2
+ − V̂1

+

−V̂1
+ − iV̂2

+ V̂0
+ + V̂3

+

)
.

❖ ❞❡t❡r♠✐♥❛♥t❡ é ❞❛❞♦ ♣♦r

det
(
V̂µ−σµV̂µ+σ̄µ

)
=

[(
V̂0
−

)2
−
(
V̂1
−

)2
−
(
V̂2
−

)2
−
(
V̂3
−

)2]
×

[(
V̂0
+

)2
−
(
V̂1
+

)2
−
(
V̂2
+

)2
−
(
V̂3
+

)2]
. ✭❆✳✹✷✮

❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❛✐♥❞❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s ❝♦♠♣❛❝t❛✱ ❛ s❛❜❡r

det
(
V̂µ−σµV̂µ+σ̄µ

)
= V̂2

−V̂2
+. ✭❆✳✹✸✮

❼ ❚❡r❝❡✐r♦ t❡r♠♦

✶❖ ✈❛❧♦r ❞❛s ❝♦♥tr❛çõ❡s T̂ 2
+ ❡ T̂ 2

− sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r

T̂ 2
+ = −

(
T̂ 01

)2
−
(
T̂ 02

)2
−
(
T̂ 03

)2
+
(
T̂ 12

)2
+
(
T̂ 31

)2
+
(
T̂ 23

)2
−2iT̂ 01T̂ 23−2iT̂ 02T̂ 31−2iT̂ 03T̂ 12,

❡

T̂ 2
− = −

(
T̂ 01

)2
−
(
T̂ 02

)2
−
(
T̂ 03

)2
+
(
T̂ 12

)2
+
(
T̂ 31

)2
+
(
T̂ 23

)2
+2iT̂ 01T̂ 23+2iT̂ 02T̂ 31+2iT̂ 03T̂ 12.

✶✷✶



tr

[
V̂µ−σ̄µ

(
Ŝ− +

i

2
T̂ νκ− σν σ̄κ

)
V̂λ+σλ

(
Ŝ+ +

i

2
T̂ ρσ+ σ̄ρσσ

)]
= V̂µ−V̂λ+Ŝ−Ŝ+tr (σ̄µσλ)

+
i

2
V̂µ−V̂λ+Ŝ+T̂ νκ− tr (σ̄µσν σ̄κσλ) +

i

2
V̂µ−V̂λ+Ŝ−T̂ ρσ+ tr (σ̄µσλσ̄ρσσ)

+

(
i

2

)2

V̂µ−V̂λ+T̂ νκ− T̂ ρσ+ tr (σ̄µσν σ̄κσλσ̄ρσσ) , ✭❆✳✹✹✮

❢❛③❡♥❞♦ ✉s♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s

tr (σ̄µσν) = 2ηµν ✭❆✳✹✺✮

tr (σ̄µσν σ̄κσλ) = 2ηµνκλ, ✭❆✳✹✻✮

tr (σ̄µσν σ̄κσλσ̄ρσσ) = 2η τ
µνκ ητλρσ, ✭❆✳✹✼✮

ηµνκλT̂ νκ− = 4T̂−µλ, ηµνκλT̂ κλ+ = −4T̂+µν , ✭❆✳✹✽✮

ηµνκλ = ηµνηκλ − ηµκηνλ + ηµληνκ − iǫµνκλ, ✭❆✳✹✾✮

t❡♠♦s

tr

[
V̂µ−σ̄µ

(
Ŝ− +

i

2
T̂ νκ− σν σ̄κ

)
V̂λ+σλ

(
Ŝ+ +

i

2
T̂ ρσ+ σ̄ρσσ

)]
= 2V̂µ−V̂λ+Ŝ−Ŝ+ηµλ

+ 2
i

2
V̂µ−V̂λ+Ŝ+T̂ νκ− ηµνκλ + 2

i

2
V̂µ−V̂λ+Ŝ−T̂ ρσ+ ηµλρσ

+ 2

(
i

2

)2

V̂µ−V̂λ+T̂ νκ− T̂ ρσ+ η τ
µνκ ητλρσ. ✭❆✳✺✵✮

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ηµνκλT̂ νκ− = 4T̂−µλ ❡ ηµνκλT̂ κλ+ = −4T̂+µν , t❡♠♦s

tr

[
V̂µ−σ̄µ

(
Ŝ− +

i

2
T̂ νκ− σν σ̄κ

)
V̂λ+σλ

(
Ŝ+ +

i

2
T̂ ρσ+ σ̄ρσσ

)]
=

✶✷✷



= 2V̂µ−V̂λ+Ŝ−Ŝ+ηµλ + 4iV̂µ−V̂λ+Ŝ+T̂−µλ − 4iV̂µ−V̂λ+Ŝ−T̂+µλ + 8V̂µ−V̂+λT̂−µαT̂ αλ+ .

✭❆✳✺✶✮

❖ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣♦❞❡ ❛✐♥❞❛ s❡r ❡s❝r✐t♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s ❝♦♠♣❛❝t❛✱ ❛ s❛❜❡r

tr

[
V̂µ−σ̄µ

(
Ŝ− +

i

2
T̂ νκ− σν σ̄κ

)
V̂λ+σλ

(
Ŝ+ +

i

2
T̂ ρσ+ σ̄ρσσ

)]
=

= 2V̂− ·
(
Ŝ− + 2iT̂−

)
·
(
Ŝ+ − 2iT̂+

)
· V̂+. ✭❆✳✺✷✮

❏✉♥t❛♥❞♦ ♦s r❡s✉❧t❛❞♦s (A.40)✱ (A.43) ❡ (A.52) ❛❝✐♠❛✱ ❡♥❝♦♥tr❛♠♦s✿

(
Ŝ2
− − T̂ 2

−

)(
Ŝ2
+ − T̂ 2

+

)
+ V̂2

−V̂2
+ − 2V̂− ·

(
Ŝ− + 2iT̂−

)
·
(
Ŝ+ − 2iT̂+

)
· V̂+ = 0.

✶✷✸



✶✷✹



❆♣ê♥❞✐❝❡ ❇

❊s♣✐♥♦r❡s ❡①❛t♦s ♣❛r❛ ❛❧❣✉♠❛s

❝♦♥✜❣✉r❛çõ❡s ❡s♣❡❝✐❛✐s

■r❡♠♦s ♠♦str❛r ❛❧❣✉♠❛s s♦❧✉çõ❡s ❡①❛t❛s ♣❛r❛ ❝♦♥✜❣✉r❛çõ❡s ✐s♦tró♣✐❝❛s ❞♦s ❝♦✲

❡✜❝✐❡♥t❡s Âµ ❡ T̂ µν q✉❡ ❝♦♥tr♦❧❛♠ ❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③✳ ▼❡s♠♦

♣❛r❛ ❡st❡s ❝❛s♦s ❝♦♠ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ú♥✐❝♦ ❝♦❡✜❝✐❡♥t❡ ✜③❡♠♦s ✉s♦ ❞♦ ❙♦❢t✇❛r❡

▼❛t❤❡♠❛t✐❝❛ ♣❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s ❛ s❡❣✉✐r✳

❇✳✶ ❈♦❡✜❝✐❡♥t❡ b ✐s♦tró♣✐❝♦

❖ ♣r✐♠❡✐r♦ ❝❛s♦ ♥♦ q✉❛❧ ♦❜t❡r❡♠♦s ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❡①❛t❛s é ♣❛r❛ ❛

❝♦♥✜❣✉r❛çã♦ b(3)0✳ ❊st❛ ❝♦♥✜❣✉r❛çã♦ ♥♦s ❢♦r♥❡❝❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

E(±)
u =

√
p2 +m2

ψ ∓ 2b(3)0 |p|+ (b(3)0)
2
. ✭❇✳✶✮

❍á ❞✉❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s✱ ❝♦♠♦ ❡s♣❡r❛❞♦✱ ❡ ❡❧❛s ❞✐❢❡r❡♠ ✉♠❛ ❞❛ ♦✉tr❛ ❡♠ ♣r✐✲

♠❡✐r❛ ♦r❞❡♠ ❡♠ b(3)0✳ ❆s ❡♥❡r❣✐❛s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ sã♦✿

E(±)(1)
u =

√
p2 +m2

ψ ∓
|p|√

p2 +m2
ψ

b(3)0. ✭❇✳✷✮

❈♦♠♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❛❝✐♠❛ ♥♦s ♠♦str❛✱ ❛ ❝♦♥✜❣✉r❛çã♦ ❡s❝♦❧❤✐❞❛ ❞❡

❢❛t♦ é ✐s♦tró♣✐❝❛ ♣♦✐s ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ |p| ♥❛ ♣❛r❝❡❧❛ q✉❡ ❝♦♥té♠ ❛ ✈✐♦❧❛çã♦ ❞❡

✶✷✺



▲♦r❡♥t③✳

P❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦s ❡s♣✐♥♦r❡s ♣r♦❝❡❞❡r❡♠♦s ❝♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✹✳ ■♥✲

tr♦❞✉③✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❛s ❡♥❡r❣✐❛s (B.1) ♥❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

(
γµ∂µ −mψ + b(3)0γ5γ0

)
ψ = 0, ✭❇✳✸✮

❡ r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s r❡s✉❧t❛♥t❡s ❝♦♠ ♦ ❛✉①✐❧✐♦ ❞♦ ▼❛t❤❡♠❛t✐❝❛✱

♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

u(1,2)|
E

(±)
u

(p) = N (1,2)
u




(p3 ± |p|)
(
E

(±)
u − p3 + b(3)0

)
− (p21 + p22)

(p1 + ıp2)
(
E

(±)
u ∓ |p|+ b(3)0

)

mψ (p3 ± |p|)
mψ (p1 + ıp2)



, ✭❇✳✹✮

♣❛r❛ ❛s ♣❛rtí❝✉❧❛s ❡

v(1,2)|
E

(±)
v

(p) = N (1,2)
v




mψ (p1 − ıp2)
−mψ (p3 ∓ |p|)

− (p1 − ıp2)
(
E

(±)
u ± |p|+ b(3)0

)

(p3 ∓ |p|)
(
E

(±)
u − p3 + b(3)0

)
− (p21 + p22)



, ✭❇✳✺✮

♣❛r❛ ❛♥t✐♣❛rtí❝✉❧❛s✳ ❆ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦ é ❡s❝♦❧❤✐❞❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡(
u(α)

)†
u(β) = 2E

(α)
u δαβ ❞❡ ♠♦❞♦ s✐♠✐❧❛r♠❡♥t❡ t❡♠♦s

(
v(α)
)†
v(β) = 2E

(α)
v δαβ✳ ■ss♦

r❡q✉❡r q✉❡ ♦s ❡s♣✐♥♦r❡s r❡❧❛t✐✈♦s ❛ ❞✐❢❡r❡♥t❡s ❡♥❡r❣✐❛s s❡❥❛♠ ♦rt♦❣♦♥❛✐s✱ t♦❞❛✈✐❛

❡st❛ ❝♦♥❞✐çã♦ é ❣❛r❛♥t✐❞❛ ♣♦✐s ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ é ❤❡r♠✐t✐❛♥♦✳ P❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡stã♦✱ ❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ é

N (1,2)
u =

1√
2 |p| (|p| ± p3)

(
E

(±)
u ∓ |p|+ b(3)0

) , ✭❇✳✻✮

❡

N (1,2)
v =

1√
2 |p| (|p| ∓ p3)

(
E

(∓)
u ± |p|+ b(3)0

) .

✶✷✻



❇✳✷ ❈♦❡✜❝✐❡♥t❡ g ✐s♦tró♣✐❝♦

➱ s❛❜✐❞♦ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ H ♥ã♦ ♣♦ss✉✐ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛ ❬✷✷❪✳ ◆♦

❡♥t❛♥t♦✱ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ g ❤á ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛✳ ❊st❛ ❝♦♥✜❣✉r❛çã♦

é ❡s♣❡❝✐✜❝❛❞❛ ♣❡❧❛ ❡s❝♦❧❤❛ ❞♦s s❡❣✉✐♥t❡s ❝♦❡✜❝✐❡♥t❡s ♥ã♦ ♥✉❧♦s✿ g(4)ijk = εijkg1✳

❖♥❞❡ i, j, k sã♦ ♦s í♥❞✐❝❡s ❡s♣❛❝✐❛✐s✳ ❉❡ ♠❛♥❡✐r❛ ✐❞ê♥t✐❝❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✱ ❛q✉✐

❤á ❞✉❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦ q✉❡ ❞✐❢❡r❡♠ ✉♠❛ ❞❛ ♦✉tr❛ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ ✈✐♦❧❛çã♦ ❞❡ ▲♦r❡♥t③✿

E(±)
u =

√
(1 + g21)p

2 ± 2g1mψ |p|+m2
ψ, ✭❇✳✼✮

q✉❡ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ g1 é

E(±)(1)
u =

√
p2 +m2

ψ ∓
|p|mψ√
p2 +m2

ψ

g1. ✭❇✳✽✮

❉❡✈❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ g1 é ❛❞♠❡♥s✐♦♥❛❧✳

❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ é

(
γµ∂µ −mψ +

1

2
g(4)ijk∂iσjk

)
ψ = 0. ✭❇✳✾✮

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s sã♦ ♦❜t✐❞❛s ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✳ ❚❛✐s

s♦❧✉çõ❡s sã♦✿

u(1,2)|
E

(±)
u

(p) = N (1,2)
u




−
[
p21 + p22 ±

(
p3 − E(±)

u

)
(|p| ± p3)

]

(p1 + ıp2)
(
E

(±)
u ∓ |p|

)

(p3 ± |p|) (mψ ± g1 |p|)
(p1 + ıp2) (mψ ± g1 |p|)



, ✭❇✳✶✵✮

✶✷✼



♣❛r❛ ❛s ♣❛rtí❝✉❧❛s ❡

v(1,2)|
E

(±)
v

(p) = N (1,2)
v




(p1 − ıp2) (mψ ∓ g1 |p|)
− (p3 ∓ |p|) (mψ ∓ g1 |p|)
− (p1 − ıp2)

(
E

(±)
u ± |p|

)

−
[
p21 + p22 ∓

(
p3 − E(±)

u

)
(|p| ∓ p3)

]



, ✭❇✳✶✶✮

♣❛r❛ ❛s ❛♥t✐♣❛rtí❝✉❧❛s✳ ❆s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ sã♦ ❞❛❞❛s ♣♦r

N (1,2)
u =

1√
2 |p| (|p| ± p3)

(
E

(±)
u ∓ |p|

) , ✭❇✳✶✷✮

❡

N (1,2)
v =

1√
2 |p| (|p| ∓ p3)

(
E

(∓)
u ± |p|

) . ✭❇✳✶✸✮

✶✷✽



❆♣ê♥❞✐❝❡ ❈

❋♦r♠❛ ❜❧♦❝♦✲❞✐❛❣♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ❡ s✉❛s s♦❧✉çõ❡s

❆ s❡❣✉✐r✱ ✉s❛r❡♠♦s ♦ ❢♦r♠❛❧✐s♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✹✳✹ ♣❛r❛ s♦❧✉❝✐♦♥❛r ❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❧✐✈r❡✳ ❖❜t❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥❛ ❢♦r♠❛ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✱

❛♣r❡s❡♥t❛r❡♠♦s s✉❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s✱ ✈❡r✐✜❝❛r❡♠♦s s❡ ❞❡ ❢❛t♦ s❛t✐s❢❛③❡♠ ❛

❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❡✱ ♣❛r❛ ✜♥❛❧✐③❛r✱ ♠♦str❛r❡♠♦s ❝♦♠♦ s❡ ❞á ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s

s♦❧✉çõ❡s ♥❛s r❡♣r❡s❡♥t❛çõ❡s q✉✐r❛❧ ❡ st❛♥❞❛r❞✳

❈✳✶ ❖❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ tr❛♥s❢♦r♠❛❞❛

❡ s✉❛s s♦❧✉çõ❡s✳

❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♥♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s é ❞❛❞❛ ♣♦r

(γµpµ −mψ)ψ = 0. ✭❈✳✶✮

❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ U ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

tr❛♥s❢♦r♠❛❞❛✱ ❛ s❛❜❡r

Uγ0 (γµpµ −mψI4)U
†Uψ = 0, ✭❈✳✷✮

✶✷✾



♦♥❞❡ U = VW ❡ é ❞❛❞❛ ♣♦r (4.36a) ❡ (4.36b)





V = 1+γ0γ5√
2

W = E0+m+p·γ√
2E0(E0+m)

✭❈✳✸✮

❊s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ❡①♣❧✐❝✐t❛♠❡♥t❡✱ t❡♠♦s

Uγ0

(
γ0p0 − γipi −mψ

(
I2 0

0 I2

))
U †Uψ =

(
E − Ĥ

)
Uψ = 0, ✭❈✳✹✮

♦✉ ❛✐♥❞❛

U

(
0 I2

I2 0

)((
0 p0

p0 0

)
+

(
−mψ −σ · p

σ · p −mψ

))
U †Uψ =

(
E − Ĥ

)
Uψ = 0.

❙❛❜❡♠♦s q✉❡ p0 = E✱ ♣♦rt❛♥t♦

UU †

(
E 0

0 E

)
Uψ + U

(
0 I2

I2 0

)(
−mψ −σ · p

σ · p −mψ

)
U †Uψ =

(
E − Ĥ

)
Uψ = 0,

❝♦♠♣❛r❛♥❞♦ ♦s ❞♦✐s ♠❡♠❜r♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✈❡♠♦s q✉❡

U

(
0 I2

I2 0

)(
−mψ −σ · p

σ · p −mψ

)
U † = −Ĥ. ✭❈✳✺✮

P♦rt❛♥t♦✱ (
E 0

0 E

)
Uψ − ĤUψ = 0. ✭❈✳✻✮

❖s ♦♣❡r❛❞♦r❡s V ❡ W ♥❛s s✉❛s ❢♦r♠❛s ❡①♣❧í❝✐t❛s sã♦✿





V = 1√
2

(
I2 I2

−I2 I2

)

W = 1
√

2E0(E0+mψ)

(
E0 +mψ σ · p

−σ · p E0 +mψ

) . ✭❈✳✼✮

✶✸✵



❘❡t♦r♥❛♥❞♦ à ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ (C.6)✱♦❜t❡♠♦s✿

(
E 0

0 E

)
Uψ + VW

(
0 I2

I2 0

)(
−mψ −σ · p

σ · p −mψ

)
W †V †Uψ = 0,

❡①♣❧✐❝✐t❛♥❞♦ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s✱ t❡♠♦s

(
E 0

0 E

)
Uψ +

1

4E0 (E0 +mψ)

(
I2 I2

−I2 I2

)(
E0 +mψ σ · p

−σ · p E0 +mψ

)
×

(
0 I2

I2 0

)(
−mψ −σ · p

σ · p −mψ

)(
E0 +mψ −σ · p

σ · p E0 +mψ

)(
I2 −I2
I2 I2

)
Uψ = 0. ✭❈✳✽✮

❯s❛♥❞♦ ❛ ❝♦♥✈❡♥çã♦ (C.5)✱ ❝❛❧❝✉❧❛r❡♠♦s s❡♣❛r❛❞❛♠❡♥t❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛

❡q✉❛çã♦ ❛❝✐♠❛ ❛ s❛❜❡r✿

−Ĥ =
1

4E0 (E0 +mψ)

(
I2 I2

−I2 I2

)(
E0 +mψ σ · p

−σ · p E0 +mψ

)(
0 I2

I2 0

)
×

(
−mψ −σ · p

σ · p −mψ

)(
E0 +mψ −σ · p

σ · p E0 +mψ

)(
I2 −I2
I2 I2

)
, ✭❈✳✾❛✮

−Ĥ =
1

4E0 (E0 +mψ)

(
mψ + E0 − σ · p mψ + E0 + σ · p

−mψ − E0 − σ · p mψ + E0 − σ · p

)
×

(
σ · p −mψ

−mψ −σ · p

)(
mψ + E0 − σ · p −mψ − E0 − σ · p

mψ + E0 + σ · p mψ + E0 − σ · p

)
, ✭❈✳✾❜✮

−Ĥ =
1

4E0 (E0 +mψ)

(
a11 a12

a21 a22

)
, ✭❈✳✾❝✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

a11 = −4E0

(
m2
ψ + p2

)
− 2mψE

2
0 − 2mψ

(
m2
ψ + p2

)
, ✭❈✳✶✵❛✮

✶✸✶



a22 = 4E0

(
m2
ψ + p2

)
+ 2mψE

2
0 + 2mψ

(
m2
ψ + p2

)
, ✭❈✳✶✵❜✮

a12 = 2σ · p
(
m2
ψ + p2 − E2

0

)
, ✭❈✳✶✵❝✮

a21 = 2σ · p
(
m2
ψ + p2 − E2

0

)
. ✭❈✳✶✵❞✮

❯s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ E2
0 = m2

ψ + p2✱ ♦❜t❡♠♦s

−Ĥ =
1

4E0 (E0 +mψ)

(
−4E2

0 (E0 +mψ) 0

0 4E2
0 (E0 +mψ)

)
✭❈✳✶✶❛✮

−Ĥ =

(
−E0 0

0 E0

)
, ✭❈✳✶✶❜✮

♦✉ ❛✐♥❞❛

Ĥ = −γ5E0. ✭❈✳✶✷✮

❙✉❜st✐t✉✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♥❛ ❡q✉❛çã♦ ♦r✐❣✐♥❛❧ (C.8) ✱ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

tr❛♥s❢♦r♠❛❞❛ t♦r♥❛✲s❡✿ (
E − Ĥ

)
Uψ = 0,

(
E 0

0 E

)
Uψ =

(
E0 0

0 −E0

)
Uψ. ✭❈✳✶✸✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r ❛❝✐♠❛ ♦s ❡s♣✐♥♦r❡s sã♦ ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞♦s✿




E 0 0 0

0 E 0 0

0 0 E 0

0 0 0 E



Uψ =




E0 0 0 0

0 E0 0 0

0 0 −E0 0

0 0 0 −E0



Uψ, ✭❈✳✶✹✮

♦s ❛✉t♦✈❡t♦r❡s ❡ s❡✉ r❡s♣❡❝t✐✈♦s ❛✉t♦✈❛❧♦r❡s sã♦✿

χ(1,2) =








1

0

0

0



,




0

1

0

0







↔ E0, χ

(3,4) =








0

0

1

0



,




0

0

0

1







↔ −E0. ✭❈✳✶✺✮

✶✸✷



❖s ❛✉t♦✈❡t♦r❡s ❛❝✐♠❛ ♦❜t✐❞♦s sã♦ ♦s ❡s♣✐♥♦r❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ tr❛♥s❢♦r✲

♠❛❞❛✳ P♦ré♠✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦s ❡s♣✐♥♦r❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡

❉✐r❛❝ ✉s✉❛❧ ❞❛❞❛ ♣♦r (C.1)✳ P❛r❛ ♦❜t❡r t❛✐s ❡s♣✐♥♦r❡s ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r✲

♠❛çã♦ ✐♥✈❡rs❛ U † = VW ❛♦s ❡s♣✐♥♦r❡s (C.15)✳ ❉❡✜♥✐♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ♦♣❡r❛❞♦r

Ŵ †(±) ❝♦♠♦

Ŵ †(±) =




E0 +mψ 0 ∓p3 ∓ (p1 − ip2)

0 E0 +mψ ∓ (p1 + ip2) ±p3
±p3 ± (p1 − ip2) E0 +mψ 0

± (p1 + ip2) ∓p3 0 E0 +mψ



, ✭❈✳✶✻✮

♦♥❞❡ s✐♥❛❧ (+) r❡♣r❡s❡♥t❛ ♦ ♦♣❡r❛❞♦r W † ✉s✉❛❧ ❡ ♦ s✐♥❛❧ (−) s✐♠❜♦❧✐③❛ ♦♣❡r❛❞♦r

W † ✉s✉❛❧ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♠♦❞✐✜❝❛çõ❡s✱ ❛ s❛❜❡r✿ p → −p ❡ p0 → −p0✳ ❆ ♣❛rt✐r

❞❡st❛s ❞❡✜♥✐çõ❡s✱ ❢❛r❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❡ ♠❛♥❡✐r❛ s❡♣❛r❛❞❛ ❡ ❞❡t❛❧❤❛❞❛ ♣❛r❛ ❝❛❞❛

✉♠ ❞♦s ❡s♣✐♥♦r❡s χ(α) ✱ ❛ s❛❜❡r✿

❼ Pr✐♠❡✐r♦ ❡s♣✐♥♦r✿ ❆♣❧✐❝❛♥❞♦✲s❡ ❛ ♠❛tr✐① tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛✱ ♦❜t❡♠♦s

Ψ(1) = U † × χ(1), ✭❈✳✶✼✮

Ψ(1) =
1√

4E0 (E0 +mψ)
Ŵ †(+) ×




1 0 −1 0

0 1 0 −1
1 0 1 0

0 1 0 1







1

0

0

0



, ✭❈✳✶✽✮

❡❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Ψ(1) =
1√

4E0 (E0 +mψ)




E0 +mψ − p3
− (p1 + ip2)

E0 +mψ + p3

p1 + ip2



. ✭❈✳✶✾✮

❼ ❙❡❣✉♥❞♦ ❡s♣✐♥♦r✿ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✱ t❡♠♦s

Ψ(2) = U † × χ(2), ✭❈✳✷✵✮

✶✸✸



Ψ(2) =
1√

4E0 (E0 +mψ)
Ŵ †(+) ×




1 0 −1 0

0 1 0 −1
1 0 1 0

0 1 0 1







0

1

0

0



, ✭❈✳✷✶✮

❡❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Ψ(2) =
1√

4E0 (E0 +mψ)




− (p1 − ip2)

E0 +mψ + p3

p1 − ip2

E0 +mψ − p3



. ✭❈✳✷✷✮

❼ ❚❡r❝❡✐r♦ ❡s♣✐♥♦r✿ P❛r❛ ♦s ❡s♣✐♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ♣r❡❝✐✲

s❛♠♦s ❞❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣✳ ◆❡st❡ ❝❛s♦ ♣r❡❝✐s❛♠♦s

❢❛③❡r p → −p ♥❛ ♠❛tr✐③ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❡ ♥♦s ❡s♣✐♥♦r❡s (C.15)✳ ❆ss✐♠✱

t❡♠♦s

Ψ(3) = U † × χ(3), ✭❈✳✷✸✮

Ψ(3) =
1√

4E0 (E0 +mψ)
Ŵ †(−) ×




1 0 −1 0

0 1 0 −1
1 0 1 0

0 1 0 1







0

0

1

0



, ✭❈✳✷✹✮

❡❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Ψ(3) =
1√

4E0 (E0 +mψ)




−E0 −mψ + p3

p1 + ip2

E0 +mψ + p3

p1 + ip2



. ✭❈✳✷✺✮

❼ ◗✉❛rt♦ ❡s♣✐♥♦r✿ Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✱ t❡♠♦s

Ψ(4) = U † × χ(4), ✭❈✳✷✻✮

✶✸✹



Ψ(4) =
1√

4E0 (E0 +mψ)
Ŵ †(−) ×




1 0 −1 0

0 1 0 −1
1 0 1 0

0 1 0 1







0

0

0

1



, ✭❈✳✷✼✮

❡❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✱ ❝❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Ψ(4) =
1√

4E0 (E0 +mψ)




p1 − ip2

−E0 −mψ − p3
p1 − ip2

E0 +mψ − p3



. ✭❈✳✷✽✮

P♦rt❛♥t♦✱ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ (C.1) ❞❡ ♠❛♥❡✐r❛ ❝♦♠♣❛❝t❛ sã♦✿

u(1) ≡ Ψ(1) = N
(
Λ(+)

Λ(−)

)
↔ E0, ✭❈✳✷✾❛✮

v(1) ≡ Ψ(2) = iγ2 · N
(
Λ(−)

Λ(+)

)∗

↔ E0, ✭❈✳✷✾❜✮

u(2) ≡ Ψ(3) = N
(
−Λ(+)

Λ(−)

)
↔ E0, ✭❈✳✷✾❝✮

v(2) ≡ Ψ(4) = iγ2 · N
(
−Λ(−)

Λ(+)

)∗

↔ E0, ✭❈✳✷✾❞✮

♦♥❞❡ N = 1
√

4E0(E0+mψ)
✱ γ2 é ❛ ♠❛tr✐③ ❣❛♠♠❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✱ ∗ s✐❣♥✐✜❝❛

❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❡ Λ(±) é ❞❡✜♥✐❞♦ ❝♦♠♦

Λ(±) =

(
E0 +mψ ∓ p3
∓ (p1 + ip2)

)
.

❆♣❡♥❛s ♣♦r ❝♦♠♣❧❡t❡③❛ ✐r❡♠♦s ♠♦str❛r ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦ q✉❡ ❛s s♦❧✉çõ❡s

(C.19− C.28) s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ (C.1)✳

✶✸✺



❈✳✷ ❱❡r✐✜❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s (C.19− C.28)✳

❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ (C.1) ❞❡ ♠❛♥❡✐r❛ ❡①♣❧í❝✐t❛ ❡s❝r❡✈❡✲s❡ ❝♦♠♦✿

M̂(±) × ψ = 0, ✭❈✳✸✵✮

♦♥❞❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ M̂(±) é ❞❡✜♥✐❞♦ ❝♦♠♦

M̂(±) =




−mψ 0 ± (p0 − p3) ± (ip2 − p1)
0 −mψ ∓ (p1 + ip2) ± (p0 + p3)

± (p0 + p3) ± (p1 − ip2) −mψ 0

± (p1 + ip2) ± (p0 − p3) 0 −mψ



. ✭❈✳✸✶✮

❖ s✐♥❛❧ (+) r❡♣r❡s❡♥t❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ✉s✉❛❧ ❡ ♦ s✐♥❛❧ (−) s✐♠❜♦❧✐③❛ ♦♣❡r❛❞♦r

❞❡ ❉✐r❛❝ ✉s✉❛❧ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♠♦❞✐✜❝❛çõ❡s✱ ❛ s❛❜❡r✿ p→ −p ❡ p0 → −p0✳ ❊st❡
ú❧t✐♠♦ r❡s✉❧t❛❞♦ s❡rá ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♠❛✐s ❛❞✐❛♥t❡✳

❖ ♣ró①✐♠♦ ♣❛ss♦ s❡rá ✈❡r✐✜❝❛r s❡♣❛r❛❞❛♠❡♥t❡ ❝❛❞❛ ✉♠ ❞♦s ❡s♣✐♥♦r❡s ♦❜t✐❞♦s

♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✱ ❛ s❛❜❡r✿

❼ Pr✐♠❡✐r♦ ❡s♣✐♥♦r (C.29a)✿ ❙✉❜st✐t✉✐♥❞♦ ♦ ♣r✐♠❡✐r♦ ❡s♣✐♥♦r ♥❛ ❡q✉❛çã♦ (C.30)

♦❜t❡♠♦s

M̂(+) × u(1) ?
= 0, ✭❈✳✸✷✮

s✉❜st✐t✉✐♥❞♦ p0 = E0 ❡ ♦ ❡s♣✐♥♦r ψ(1) ❞❛❞♦ ♣♦r (C.29a)✱ t❡♠♦s

M̂(+) (p0 = E0)×N
(
Λ(+)

Λ(−)

)
?
= 0. ✭❈✳✸✸✮

❊❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ E2
0 = m2

ψ+p2✱

♦❜t❡♠♦s✿

N




−m2
ψ − p21 − p22 − p23 + E2

0

0

−m2
ψ − p21 − p22 − p23 + E2

0

0




= 0. ✭❈✳✸✹✮

✶✸✻



❼ ❙❡❣✉♥❞♦ ❡s♣✐♥♦r (C.29c)✿

M̂(+) × u(2) ?
= 0, ✭❈✳✸✺✮

s✉❜st✐t✉✐♥❞♦ p0 = E0 ❡ ♦ ❡s♣✐♥♦r ψ(2) ❞❛❞♦ ♣♦r (C.29c)✱ t❡♠♦s

M̂(+) (p0 = E0)× iγ2 · N
(
Λ(−)

Λ(+)

)∗
?
= 0. ✭❈✳✸✻✮

❊❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ E2
0 = m2

ψ+p2✱

♦❜t❡♠♦s

N




0

−m2
ψ − p21 − p22 − p23 + E2

0

0

−m2
ψ − p21 − p22 − p23 + E2

0




= 0. ✭❈✳✸✼✮

❼ ❚❡r❝❡✐r♦ ❡s♣✐♥♦r (C.29b)✿ ❆ss✐♠ ❝♦♠♦ ✜③❡♠♦s ♣❛r❛ ♦s ❛♥t✐✲❡s♣✐♥♦r❡s✱ ♣r❡❝✐✲

s❛♠♦s ✉s❛r ❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣ ♥❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✱

♣♦✐s ❡st❛♠♦s tr❛t❛♥❞♦ ❞♦ ❡s♣✐♥♦r q✉❡ ❞❡s❝r❡✈❡ ❛ ❛♥t✐♣❛rtí❝✉❧❛✳ ◆❡st❡ ❝❛s♦

♣r❡❝✐s❛♠♦s ❢❛③❡r p → −p ❡ p0 → −p0 ♥♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝✳ Pr♦❝❡❞❡♥❞♦

❞❡st❛ ♠❛♥❡✐r❛✱ t❡♠♦s

M̂(−) × v(1) ?
= 0, ✭❈✳✸✽✮

s✉❜st✐t✉✐♥❞♦ p0 = E0 ❡ ♦ ❡s♣✐♥♦r ψ(3) ❞❛❞♦ ♣♦r (C.29b)✱ t❡♠♦s

M̂(−) (p0 = E0)×N
(
−Λ(+)

Λ(−)

)
?
= 0. ✭❈✳✸✾✮

❊❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ E2
0 = m2

ψ+p2✱

♦❜t❡♠♦s

N




m2
ψ + p21 + p22 + p23 − E2

0

0

−m2
ψ − p21 − p22 − p23 + E2

0

0




= 0. ✭❈✳✹✵✮

❼ ◗✉❛rt♦ ❡s♣✐♥♦r (C.29d)✿ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✱ ♣r❡❝✐s❛♠♦s

✶✸✼



❞❛ r❡✐♥t❡r♣r❡t❛çã♦ ❞❡ ❋❡②♥♠❛♥✲❙tü❝❦❡❧❜❡r❣✳ Pr♦ss❡❣✉✐♥❞♦ ❝♦♠ ❛s ♠✉❞❛♥ç❛s✱

♦❜t❡♠♦s

M̂(−) × v(2) ?
= 0, ✭❈✳✹✶✮

s✉❜st✐t✉✐♥❞♦ p0 = E0 ❡ ♦ ❡s♣✐♥♦r ψ(4) ❞❛❞♦ ♣♦r (C.29d)✱ t❡♠♦s

M̂(−) (p0 = E0)× iγ2 · N
(
−Λ(−)

Λ(+)

)∗
?
= 0. ✭❈✳✹✷✮

❊❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ E2
0 = m2

ψ+p2✱

♦❜t❡♠♦s

N




0

m2
ψ + p21 + p22 + p23 − E2

0

0

−m2
ψ − p21 − p22 − p23 + E2

0




= 0. ✭❈✳✹✸✮

P♦rt❛♥t♦✱ ✈✐♠♦s q✉❡ q✉❡ ❛s s♦❧✉çõ❡s (C.29a− C.29d) ❞❡ ❢❛t♦ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛✲

çã♦ ❞❡ ❉✐r❛❝✳ P♦ré♠✱ s❡ ♦❜s❡r✈❛r♠♦s ❝❛✉t❡❧♦s❛♠❡♥t❡ ❛s s♦❧✉çõ❡s (C.29a− C.29d)
✈❡r❡♠♦s q✉❡ ❡❧❛s ❞✐❢❡r❡♠ ❞❛s s♦❧✉çõ❡s ✉s✉❛✐s ❡♥❝♦♥tr❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛✳ ❆ ❡①♣❧✐❝❛✲

çã♦ ♣❛r❛ ✐ss♦ é q✉❡✱ ❡♠ ✈❡③ ❞❡ ✉s❛r ❛ r❡♣r❡s❡♥t❛çã♦ st❛♥❞❛r❞ ❞❛s ♠❛tr✐③❡s ❣❛♠♠❛✱

✉s❛♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧✳ P♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ❛s s♦❧✉çõ❡s s❡rã♦ ❞✐❢❡r❡♥t❡s✳ P♦✲

ré♠✱ é ♣♦ssí✈❡❧ ❝♦♥❡❝tá✲❧❛s ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ S q✉❡ s❡rá ❞❡t❛❧❤❛❞❛ ♥❛

♣ró①✐♠❛ s✉❜s❡çã♦✳

❈✳✸ ❈♦♥❡①ã♦ ❡♥tr❡ ♦s ❡s♣✐♥♦r❡s ♥♦s ❢♦r♠❛❧✐s♠♦s

q✉✐r❛❧ ❡ ❙t❛♥❞❛r❞✳

❆ ♠❛♥❡✐r❛ ❝♦♥❤❡❝✐❞❛ ❞❡ ❝♦♥❡❝t❛r ❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧ à r❡♣r❡s❡♥t❛çã♦ ❙t❛♥✲

❞❛r❞ é ❞❛❞❛ ♣♦r ❬✻✷❪

MSR = VMChV
−1, ✭❈✳✹✹✮

♦♥❞❡ M é ✉♠❛ ♠❛tr✐③ q✉❛❧q✉❡r✱ ♦s s✉❜s❝r✐t♦s SR ❡ Ch s✐❣♥✐✜❝❛♠ ❙t❛♥❞❛r❞ ❡

q✉✐r❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ V é ❛ ♠❛tr✐③ q✉❡ ❝♦♥❡❝t❛ ❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s✳ ❆

✶✸✽



❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❛ tr❛♥s❢♦r♠❛çã♦ V é

V =
1√
2

(
I2 I2

−I2 I2

)
, ✭❈✳✹✺✮

❝✉❥❛ ✐♥✈❡rs❛ é

V −1 =
1√
2

(
I2 −I2
I2 I2

)
. ✭❈✳✹✻✮

❆ ♠❛tr✐③ V ❛❝✐♠❛ é ❛ ♠❡s♠❛ ❛ ♠❛tr✐③ V ♣r❡s❡♥t❡ ♥❛s tr❛♥s❢♦r♠❛çõ❡s (C.3) q✉❡

❜❧♦❝♦ ❞✐❛❣♦♥❛❧✐③❛♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ ▼♦str❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❞❡ ❢❛t♦ ❛s

tr❛♥s❢♦r♠❛çõ❡s ❛❝✐♠❛ ❝♦♥❡❝t❛♠ ❛s r❡♣r❡s❡♥t❛çõ❡s ❙t❛♥❞❛r❞ ❡ q✉✐r❛❧ ❞❛s ♠❛tr✐③❡s

❣❛♠♠❛✳ ❆s ♠❛tr✐③❡s ❣❛♠♠❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ q✉✐r❛❧ sã♦✿

γ0Ch =

(
0 I2

I2 0

)
, γiCh =

(
0 σi

−σi 0

)
, γ5Ch =

(
−I2 0

0 I2

)
. ✭❈✳✹✼✮

❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♠♦str❛❞❛ ♥❛ ❡q✉❛çã♦ (C.44) ♥❛s ♠❛✲

tr✐③❡s ❣❛♠♠❛ ❛❝✐♠❛✱ t❡♠♦s

γ0SR = V γ0ChV
−1 =

1

2

(
I2 I2

−I2 I2

)(
0 I2

I2 0

)(
I2 −I2
I2 I2

)
=

(
I2 0

0 −I2

)
, ✭❈✳✹✽❛✮

γiSR = V γiChV
−1 =

1

2

(
I2 I2

−I2 I2

)(
0 σi

−σi 0

)(
I2 −I2
I2 I2

)
=

(
0 σi

−σi 0

)
, ✭❈✳✹✽❜✮

γ5SR = V γ5ChV
−1 =

1

2

(
I2 I2

−I2 I2

)(
−I2 0

0 I2

)(
I2 −I2
I2 I2

)
=

(
0 I2

I2 0

)
. ✭❈✳✹✽❝✮

❆s ♠❛tr✐③❡s ❣❛♠♠❛ ❛❝✐♠❛ ❝❛❧❝✉❧❛❞❛s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ♠❛tr✐③❡s ❣❛♠♠❛ q✉❡ ❛♣❛✲

r❡❝❡♠ ♥❛ ❧✐t❡r❛t✉r❛ ❬✻✷❪✳

❆♣ós ❛ ✐❧✉tr❛çã♦ ❛❝✐♠❛✱ ✐r❡♠♦s ❝❛❧❝✉❧❛r ♦s ❡s♣✐♥♦r❡s ♥❛ r❡♣r❡s❡♥t❛çã♦ ❙t❛♥❞❛r❞✳

❆ ❝♦♥❡①ã♦ ❡♥tr❡ ♦s ❡s♣✐♥♦r❡s é ❞❛❞❛ ♣♦r ❬✻✷❪

Ψ
(i)
SR = VΨ

(i)
Ch. ✭❈✳✹✾✮

❯s❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s

✶✸✾



❼ Pr✐♠❡✐r♦ ❡s♣✐♥♦r (C.19)

Ψ
(1)
SR = VΨ

(1)
Ch, ✭❈✳✺✵✮

s✉❜st✐t✉✐♥❞♦ V ❡ Ψ
(1)
Ch✱ t❡♠♦s

Ψ
(1)
SR =

1√
2

1√
4E0 (E0 +mψ)




1 0 1 0

0 1 0 1

−1 0 1 0

0 −1 0 1







E0 +mψ − p3
− (p1 + ip2)

E0 +mψ + p3

p1 + ip2



,

✭❈✳✺✶❛✮

Ψ
(1)
SR =

1√
2E0 (E0 +m)




E0 +mψ

0

p3

p1 + ip2



. ✭❈✳✺✶❜✮

❼ ❙❡❣✉♥❞♦ ❡s♣✐♥♦r (C.22)

Ψ
(2)
SR = VΨ

(2)
Ch, ✭❈✳✺✷✮

s✉❜st✐t✉✐♥❞♦ V ❡ Ψ
(2)
Ch✱ t❡♠♦s

Ψ
(2)
SR =

1√
2

1√
4E0 (E0 +mψ)




1 0 1 0

0 1 0 1

−1 0 1 0

0 −1 0 1







− (p1 − ip2)

E0 +mψ + p3

p1 − ip2

E0 +mψ − p3



,

✭❈✳✺✸❛✮

Ψ
(2)
SR =

1√
2E0 (E0 +mψ)




0

E0 +mψ

p1 − ip2

−p3



. ✭❈✳✺✸❜✮

❼ ❚❡r❝❡✐r♦ ❡s♣✐♥♦r (C.25)

Ψ
(3)
SR = VΨ

(3)
Ch, ✭❈✳✺✹✮

✶✹✵



s✉❜st✐t✉✐♥❞♦ V ❡ Ψ
(3)
Ch✱ t❡♠♦s

Ψ
(3)
SR =

1√
2

1√
4E0 (E0 +mψ)




1 0 1 0

0 1 0 1

−1 0 1 0

0 −1 0 1







−E0 −mψ + p3

p1 + ip2

E0 +mψ + p3

p1 + ip2



,

✭❈✳✺✺❛✮

Ψ
(3)
SR =

1√
2E0 (E0 +mψ)




p3

p1 + ip2

E0 +mψ

0



. ✭❈✳✺✺❜✮

❼ ◗✉❛rt♦ ❡s♣✐♥♦r (C.28)

Ψ
(4)
SR = VΨ

(4)
Ch, ✭❈✳✺✻✮

s✉❜st✐t✉✐♥❞♦ V ❡ Ψ
(4)
Ch✱ t❡♠♦s

Ψ
(4)
SR =

1√
2

1√
4E0 (E0 +mψ)




1 0 1 0

0 1 0 1

−1 0 1 0

0 −1 0 1







p1 − ip2

−E0 −mψ − p3
p1 − ip2

E0 +mψ − p3



,

✭❈✳✺✼❛✮

Ψ
(4)
SR =

1√
2E0 (E0 +mψ)




p1 − ip2

−p3
0

E0 +mψ



. ✭❈✳✺✼❜✮

P♦rt❛♥t♦✱ ❛s ❡q✉❛çõ❡s (C.51b− C.57b) sã♦ ♦s ❡s♣✐♥♦r❡s ♥❛ r❡♣r❡s❡♥t❛çã♦ st❛♥✲

❞❛r❞ q✉❡ sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✻✷❪✳

✶✹✶
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❆♣ê♥❞✐❝❡ ❉

❙♦❧✉çõ❡s ❡①❛t❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝

♠♦❞✐✜❝❛❞❛ ♣♦r ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥

❞❡❣❡♥❡r❛❞♦

■r❡♠♦s ❢❛③❡r ✉s♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s (4.38a) ❡ (4.38b) ♣❛r❛ ♦❜t❡r ❛s s♦❧✉çõ❡s

❡s♣✐♥♦r✐❛✐s ❡①❛t❛s ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ✳

❉✳✶ ❙♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥❛ s❡çã♦ ✹✳✹✱ ❛s tr❛♥s❢♦r♠❛çõ❡s ♠♦❞✐✜❝❛❞❛s (4.38a) ❡

(4.38b)

V =
I4 + γ0γ5√

2
, ✭❉✳✶❛✮

W (p) =
Eu + V̂0 +mψ − Ŝ +

(
p+ V̂

)
·γ

√
2
(
Eu + V̂0

)(
Eu + V̂0 +mψ − Ŝ

) , ✭❉✳✶❜✮

sã♦ ❛s ♠❛tr✐③❡s r❡s♣♦♥sá✈❡✐s ♣♦r ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✐③❛r ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛

♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ❞❡ ♠❛♥❡✐r❛ ❡①❛t❛✳ ❆ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ q✉❡ ❡st❛♠♦s

✶✹✸



✐♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

γµp
µψ −mψψ + Ŝψ + γµV̂µψ = 0, ✭❉✳✷✮

❡♠ q✉❡ ♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ d = 3✱ ❛ ♣r✐♦r✐✳

❆♣❧✐❝❛♥❞♦ ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ t❡♠♦s

Uγ0

(
γµpµ −mψ + Ŝ + γµV̂µ

)
U †Uψ =

(
E − Ĥ

)
Uψ = 0, ✭❉✳✸✮

♦♥❞❡ ❛ ♠❛tr✐③ Ĥ é ❞❛❞❛ ♣♦r

Ĥ =




Eu 0 0 0

0 Eu 0 0

0 0 −Eu − 2V̂0 0

0 0 0 −Eu − 2̂V0



,

❡✱ ♥❡st❡ ❝❛s♦✱ Eu = −V̂0 +
√(

p+ V̂

)2
+
(
mψ − Ŝ

)2
✳

❚❡♥❞♦ ❡♠ ♠ã♦s ❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r (D.3)✱ ♣♦❞❡♠♦s ♦❜t❡r ♦s ❛✉t♦✈❛❧♦r❡s

❡ ❛✉t♦✈❡t♦r❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝✳ ❖s ❛✉t♦✈❡t♦r❡s ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❛❧♦r❡s

sã♦✱

χ(1,2) =








1

0

0

0



,




0

1

0

0







↔ Eu, χ

(3,4) =








0

0

1

0



,




0

0

0

1







↔ −Eu − 2V̂0. ✭❉✳✹✮

❖s ❛✉t♦✈❡t♦r❡s ❛❝✐♠❛ ♦❜t✐❞♦s sã♦ ♦s ❡s♣✐♥♦r❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛

♥❛ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❜❧♦❝♦ ❞✐❛❣♦♥❛❧✳ P♦ré♠✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦s ❡s♣✐♥♦r❡s

q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ✉s✉❛❧ ❞❛❞❛ ♣♦r (D.2)✳ P❛r❛ ♦❜t❡r

t❛✐s ❡s♣✐♥♦r❡s ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ U † ♥❛s s♦❧✉çõ❡s (D.4)✳

❋❛r❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❡ ♠❛♥❡✐r❛ s❡♣❛r❛❞❛ ♣❛r❛ ❝❛❞❛ ✉♠ ❞❡❧❡s✱ ❝♦♠♦ s❡❣✉❡✿

❼ Pr✐♠❡✐r♦ ❡s♣✐♥♦r✿ ❆♣❧✐❝❛♥❞♦✲s❡ ❛ ♠❛tr✐① tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛✱ ♦❜t❡♠♦s

✶✹✹



u(1) = U † (p)× χ(1),

u(1) =
mψ − Ŝ
Nu




1

0

1

0




+
1

Nu




Eu + V̂0 − p3 − V̂3
−p1 − V̂1 − ip2 − iV̂2
Eu + V̂0 + p3 + V̂3
p1 + V̂1 + ip2 + iV̂2



, ✭❉✳✺✮

♦♥❞❡ Nu=
√

(Eu+V̂0+mψ−Ŝ)
2
+(p+V)2

Eu
.

❼ ❙❡❣✉♥❞♦ ❡s♣✐♥♦r✿ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✱ t❡♠♦s

u(2) = U † (p)× χ(2),

u(2) =
mψ − Ŝ
Nu




0

1

0

1




+
1

Nu




−p1 − V̂1 + ip2 + iV̂2
Eu + V̂0 + p3 + V̂3
p1 + V̂1 − ip2 − iV̂2
Eu + V̂0 − p3 − V̂3



. ✭❉✳✻✮

❖s ❡s♣✐♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s ❡stã♦ ❝♦♥❡❝t❛❞♦s ❛s s♦❧✉çõ❡s

❛❝✐♠❛ ❛tr❛✈és ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ❝❛r❣❛✱ ✈✐❞❡ s✉❜s❡çã♦ ✺✳✶✳✷✳ P♦r✲

t❛♥❞♦✱ ❛♦ ✐♥✈és ❞❡ ❛♣❧✐❝❛r ❛ ♠❛tr✐③ tr❛♥s❢♦r♠❛çã♦ ✐♥✈❡rs❛ U †✱ ❢❛r❡♠♦s ✉s♦ ❞❡st❛

❝♦♥❡①ã♦✳ ❆ s❡❣✉✐r ♠♦str❛♠♦s ❛s s♦❧✉çõ❡s ❞❡s❡❥❛❞❛s

v(1,2)|Ev =
1

Nv




u
(2,1)
4

−u(2,1)3

−u(2,1)2

u
(2,1)
1




∗

(−aµν···,−eµν···) . ✭❉✳✼✮

❆s ❡♥❡r❣✐❛s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❛♥t✐♣❛rtí❝✉❧❛s sã♦ ♠♦str❛❞❛s ❛ s❡❣✉✐r

Ev = Eu (−aµν···,−eµν···) . ✭❉✳✽✮

✶✹✺



❏á ❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ é ❞❛❞❛ ♣♦r

Nv=

√√√√
(
Ev + V̂0 +mψ − Ŝ

)
+
(
p+ V̂

)2

Ev
. ✭❉✳✾✮

❉❡✈❡✲s❡ ♥♦t❛r q✉❡ ❛s s♦❧✉çõ❡s ❛❝✐♠❛ sã♦ ❡①❛t❛s ❡ ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ♦s

♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ❞❡ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ d = 3. ◆♦ ❡♥t❛♥t♦✱ t❛✐s s♦❧✉çõ❡s ❡①❛t❛s

♣♦❞❡♠ s❡r ❡st❡♥❞✐❞❛s ♣❛r❛ q✉❛✐sq✉❡r ❝♦♥✜❣✉r❛çõ❡s ❞❡ Ŝ ❡ V̂µ ❝♦♠ ❞✐♠❡♥sã♦ ❞❡

♠❛ss❛ d > 3 ❞❡s❞❡ q✉❡ ❢❛ç❛♠♦s ❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦ ♥♦s ❡s♣✐♥♦r❡s✱ ❝♦♥❢♦r♠❡

s✉❜s❡çã♦ ✺✳✶✳✷✿

Ŝ → Ŝ
(
p0 = Ẽu

)
=

∞∑

d=3

S(d)α1α2...αd−3pα1pα2 . . . pαd−3
, ✭❉✳✶✵❛✮

V̂µ → V̂µ
(
p0 = Ẽu

)
=

∞∑

d=3

V (d)µα1α2...αd−3pα1pα2 . . . pαd−3
, ✭❉✳✶✵❜✮

♦♥❞❡ Ẽu é ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞❛ ♣❡❧♦s

♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ ❝♦♠ ❞✐♠❡♥sã♦ ❞❡ ♠❛ss❛ d ❛r❜✐trár✐❛✳ Ẽu ♣♦❞❡ s❡r ♦❜t✐❞♦

❛tr❛✈és ❞❛ ❡q✉❛çã♦ (4.28)✱ ♦✉ s❡❥❛✱

(
−mψ + Ŝ

)4
+
(
pµ + V̂µ

)4
−2
(
pµ + V̂µ

)
·
(
−mψ + Ŝ

)
·
(
−mψ + Ŝ

)
·
(
pµ + V̂µ

)
= 0.

✭❉✳✶✶✮

✶✹✻



❆♣ê♥❞✐❝❡ ❊

Pr♦♣❛❣❛❞♦r❡s

◆♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s✱ ✉♠ ♣r♦♣❛❣❛❞♦r ❞❡s❝r❡✈❡ ✉♠❛ ♣❛r✲

tí❝✉❧❛ ✈✐rt✉❛❧ q✉❡ é ❣❡r❛❞❛ ❡♠ ✉♠ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ é ❛♥✐q✉✐❧❛❞❛ ❡♠ ♦✉tr♦

♣♦♥t♦✳ Pr♦♣❛❣❛❞♦r❡s sã♦ ✐♠♣♦rt❛♥t❡s ❡♠ ♣r♦❝❡ss♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡♠ q✉❡ ❛

❝r✐❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ✈✐rt✉❛✐s t♦r♥❛✲s❡ r❡❧❡✈❛♥t❡✳ ❖ ♣r♦♣❛❣❛❞♦r S r❡♣r❡s❡♥t❛ ❛

❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♥♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s ❡ ♣♦❞❡ s❡r ♦❜✲

t✐❞❛ ✐♥✈❡rt❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝✱ S−1✱ ✭♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r ✉♠ ❢❛t♦r i ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ ❝♦♥✈❡♥çã♦ ✉s❛❞❛ ❡♠ ❬✻✶❪✮✳ ◆♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥t♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝

♠♦❞✐✜❝❛❞♦ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ (4.6)

S−1 ≡ γµpµ −mψI4 + Q̂ .

❖ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ é ✉♠❛ ♠❛tr✐③ 4 × 4 ♥♦ ❡s♣❛ç♦ ❞♦s ♠♦♠❡♥✲

t♦s✳ P♦rt❛♥t♦✱ ♣❛r❛ ♦❜t❡r ♦ ♣r♦♣❛❣❛❞♦r ♣r❡❝✐s❛♠♦s ✐♥✈❡rt❡r ❛ ♠❛tr✐③ S−1✳ P❛r❛

❡❢❡t✉❛r ♦ ❝á❧❝✉❧♦ ❞♦ ♣r♦♣❛❣❛❞♦r S✱ ❢❛r❡♠♦s ✉s♦ ❞♦s 16 ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s

{ΓA} ≡ {I4, γ5, γµ, iγ5γµ, σµν}❀ ✉♠❛ ✈❡③ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ❝♦♠♣❧❡①❛ 4× 4 ♣♦❞❡

s❡r ❡①♣❛♥❞✐❞❛ ❡♠ t❡r♠♦s ❞♦s {ΓA}✳ ❈♦♠♦ ♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s sã♦ ♦rt♦❣♦✲

♥❛✐s ❡♥tr❡ s✐✱ ♣♦❞❡♠♦s ♣r♦♣♦r ✉♠❛ ❢♦r♠❛ ❣❡r❛❧ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❡ ♠♦❞♦

❛ ❡①♣❧♦r❛r t❛❧ ♣r♦♣r✐❡❞❛❞❡✳ ❆ss✐♠✱ ❝♦♠♦ ✉♠ ❆♥s❛t③ s❡♥s❛t♦✱ ♣♦❞❡♠♦s ♣r♦♣♦r ❛

s❡❣✉✐♥t❡ ❡str✉t✉r❛ ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r

iS =
i

∆

(
ξ̂µγ

µ + Ξ̂I4 + Υ̂γ5 + ζ̂µγ
5γµ + ψ̂µνσ

µν
)
, ✭❊✳✶✮

✶✹✼



♦♥❞❡ ∆ é ✉♠ ❢❛t♦r ❣❧♦❜❛❧ q✉❡ s❡rá ✐❞❡♥t✐✜❝❛❞♦✱ ❛ ♣♦st❡r✐♦r✐✱ ❝♦♠♦ s❡♥❞♦ ♦ ❞❡t❡r✲

♠✐♥❛♥t❡ ❞❛ ♠❛t✐③ S−1✳

P❛r❛ ♦❜t❡r ♦ ♦♣❡r❛❞♦r S✱ ❜❛st❛ ❧❡♠❜r❛r q✉❡ ♦s 16 ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s s❛t✐s✲

❢❛③❡♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡✿ Tr(ΓAΓ
B) = 4δ B

A ✳ P♦rt❛♥t♦✱ ♣❛r❛

❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♣r❡s❡♥t❡s ♥❛ ❡q✉❛çã♦ (E.1)✱ ❞❡✈❡✲

♠♦s ♠✉❧t✐♣❧✐❝❛r S−1 ♣❡❧♦ ❝♦✈❛r✐❛♥t❡ ❜✐❧✐♥❡❛r ❞✉❛❧ {ΓA} ≡ {I4, γ5, γµ, γ5γµ, σµν} ❡

❝❛❧❝✉❧❛r ♦ tr❛ç♦ ❞❡ss❡ ♣r♦❞✉t♦✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ ♦❜t❡r❡♠♦s t♦❞❛s ❛s 16 ❝♦♠♣♦✲

♥❡♥t❡s {ξ̂µ✱Ξ̂✱Υ̂✱ζ̂µ✱ψ̂µν} ♣r❡s❡♥t❡s ♥❛ ❡q✉❛çã♦(E.1)✳ ❊①♣❧♦r❛r❡♠♦s ❛ ♠❡t♦❞♦❧♦❣✐❛

❛♣r❡s❡♥t❛❞❛ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r Q̂✳

❊✳✶ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s Ŝ ❡ V̂µ

■♥✐❝✐❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦ ♦ ♣r♦♣❛❣❛❞♦r ♣❛r❛ ✉♠❛ ❞❛s ❝♦♥✜❣✉r❛çõ❡s ♠❛✐s s✐♠♣❧❡s

❛ ✜♠ ❞❡ ❡①❡♠♣❧✐✜❝❛r ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆ ❝♦♥✜❣✉r❛çã♦ ❡♠

q✉❡stã♦ ❝♦♥s✐st❡ ♥❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ S−1 ♣❡❧♦s ♦♣❡r❛❞♦r❡s Ŝ ❡

V̂µ✱ ♦✉ s❡❥❛✱

S−1 = γµ
(
pµ + V̂µ

)
− I4

(
mψ − Ŝ

)
. ✭❊✳✷✮

❈♦♠♦ ❞❡s❝r✐t♦ ♥♦ ✐♥✐❝✐♦ ❞❡st❡ ❛♣ê♥❞✐❝❡✱ ❢❛r❡♠♦s ✉s♦ ❞❛s r❡❧❛çõ❡s ❞❡ ♦rt♦❣♦♥❛✲

❧✐❞❛❞❡ ❡♥tr❡ ♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ❝♦♠♣♦♥❡♥t❡s

{ξ̂µ✱Ξ̂✱Υ̂✱ζ̂µ✱ψ̂µν}✱ ♠✉❧t✐♣❧✐❝❛r❡♠♦s ❝❛❞❛ ✉♠ ❞♦s {ΓA} ♣❡❧♦ ♦♣❡r❛❞♦r S ❡ ❝❛❧❝✉❧❛r❡✲

♠♦s ♦ tr❛ç♦✳ ❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ❝❛❧❝✉❧❛r❡♠♦s ❛ ✐♥✈❡rs❛ ❞♦ ♦♣❡r❛❞♦r S−1✳ ❯s❛♥❞♦

♦ ❙♦❢t✇❛r❡ ▼❛t❤❡♠❛t✐❝❛ ❡♥❝♦♥tr❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

S =
1

∆

[(
pµ + V̂µ

)
γµ +

(
mψ − Ŝ

)
I4

]
, ✭❊✳✸✮

♦♥❞❡ ∆ é ❞❛❞♦ ♣♦r

∆ =
(
p+ V̂

)2
−
(
mψ − Ŝ

)2
. ✭❊✳✹✮

❆ ❡q✉❛çã♦ (E.3) ❥á ❡st❛ ❞❡❝♦♠♣♦st❛ ❡♠ t❡r♠♦s ❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✱ ♣♦r✲

t❛♥t♦✱ s❡rá ❢á❝✐❧ ♣r♦❝❡❞❡r ✉s❛♥❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛✳ ❆ s❡❣✉✐r✱ ❝❛❧❝✉❧❛r❡✲

✶✹✽



♠♦s ❛s ♣r♦❥❡çõ❡s ❞♦ ♦♣❡r❛❞♦r S✱ ❛ s❛❜❡r✿

1

4
Ξ̂ = Tr (I4S) =

(
pµ + V̂µ

)
Tr (I4γ

µ) +
(
mψ − Ŝ

)
Tr (I4I4) =

(
mψ − Ŝ

)
,

✭❊✳✺❛✮

1

4
Υ̂ = Tr (γ5S) =

(
pµ + V̂µ

)
Tr (γ5γ

µ) +
(
mψ − Ŝ

)
Tr (γ5I4) = 0, ✭❊✳✺❜✮

1

4
ξ̂µ = Tr (γµS) =

(
pµ + V̂µ

)
Tr (γµγ

µ) +
(
mψ − Ŝ

)
Tr (γµI4) =

(
pµ + V̂µ

)
,

✭❊✳✺❝✮

1

4
ζ̂µ = Tr (iγ5γµS) =

(
pµ + V̂µ

)
Tr (iγ5γµγ

µ) +
(
mψ − Ŝ

)
Tr (iγ5γµI4) = 0,

✭❊✳✺❞✮

1

4
ψ̂µν = Tr (σµνS) =

(
pµ + V̂µ

)
Tr (σµνγ

µ) +
(
mψ − Ŝ

)
Tr (σµνI4) = 0, ✭❊✳✺❡✮

♦♥❞❡ ♦ ❢❛t♦r 1
4
❞✐❛♥t❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❢♦✐ ❝♦❧♦❝❛❞♦ ♣❛r❛ ♥♦r♠❛❧✐③❛r ♦ ♣r♦❞✉t♦

❡s❝❛❧❛r ❡♥tr❡ ❛s ❢✉♥çõ❡s ❣❛♠♠❛✳ ❙✉❜st✐t✉✐♥❞♦ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ♥❛

❡q✉❛çã♦ (E.1)✱ ♦❜t❡♠♦s

iS =
i

∆

[(
pµ + V̂µ

)
γµ +

(
mψ − Ŝ

)
I4

]
.

❉❡✈❡♠♦s ♦❜s❡r✈❛r q✉❡ ❢❛③❡♥❞♦ ∆ = 0 ❡ r❡s♦❧✈❡♥❞♦ ♣❛r❛ p0 ♦❜t❡♠♦s ❛s ❡♥❡r❣✐❛s

♣❡r♠✐t✐❞❛s✳

❊✳✷ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r Âµ

❆ ❝♦♥✜❣✉r❛çã♦ q✉❡ ✐r❡♠♦s ❡①♣❧♦r❛r ❛❣♦r❛ tr❛t❛✲s❡ ❞♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦✈❡t♦r✐❛❧✳

❖ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ❡♠ q✉❡stã♦ é ❞❛❞♦ ♣♦r

S−1 = γµp
µ −mψI4 + Âµγ5γµ. ✭❊✳✻✮

✶✹✾



Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❡q✉✐✈❛❧❡♥t❡ ❛ s❡çã♦ ❊✳✶✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦♣❛❣❛❞♦r

iS =
i

∆Â

(
ξ̂ µÂγµ + Ξ̂ÂI4 + Υ̂Âγ5 + ζ̂ µÂγ5γµ + ψ̂ µν

Â σµν

)
, ✭❊✳✼✮

❡♠ q✉❡

Ξ̂Â = mψ

(
p2 −m2

ψ − Â2
)
, Υ̂Â = 0, ✭❊✳✽❛✮

ξ̂ µÂ = (p2 −m2
ψ + Â2)pµ − 2(p · Â)Âµ, ✭❊✳✽❜✮

ζ̂ µÂ = 2(p · Â)pµ − (p2 +m2
ψ + Â2)Âµ , ✭❊✳✽❝✮

ψ̂ µν

Â = mψε
µν̺σp̺Âσ, ✭❊✳✽❞✮

∆Â = (p+ Â)2(p− Â)2 − 2m2
ψ(p

2 − Â2) +m4
ψ, ✭❊✳✽❡✮

♦♥❞❡ ✜③❡♠♦s ✉s♦ ❞❛ ✈❡rsã♦ 4−❞✐♠❡♥s✐♦♥❛❧ ❞♦ sí♠❜♦❧♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ εµν̺σ ❡✱ ♣♦r

❞❡✜♥✐çã♦✱ ✉s❛♠♦s ε0123 = 1✳ ❖ ❢❛t♦r ❣❧♦❜❛❧ ∆Â ❢♦✐ ♦❜t✐❞♦ ❢❛③❡♥❞♦ ✉s♦ ❞♦s ♠❡s♠♦s

❛r❣✉♠❡♥t♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳

❊✳✸ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r T̂ µν

❆ ♣ró①✐♠❛ ❝♦♥✜❣✉r❛çã♦ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s tr❛t❛✲s❡ ❞♦ ♦♣❡r❛❞♦r t❡♥s♦r✐❛❧

❞❡ r❛♥❦ 2 T̂ µν ✳ ❖ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ é ❞❛❞♦ ♣♦r

S−1 = γµp
µ −mψI4 + T̂ µνσµν . ✭❊✳✾✮

❙❡❣✉✐♥❞♦ t♦❞♦s ♦s ♣❛ss♦s ❥á ❞❡s❝r✐t♦s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦♣❛❣❛❞♦r

iS =
i

∆T̂

(
ξ̂ µT̂ γµ + Ξ̂T̂ I4 + Υ̂T̂ γ5 + ζ̂ µT̂ γ5γµ + ψ̂ µν

T̂ σµν

)
, ✭❊✳✶✵✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ♠♦str❛❞♦s ❛❝✐♠❛ sã♦ ❞❛❞♦s ♣♦r

Ξ̂T̂ = mψ(p
2 −m2

ψ + 2X), Υ̂T̂ = −2imψY, ✭❊✳✶✶❛✮

✶✺✵



ξ̂ µT̂ = (p2 −m2
ψ − 2X)pµ − 2V µ, ζ̂ µT̂ = 2mψ

˜̂T µνpν , ✭❊✳✶✶❜✮

ψ̂ µν

T̂ =

[
X − 1

2
(p2 +m2

ψ)

]
T̂ µν + Y

˜̂T µν + T̂ µ̺p̺pν − pµT̂ ν̺p̺, ✭❊✳✶✶❝✮

∆T̂ = (p2 −m2
ψ − 2X)2 + 4(Y 2 − V · p− 2m2

ψX), ✭❊✳✶✶❞✮

V µ ≡ T̂ µν T̂ν̺p̺, X ≡ 1

4
T̂ µν T̂µν , Y ≡ 1

4
˜̂T µνTµν , ˜̂T µν ≡ 1

2
εµν̺σT̺̂σ.

✭❊✳✶✶❡✮

❱❡♠♦s q✉❡ ❛ ❡str✉t✉r❛ ❞♦ ♣r♦♣❛❣❛❞♦r ❡♠ q✉❡stã♦ é ♠✉✐t♦ ♠❛✐s ❝♦♠♣❧❡①❛ q✉❡ ♦s

♦✉tr♦s ❥á ♦❜t✐❞♦s✳ ■ss♦ ❞❡✈❡✲s❡ ❛ ♣ró♣r✐❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r T̂ µν q✉❡ é ✉♠

♦♣❡r❛❞♦r t❡♥s♦r✐❛❧✳ ◆❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ♦ ♣❛râ♠❡tr♦ Y ✱ ♣♦r ❡①❡♠♣❧♦✱ ❡stá r❡❧❛✲

❝✐♦♥❛❞♦ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞✉❛❧ ❛ T̂ µν q✉❡ ✐♥tr♦❞✉③ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♣s❡✉❞♦❡s❝❛❧❛r

♥ã♦ ♥✉❧❛✳

❊✳✹ Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r P̂
❆♣❡♥❛s ♣♦r ❝♦♠♣❧❡t❡③❛✱ ❝❛❧❝✉❧❛r❡♠♦s ♦ ♣r♦♣❛❣❛❞♦r ♣❛r❛ ♦ ♦♣❡r❛❞♦r ♣s❡✉❞♦

❡s❝❛❧❛r P̂ ✳ ❖ ♦♣❡r❛❞♦r ❞❡ ❉✐r❛❝ ♠♦❞✐✜❝❛❞♦ ♣♦r ❡st❡ ♦♣❡r❛❞♦r é ♠♦str❛❞♦ ❛ s❡❣✉✐r

S−1 = γµp
µ −mψI4 + iP̂γ5.

❖ ♣r♦♣❛❣❛❞♦r é ❞❛❞♦ ♣♦r

iS =
i

∆P̂

(
ξ̂ µP̂γµ + Ξ̂P̂I4 + Υ̂P̂γ5 + ζ̂ µP̂ γ5γµ + ψ̂ µν

P̂ σµν

)
, ✭❊✳✶✷✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ♠♦str❛❞♦s ❛❝✐♠❛ sã♦ ❞❛❞♦s ♣♦r

ξ̂ µP̂ = pµ, Ξ̂P̂ = mψ, ✭❊✳✶✸❛✮

Υ̂P̂ = iP̂ , ζ̂ µP̂ = 0, ✭❊✳✶✸❜✮

ψ̂ µν

P̂ = 0, ∆P̂ = p2 −m2
ψ + P̂2. ✭❊✳✶✸❝✮

✶✺✶



❱❡♠♦s q✉❡ ♦ ♣r♦♣❛❣❛❞♦r ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❜❡♠ s✐♠♣❧❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛s

❝♦♥✜❣✉r❛çõ❡s ♣s❡✉❞♦✈❡t♦r✐❛❧ ❡ t❡♥s♦r✐❛❧✳

❊✳✺ ❖❜s❡r✈❛çõ❡s ✜♥❛✐s

❆❧❣✉♥s ❝♦♠❡♥tár✐♦s ♣♦❞❡♠ s❡r ❢❡✐t♦s ❛❝❡r❝❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s {Ŝ✱P̂ ✱V̂µ✱Âµ✱T̂ µν} →
0 r❡❝✉♣❡r❛♠♦s ♦ ♣r♦♣❛❣❛❞♦r ✉s✉❛❧✱ ♦✉ s❡❥❛✱ iS = i (pµγ

µ −mψ) /(p
2 −m2

ψ)✳ ❊st❡

r❡s✉❧t❛❞♦ ♠♦str❛ ❛ ❝♦♥s✐stê♥❝✐❛ ❞♦s ♣r♦♣❛❣❛❞♦r❡s ♦❜t✐❞♦s✳ ❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ♦s

♣r♦♣❛❣❛❞♦r❡s q✉❡ ❛♣r❡s❡♥t❛♠♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s sã♦ ✈á❧✐❞♦s ♣❛r❛ q✉❛✐sq✉❡r

❞✐♠❡♥sã♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢♦r♠❛ ❞♦s ♦♣❡r❛❞♦r❡s ♥ã♦ ♠♦❞✐✜❝❛♠ ❛ ❡str✉t✉r❛ ❣❡✲

r❛❧ ❞♦ ♣r♦♣❛❣❛❞♦r✳ ❊♠ t❡r❝❡✐r♦ ❧✉❣❛r✱ ❣❛♥❤❛♠♦s ❛ ❡str✉t✉r❛ ❢❡❝❤❛❞❛ ❞❛ r❡❧❛çã♦

❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s {Ŝ✱P̂ ✱V̂µ✱Âµ✱T̂ µν} ♣❛r❛ q✉❛✐sq✉❡r ❞✐♠❡♥sã♦ ❞❡

♠❛ss❛✳ ❊st❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❝♦♥❢r♦♥t❛❞♦s ❝♦♠ ❛q✉❡❧❡s ♦❜t✐❞♦s ♥❛s s❡çõ❡s

✺✳✸ ❡ ✺✳✹✱ ✉♠❛ ✈❡③ q✉❡ ✉s❛♠♦s ♦✉tr♦ ♠ét♦❞♦ ♣❛r❛ ♦❜t❡r ❛s r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✱

✈✐❞❡ s✉❜s❡çã♦ ✹✳✸✳ P♦r ú❧t✐♠♦✱ ♣♦ré♠ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ ✈✐♠♦s q✉❡ ♦❜t❡r

♦s ♣r♦♣❛❣❛❞♦r❡s ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ❡♠ ❞✐♠❡♥sã♦ ❛r❜✐trár✐❛ é ♠❛✐s s✐♠♣❧❡s q✉❡

♦❜t❡r ♦s ❡s♣✐♥♦r❡s✳ ❆ ❞✐✜❝✉❧❞❛❞❡ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ♥♦s ❡s♣✐♥♦r❡s ♣r❡❝✐s❛♠♦s

s✉❜st✐t✉✐r t♦❞♦s ♦s p0 ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡①❛t❛ ❡✱ ❡st❛ ú❧t✐♠❛✱ s❡ t♦r♥❛ ♠❛✐s

❝♦♠♣❧✐❝❛❞❛ q✉❛♥t♦ ♠❛✐♦r ❢♦r ❛ ❞✐♠❡♥sã♦ ❞♦s ♦♣❡r❛❞♦r❡s q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s

❡♠ ❛✈❛❧✐❛r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s ♣r♦♣❛❣❛❞♦r❡s ♠❛tê♠ ♦ ✈❛❧♦r ❞❡ p0 ✐♥❞❡t❡r♠✐♥❛❞♦ ♦

q✉❡ t♦r♥❛ ♦ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡♥çã♦ ❞♦s ♠❡s♠♦s ♠❛✐s ❢á❝✐❧✳

✶✺✷



❆♣ê♥❞✐❝❡ ❋

▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s

◆❡st❡ ❛♣ê♥❞✐❝❡ ❝❛❧❝✉❧❛r❡♠♦s ❡①♣❧í❝✐t❛♠❡♥t❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡ ♦s ❡s♣✐✲

♥♦r❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣❛rtí❝✉❧❛s u(α)✳ ❋❛r❡♠♦s ❡st❡ ❝á❧❝✉❧♦ ❛♣❡♥❛s ♣❛r❛ ❛❧❣✉♠❛s

❝♦♥✜❣✉r❛çõ❡s ❡s♣❡❝✐❛✐s q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s

♥❛s s❡çõ❡s ✺✳✷✱ ✺✳✸✱ ✺✳✺ ❡ ♥♦ ❛♣ê♥❞✐❝❡ ❉✳

❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é r❡♣r❡s❡♥t❛❞♦ ♣♦r⊗ ❡ ❞❡✈❡♠♦s ❡❢❡t✉á✲❧♦ ❡♥tr❡ ♦s ❡s♣✐♥♦r❡s✱

♦✉ s❡❥❛✱ u(α) ⊗ ū(α) ♦♥❞❡ ū(α) = u(α)∗γ0✳ ❊st❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ✐rá ♥♦s ❣❡r❛r ❝♦♠♦

r❡s✉❧t❛❞♦ ✉♠❛ ♠❛tr✐① 4 × 4 q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❡♠ t❡r♠♦s

❞♦s ❝♦✈❛r✐❛♥t❡s ❜✐❧✐♥❡❛r❡s✳ ❆❞♦t❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡

❊✱ ♦❜t❡♠♦s✿

u(α) ⊗ ū(α) = ξ̂µ(α)γµ + Ξ̂(α)I4 + Υ̂(α)γ5 + ζ̂µ(α)γ5γµ + ψ̂µν(α)σµν . ✭❋✳✶✮

❆ s❡❣✉✐r✱ ❛✈❛❧✐❛♠♦s ❛❧❣✉♥s ❝❛s♦s q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦s ♦♣❡r❛❞♦r❡s Â ❡

T̂ ✱ ♦ ❝❛s♦ ♥ã♦✲♠í♥✐♠♦ ❞♦ ♦♣❡r❛❞♦r P̂ ✱ ❛❧é♠ ❞❛ ❝♦♥✜❣✉r❛çã♦ ♠í♥✐♠❛ ❞♦s ♦♣❡r❛❞♦r❡s

Ŝ ❡ V̂ ✳

❋✳✶ ❆❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ♦♣❡r❛❞♦r Âµ

❋✳✶✳✶ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r Â0 = −b(3)0

❖ ♣r✐♠❡✐r♦ ❝❛s♦ q✉❡ ❛✈❛❧✐❛r❡♠♦s é ❛ ❝♦♥✜❣✉r❛çã♦ ✐s♦tró♣✐❝❛ ❞♦ ♦♣❡r❛❞♦r Âµ✳
❙✉❜st✐t✉✐♥❞♦ Â0 = −b(3)0 ♥❛s s♦❧✉çõ❡s ♣❛r❛ ♣❛rtí❝✉❧❛s ♦❜t✐❞❛s ♥❛ s❡çã♦ ✺✳✷ ❡

✶✺✸



❡❢❡t✉❛♥❞♦ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦

u(1,2) ⊗ ū(1,2) = ξ̂µ(1,2)γµ + Ξ̂(1,2)I4 + Υ̂(1,2)γ5 + ζ̂µ(1,2)γ5γµ + ψ̂µν(1,2)σµν |p0=E0
, ✭❋✳✷✮

♦♥❞❡

Ξ̂(1,2) = −
mψ

2
, Υ̂(1,2) = 0, ✭❋✳✸❛✮

ξ̂µ(1,2) =
1

2
pµ ± 1

2

(
|p|
E0
p

|p|

)µ

b(3)0, ✭❋✳✸❜✮

ζ̂µ(1,2) = ∓
1

2

(
|p|
E0

|p|p

)µ

− 1

2

(
1
p

E0

)µ

b(3)0, ✭❋✳✸❝✮

ψ̂i0(1,2) = 0, ψ̂ij(1,2) = ∓
mψ

4 |p|ε
ijkpk. ✭❋✳✸❞✮

❖ t❡r♠♦ εijk é ♦ sí♠❜♦❧♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❡♠ três ❞✐♠❡♥sõ❡s ❡ ✉s❛♠♦s ❛ ❝♦♥✈❡♥çã♦

ε123 = 1✳ ❉❡✈✐❞♦ ❛ ✐s♦tr♦♣✐❛ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❛❝✐♠❛✱ ♦❜s❡r✈❛♠♦s q✉❡ t♦❞❛s ❛s

q✉❛♥t✐❞❛❞❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞♦ ♠♦❞✉❧♦ ❞♦ ♠♦♠❡♥t♦✳

❋✳✶✳✷ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r Â3 = −b(3)3

❖ s❡❣✉♥❞♦ ❝❛s♦ ❛ s❡r tr❛t❛❞♦ é ❛ ❝♦♥✜❣✉r❛çã♦ ❛♥✐s♦tró♣✐❝❛ Â3 = −b(3)3✳ ❆

♣❛rt✐r ❞❛s s♦❧✉çõ❡s ♦❜t✐❞♦s ♥❛ s❡çã♦ ✺✳✸✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s

u(1,2) ⊗ ū(1,2) = ξ̂µ(1,2)γµ + Ξ̂(1,2)I4 + Υ̂(1,2)γ5 + ζ̂µ(1,2)γ5γµ + ψ̂µν(1,2)σµν |p0=E0
, ✭❋✳✹✮

♦♥❞❡

Ξ̂(1,2) = −
mψ

2

(
1± b(3)3

Ω3

)
, Υ̂(1,2) = 0, ✭❋✳✺❛✮

✶✺✹



ξ̂µ(1,2) =
1

2
pµ +

1

2

(
Ω3

E0
b(3)3

0

)µ

± 1

2

(
p · λ

Ω3

)
b(3)3λµ, ✭❋✳✺❜✮

ζ̂µ(1,2) = ±
(
p · λ

2Ω3

)
pµ +

(
p · λ

2Ω3

)(Ω3

E0
b(3)3

0

)µ

+

(
±Ω3 ∓

(
p · λ

Ω3

)2

+ b(3)3

)
λµ,

✭❋✳✺❝✮

ψ̂0i
(1,2) = ±

mψ

4Ω3

ε0ijpj, ψ̂12
(1,2) =

mψ

4Ω3

(
±E0 +

Ω3

E0

b(3)3
)
. ✭❋✳✺❞✮

❋✐③❡♠♦s ✉s♦ ❞♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s✿ Ω3 =
√
p23 +m2

ψ✱ λ
µ = δµ3 ❡ ε012 = 1✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❛s q✉❛♥t✐❞❛❞❡s Ω3 ❡ λµ ❣❛r❛♥t❡♠

q✉❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❡♠ q✉❡stã♦ é r❡❛❧♠❡♥t❡ ❛♥✐s♦tró♣✐❝❛✳

❋✳✷ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ♦ ♦♣❡r❛❞♦r T̂ µν

❆s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❞♦ ♦♣❡r❛❞♦r T̂ µν q✉❡ ✐r❡♠♦s tr❛t❛r

♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛s s♦❧✉çõ❡s ❝❛❧❝✉❧❛❞❛s ❡♠ ✺✳✷✳ ❆ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✐♥t❡r❡ss❡

é ♦❜t✐❞❛ ❢❛③❡♥❞♦ T̂ ij = g(4)ijk = g1×εijk✳ ❊st❛ ❡s❝♦❧❤❛ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❝♦♥✜❣✉r❛çã♦

✐s♦tró♣✐❝❛ ✭❝♦♠♦ ♠♦str❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡ ❇✳✮ P❛r❛ ❡st❡ ❝❛s♦✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s

r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

u(1,2) ⊗ ū(1,2) = ξ̂µ(1,2)γµ + Ξ̂(1,2)I4 + Υ̂(1,2)γ5 + ζ̂µ(1,2)γ5γµ + ψ̂µν(1,2)σµν |p0=E0
, ✭❋✳✻✮

♦♥❞❡

Ξ̂(1,2) = −
1

2
(mψ + g1 |p|) , Υ̂(1,2) = 0, ✭❋✳✼❛✮

ξ̂µ(1,2) =
pµ

2
, ζ̂µ(1,2) =

pµ

2 |p| , ✭❋✳✼❜✮

ψ̂0i
(1,2) = 0, ψ̂ij(1,2) =

(mψ + g1 |p|)
4

εijk
pk

|p| . ✭❋✳✼❝✮

✶✺✺



❖ t❡r♠♦ εijk é ♦ sí♠❜♦❧♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❡♠ três ❞✐♠❡♥sõ❡s ❡ ✉s❛♠♦s ❛ ❝♦♥✈❡♥çã♦

ε123 = 1✳ ❈♦♠♦ ❥á ❡s♣❡r❛❞♦✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❛❝✐♠❛ ❞❡♣❡♥❞❡♠

❛♣❡♥❛s ❞♦ ♠♦❞✉❧♦ ❞♦ ♠♦♠❡♥t♦✳

❋✳✸ ▼❛tr✐③❡s ❡s♣✐♥♦r✐❛✐s ❞♦ ♦♣❡r❛❞♦r ♥ã♦✲♠í♥✐♠♦

P̂

P❛r❛ ❛s s♦❧✉çõ❡s ❡s♣✐♥♦r✐❛✐s ❞♦ ♦♣❡r❛❞♦r ♥ã♦✲♠í♥✐♠♦ P̂ ✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s

r❡s✉❧t❛❞♦s

u(1,2) ⊗ ū(1,2) = ξ̂µ(1,2)γµ + Ξ̂(1,2)I4 + Υ̂(1,2)γ5 + ζ̂µ(1,2)γ5γµ + ψ̂µν(1,2)σµν |p0=E0
, ✭❋✳✽✮

♦♥❞❡

1

N 2
u

Ξ̂(1,2) =
mψ

4E0

(
1− P̂

2

4E2
0

)
, Υ̂(1,2) = i

P̂
4E0

, ✭❋✳✾❛✮

1

N 2
u

ξ̂µ(1,2) =
1

4E0

(
1− P̂

2

4E2
0

)
pµ +

P̂2

8E2
0

δµ0, ✭❋✳✾❜✮

1

N 2
u

ζ̂0(1,2) = ±
1

4E0

(
1− P̂

2

4E2
0

)
p3, ✭❋✳✾❝✮

1

N 2
u

ζ̂ i(1,2) = ±
P̂
4E0

εijpj ± pi

4E0 (E0 +mψ)

(
1 +

P̂2

4E2
0

)
p3

∓ mψ

4E0

(
1 +

P̂2

4E2
0

)
δi3, ✭❋✳✾❞✮

1

N 2
u

ψ̂i0(1,2) = ±
εijpj

8E0

(
1 +

P̂2

4E2
0

)
± P̂

8E2
0 (E0 +mψ)

pip3 ∓
P̂
8E2

0

mψδ
i3, ✭❋✳✾❡✮

✶✺✻



1

N 2
u

ψ̂ij(1,2) = ±
εijkpkp3

8E0 (E0 +mψ)

(
1− P̂

2

4E2
0

)
± εij3

8

(
1− P̂

2

4E2
0

)
. ✭❋✳✾❢✮

❖s t❡r♠♦s εij ❡ εijk sã♦ ♦s sí♠❜♦❧♦s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❡♠ ❞✉❛s ❡ três ❞✐♠❡♥sõ❡s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐③❡♠♦s ✉s♦ ❞❛ s❡❣✉✐♥t❡ ❝♦♥✈❡♥çã♦✿ ε123 = 1✱ ε12 = 1 ❡ ε3j = 0✳

❖ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ Nu é ❞❛❞♦ ♣♦r

Nu =
1

√
2 (E0 +mψ)

√
1 + P̂2

4E2
0

.
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1

Ñu
Ξ̂(1,2)f (4) =

mψ

4E0

(
1− f 2

4E2
0

p2

)
, Υ̂(1,2) = i

f

4E0

p, ✭❋✳✶✵❛✮

1

Ñu
ξ̂µ
(1,2)f (4)

=
1

4E0

(
1− f 2

4E2
0

p2

)
pµ +

f 2

8E2
0

p2δµ0, ✭❋✳✶✵❜✮

1

Ñu
ζ̂0(1,2)f (4) = ±

1

4E0

(
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Ñu
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1

Ñu
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εijpj
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0

p2
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ppip3
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8E2
0
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1
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(
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1
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)
(
pµ + V̂µ
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mψ − Ŝ

)
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The Standard Model extension (SME) parametrizes all possible Lorentz-violating contributions to the

Standard Model and general relativity. It can be considered as an effective framework to describe possible

quantum-gravity effects for energies much below the Planck energy. In the current paper, the spin-

nondegenerate operators of the SME fermion sector are the focus. The propagators, energies, and solutions

to the modified Dirac equation are obtained for several families of coefficients including nonminimal ones.

The particle energies and spinors are computed at first order in Lorentz violation and, with the optical

theorem, they are shown to be consistent with the propagators. The optical theorem is then also used to

derive the matrices formed from a spinor and its Dirac conjugate at all orders in Lorentz violation. The

results are the first explicit ones derived for the spin-nondegenerate operators. They will prove helpful for

future phenomenological calculations in the SME that rely on the footing of quantum field theory.
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I. INTRODUCTION

Quantum-gravity effects may induce minuscule violations

of Lorentz invariance. This is motivated by a number of

articles that have been published during the past 25 years.

Lorentz symmetry violation was shown to occur in string-

theory models [1–5], loop quantum gravity [6,7], non-

commutative theories [8,9], models describing a small-scale

structure of spacetime [10–12], quantum field theories on

spacetimes with nontrivial topology [13,14], and last but not

least, Hořava-Lifshitz gravity [15].

Although there are specific models in various approaches

to quantum gravity, it is highly challenging to extract

generic physical statements or principles from such models.

After all, theoretical observations are very specific to a

particular model under consideration and it is not clear at all

whether the same or similar results will be obtained within

a different model. Understanding the physics of model after

model always requires starting a calculation from scratch

and studying more general models may turn out to be

impractical. Besides, it is not clear at all where to look for

Lorentz violation specifically, insofar there is no preference

of any particle sector or any prototype of quantum gravity.

For these reasons, it is much more reasonable to have

a general, effective framework available including all

possible Lorentz-violating terms that are consistent with

coordinate invariance and the gauge structure of the

Standard Model of elementary particles. Such a framework

is provided by the Standard Model extension (SME), which

is a collection of all Lorentz-violating contributions in both

the Standard Model and general relativity [16–18]. Each

Lorentz-violating term is decomposed into field operators

and component coefficients that can be interpreted as

background fields permeating the vacuum. The SME

allows for obtaining experimental predictions that are

independent of any specific underlying model. The big

advantage is that large regions of coefficient space can be

tested with a single experiment only, i.e., in principle many

distinct models are covered by doing so. Since every

particle sector is contained, a large variety of experiments

can be considered ranging from precise measurements of

hyperfine splitting in hydrogen to observations of ultrahigh

energy cosmic rays. In the physics community, there seems

to be a greater interest in searches for CPT violation than

for Lorentz violation. In this context, one has to remark

that CPT violation implies Lorentz violation [19], which is

why all CPT-violating operators are contained in the SME

automatically.

Lorentz-violating operators are classified according to

their mass dimension. The finite number of operators with

mass dimensions of 3 and 4 are contained in the minimal

SME [17]. The remaining infinite number of higher-

dimensional operators are part of the nonminimal SME

[20–22]. Note that the nonlinear nonminimal gravity sector

was discussed in [23], where the recent paper [24] contains

a classification of the nonminimal coefficients in the

linearized gravity sector. The nonminimal SME is a natural

generalization of the minimal framework. It must be kept in

mind that nonminimal operators become more dominant

for increasing energies. Also, due to the negative mass

dimension of the commutativity tensor in noncommutative

field theories, such models can only be mapped to

coefficients of the nonminimal SME, which justifies its

consideration.

With the construction of the (minimal) SME, searches

for violations of Lorentz invariance in Nature have had their
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revival. This has led to a steadily increasing number of

cutting-edge experiments testing Lorentz invariance, which

enlarges the set of constraints on Lorentz violation yearly.

At the same time, the sensitivity for detecting Lorentz

invariance has been augmenting at a fast pace, leading to an

improvement of constraints by several orders of magnitude

within a few years, such as in the neutrino sector [25].

The theoretical properties of the SME at tree level were

investigated in a large series of papers [26–42], while

radiative corrections were studied in [43–61]. In particular,

the authors of [26] examined properties of the minimal

fermion sector in general, whereas [28] is dedicated to the

minimal a and b coefficients. Furthermore, in [38] the

(nonminimal) fermion operators that are degenerate with

respect to particle spin are the focus. This concerns the a, c,
f, and m coefficients. So far, the modified propagators and

particle spinors have not been stated explicitly in the

literature for the spin-nondegenerate cases, which involves

the b, d, H, and g coefficients.
1
The goal of the current

paper is to fill this gap. Since all fields will be defined in

Minkowski spacetime, it suffices to consider explicit

Lorentz symmetry breaking. Hence, the Lorentz-violating

background fields are introduced by hand and they lack any

dynamics. Note that in curved spacetimes, this procedure is

not sufficient, but one either has to break Lorentz symmetry

spontaneously [62–65] or one must work in an extended

geometrical framework. Finsler geometry seems to be very

promising in this context and it has been in the spotlight for

a couple of years [66–80].

The paper is organized as follows. In Sec. II, we state

the propagators for the operators that break spin degen-

eracy. The results are valid for all possible choices of b, d,
H, and g coefficients, no matter whether they are part

of the minimal or nonminimal SME. In Sec. III, both the

dispersion relations and the solutions of the modified Dirac

equation are given at first order in Lorentz violation for

specific choices of minimal and nonminimal coefficients.

The method of obtaining these solutions, which was

developed in [22], will be reviewed. Section IV is dedicated

to obtaining the matrices constructed from a spinor and its

Dirac conjugate. These objects are indispensable in phe-

nomenological calculations within quantum field theory. In

this context, the optical theorem is employed as a tool to

obtain the matrices and also to check consistency between

the propagators and the first-order solutions of the Dirac

equation. It is well known that additional time derivatives in

Lorentz-violating theories lead to several issues both in the

minimal and the nonminimal SME. How these can be

resolved for specific cases will be outlined in Sec. V. Last

but not least, the results are summarized and discussed in

Sec. VI. For demonstration purposes, exact spinors for a

limited number of coefficients can be found in Appendix A.

For completeness, in Appendixes B and C we give the

spinors and the propagator for the spin-degenerate oper-

ators. Besides, we will state a couple of specific spinor

matrices in Appendix D. Natural units are used with

ℏ ¼ c ¼ 1, unless otherwise stated. For typesetting pur-

poses, momentum components will often have lower

indices, but these should always be understood as compo-

nents of the contravariant momentum.

II. SME FERMION SECTOR AND PROPAGATORS

The construction of the minimal SME fermion sector

was initiated in [16,17]. Ultimately, the Lagrange density of

both the minimal and the nonminimal sector is expressed as

follows [22]:

L ¼ 1

2
ψ̄ðγμi∂μ −mψ14 þ Q̂Þψ þ H:c: ð2:1Þ

Here, ψ is a Dirac spinor and ψ̄ ≡ ψ†γ0 is its Dirac

conjugate. The fermion mass is denoted as mψ to distin-

guish it from one of the Lorentz-violating operators.

Furthermore, γμ are the standard Dirac matrices obeying

the Clifford algebra fγμ; γνg ¼ 2ημν14, with the Minkowski

metric ημν and the identity matrix 14 in spinor space.

Lorentz-violating contributions are contained in Q̂, which

is a 4 × 4 matrix in spinor space as well. All fields are

defined in Minkowski spacetime with metric signature

ðþ;−;−;−Þ. In the nonminimal SME, Q̂ is an expansion

in terms of derivatives ∂μ, in position space, or momenta,

pμ ¼ i∂μ, in momentum space. In spinor space, Q̂ is

decomposed into the 16 Dirac bilinears:

Q̂ ¼ Ŝ þ iP̂γ5 þ V̂μγμ þ Â
μ
γ5γμ þ

1

2
T̂

μν
σμν; ð2:2Þ

with the chiral Dirac matrix γ5 ¼ γ5 ≡ iγ0γ1γ2γ3 and the

commutator σμν of two Dirac matrices: σμν ≡ i=2½γμ; γν�.
The scalar, pseudoscalar, and vector operators Ŝ, P̂, and V̂

contain the a, c, e, f, m, and m5 coefficients; cf. Eq. (7) in

[22]. The m5 coefficients can be absorbed into the physical

fields by a chiral transformation but they are usually stated

for completeness. The remaining ones were subject to

studies in [38]. In the latter reference, certain properties of

quantum field theories, based on these coefficients, were

examined. Such frameworks do not break spin degeneracy,

which means that the characteristics of a particle do not

depend on the direction of the spin projection along the

quantization axis. Hence, there is only a single dispersion

relation and a single spinor for particles and antiparticles,

respectively. The situation is different for the spin-

nondegenerate operators, which are the pseudovector Â
μ

and the two-tensor T̂
μν
. Those contain the b, d, H, and g

1
Note that even for these coefficients there are particular

choices that have a single dispersion relation for particles and
antiparticles, respectively. Currently such a framework is under
consideration and the outcomes will be reported in a forthcoming
paper.
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coefficients and their nonminimal versions are given

by [22]

Â
μ ¼ d̂μ − b̂μ; T̂

μν ¼ ĝμν − Ĥμν; ð2:3aÞ

b̂μ ¼
X

d odd

bðdÞμα1…αd−3pα1
…pαd−3

; ð2:3bÞ

d̂μ ¼
X

d even

dðdÞμα1…αd−3pα1
…pαd−3

; ð2:3cÞ

Ĥμν ¼
X

d odd

HðdÞμνα1…αd−3pα1
…pαd−3

; ð2:3dÞ

ĝμν ¼
X

d even

gðdÞμνα1…αd−3pα1
…pαd−3

; ð2:3eÞ

with the superscript (d) giving the mass dimension of each

coefficient. Here bðdÞμα1…αd−3 etc. are called the component

or controlling coefficients, which can be interpreted as

background fields in the vacuum. The latter equations give

the definitions of the Lorentz-violating operators that will

be examined in the current paper. The mass dimensions of

the minimal b and H coefficients are 1, whereas the

minimal d and g coefficients are dimensionless. For each

term in the expansions, the number of additional momen-

tum components increases by 2, successively, which is why

the mass dimension of the appropriate coefficients

decreases by 2. Moreover, the associated b, d, H, and g
coefficients break spin degeneracy. Therefore, there are two

possible dispersion relations and spinors for both particles

and antiparticles. We will encounter this behavior in the

course of the article.

Before solving the modified Dirac equation, we are

interested in the propagators of the frameworks that rest on

the operators of Eq. (2.3). In the context of quantum field

theory, a propagator describes a virtual particle that is

generated at one spacetime point and annihilated at another

one. Propagators play a role in interaction processes where

virtual particles occur. Thereby, due to the physical

propagator poles, the contribution to the probability ampli-

tude becomes large whenever the momentum of any virtual

particle is nearly on shell. The propagator iS is the Green’s

function of the free-field equations in momentum space,

i.e., it is the inverse of the Dirac operator, S−1, that appears
in the field equations (multiplied by an additional factor of i

according to the conventions of [81]). In momentum space

the latter is given by Eq. (4) of [22]:

S−1 ¼ γμpμ −mψ14 þ Q̂: ð2:4Þ

The Dirac operator is a 4 × 4 matrix in spinor space. Thus,

to obtain the propagator this matrix has to be inverted, for

which the 16 Dirac bilinears fΓAg≡ f14; γ5; γμ; iγ5γμ; σμνg
are indispensable. Any complex 4 × 4 matrix can be

expanded in terms of fΓAg. Hence, for the inverse of

the Dirac operator we propose the Ansatz

iS ¼ i

Δ
ðξ̂μγμ þ Ξ̂14 þ ϒ̂γ5 þ ζ̂μγ

5γμ þ ψ̂μνσ
μνÞ; ð2:5Þ

where Δ is the overall denominator of the propagator.

There are now two possibilities of proceeding. First,

Eq. (2.5) can be inserted into S−1S ¼ SS−1 ¼ 14. This

delivers a system of 16 linear equations in the 16 param-

eters fΞ̂; ϒ̂; ξ̂μ; ζ̂μ; ψ̂μνg=Δ that are themselves functions of

the four-momentum components, the particle mass, and the

Lorentz-violating coefficients. It is no obstacle solving this

system with computer algebra. The second possibility is to

keep in mind that the Dirac bilinears obey the orthogonality

relation TrðΓAΓ
BÞ ¼ 4δA

B, where the appropriate Lorentz

indices are lowered to obtain the dual basis fΓAg.
Multiplying the inverse of the Dirac operator with each

of the Dirac bilinears, each parameter can be obtained

relying on the orthogonality condition.

A. Propagator for Â
μ

Now the propagator is obtained for the b and d
coefficients, that are comprised in the observer Lorentz

pseudovector Â
μ
, according to Eq. (2.3a). The Dirac

operator is given by Eq. (2.4), where Q̂ ¼ Â
μ
γ5γμ.

Either of the two procedures outlined above leads to the

result

Ξ̂
Â
¼ mψ ðp2 −m2

ψ − Â
2Þ; ð2:6aÞ

ϒ̂
Â
¼ 0; ð2:6bÞ

ξ̂
μ

Â
¼ ðp2 −m2

ψ þ Â
2Þpμ − 2ðp · ÂÞÂμ; ð2:6cÞ

ζ̂
μ

Â
¼ 2ðp · ÂÞpμ − ðp2 þm2

ψ þ Â
2ÞÂμ; ð2:6dÞ

ψ̂
μν

Â
¼ mψε

μνϱσpϱÂσ; ð2:6eÞ

Δ
Â
¼ ðpþ ÂÞ2ðp − ÂÞ2 − 2m2

ψðp2 − Â
2Þ þm4

ψ ; ð2:6fÞ

with the four-dimensional totally antisymmetric Levi-

Civita symbol, εμνϱσ, where ε0123 ¼ 1. Several remarks

are in order. First, the physical dispersion relations are

poles of the propagator, i.e., they are zeros of the global

denominator Δ. The result for Δ corresponds to the

determinant of the Dirac operator that was obtained in

Eq. (4) of [70]. For minimal coefficients, this is a fourth-

order polynomial in p0—even when the Lagrange density

contains additional time derivatives. Under that condition,

there are two particle dispersion relations and (after

reinterpretation) two antiparticle dispersion relations.

Hence, the usual spin degeneracy of the particle energy
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is broken for this framework. Note that with additional time

derivatives, the number of poles even increases. Second, for

vanishing Lorentz violation, Â
μ ¼ 0, the standard propa-

gator iS ¼ iðpþmψÞ=ðp2 −m2
ψÞ is recovered. Third, the

propagator, as it stands, is valid for both the minimal and

nonminimal framework because additional powers of the

four-momentum, which are contained in Â
μ
, do not modify

the overall propagator structure.

B. Propagator for T̂
μν

The second framework considered is based on a non-

vanishing observer two-tensor T̂
μν

in Eq. (2.3a), which

contains both the H and the g coefficients. The Dirac

operator includes the modification Q̂ ¼ T̂
μν
σμν=2. The

propagator can be obtained in analogy to the previous

framework and its structure is a bit more involved:

Ξ̂
T̂
¼ mψðp2 −m2

ψ þ 2XÞ; ð2:7aÞ

ϒ̂
T̂
¼ −2imψY; ð2:7bÞ

ξ̂
μ

T̂
¼ ðp2 −m2

ψ − 2XÞpμ − 2Vμ; ð2:7cÞ

ζ̂
μ

T̂
¼ 2mψ

~̂
T

μν
pν; ð2:7dÞ

ψ̂
μν

T̂
¼
�
X −

1

2
ðp2 þm2

ψÞ
�
T̂

μν þ Y
~̂
T

μν þ T̂
μϱpϱp

ν

− pμT̂
νϱpϱ; ð2:7eÞ

Δ
T̂
¼ ðp2 −m2

ψ − 2XÞ2 þ 4ðY2 − V · p − 2m2
ψXÞ; ð2:7fÞ

Vμ ≡ T̂
μν
T̂ νϱp

ϱ; ð2:7gÞ

X ≡
1

4
T̂

μν
T̂ μν; Y ≡

1

4

~̂
T

μν
T μν;

~̂
T

μν
≡

1

2
εμνϱσT̂ ϱσ:

ð2:7hÞ

Again several remarks are in order. First, the zeros of the

overall denominator Δ correspond to the physical

dispersion relations. Note that Δ is equal to the determinant

of the Dirac operator, which is stated in Eq. (15) of [70].

Such as for Â
μ
, the denominator Δ has at least four zeros.

Second, the propagator has a pseudoscalar part that is

characterized by a nonvanishing quantity, Y, linked to the

dual tensor of T̂ μν.

It is interesting to observe that computing the propa-

gators is much easier than obtaining the spinors, as we shall

see. The reason is that propagators are off-shell objects,

where p0 is a free quantity. However, the spinor solutions

of the Dirac equation are valid on shell. Exact dispersion

relations can become highly complicated even for simple

choices of component coefficients, for example when they

produce third-order polynomials in p0. It may not even

possible to give solutions of polynomials with order higher

than four in a closed form. Hence, it is not surprising that

the complexity of the spinors follows the complexity of the

dispersion laws.

III. DISPERSION RELATIONS AND SPINORS

The Lorentz-violating background field does not only

modify the propagators but it changes the physical energy-

momentum correspondences as well. We have already

observed this from the modified overall denominator in

the propagator, whose poles correspond to these dispersion

relations on the one hand. On the other hand, it is possible

to obtain the dispersion relations directly from the deter-

minant of the Dirac operator that changes due to Lorentz

violation. The modified Dirac operator is stated in Eq. (2.4)

with the Lorentz-violating modification Q̂. In the current

section, the Dirac equation will be solved for multiple

frameworks that are considered as exemplary. There are

several procedures to do so.

The first method is to simply consider the Dirac equation

in momentum space as a homogeneous linear system

of equations whose solutions are the Dirac spinors. For

the spinor solutions to be nontrivial, the determinant of the

Dirac operator has to vanish. This condition sets the

hitherto arbitrary zeroth four-momentum component to

allowed energy levels. Since the Dirac operator is a

4 × 4 matrix in spinor space, the polynomial in p0 is at

least of degree 4. There are both positive- and negative-

energy values. The positive ones E> can be interpreted as

the energies for free particles, i.e., p0 ¼ E>ðpÞ in this case.
The negative ones E< indicate the appearance of anti-

particles, which are reinterpreted according to the pro-

cedure of Feynman and Stückelberg to give physically

meaningful results. The reinterpretation works such that

antiparticles are considered as particles propagating back-

ward in time, which leads to four-momentum components

with opposite signs. Hence, for antiparticles we have that

p0 ¼ −E<ð−pÞ > 0 [22,26,38]. With p0 set to the allowed

energy values, the system of equations has nontrivial

solutions for the spinors. For antiparticles, the Feynman-

Stückelberg reinterpretation has to be applied not only to

the negative-energy solutions but to the whole Dirac

operator. Solving the resulting system produces the spinors

for antiparticles.

The advantage of this general procedure is to deliver

energies and spinors that are exact in Lorentz violation.

However, the complexity of both the energies and the

spinors rises drastically the more controlling coefficients

are taken into account. The reason is that, even at second

order in Lorentz violation, more and more possible

products of distinct coefficients can be formed with an

increasing number of coefficients. For the purpose of

demonstration, two isotropic cases will be treated in

Appendix A according to the method outlined.
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It makes sense to obtain such exact solutions for

theoretical reasons, e.g., to investigate the physical con-

sistency of the framework under consideration. However,

for phenomenological studies it often suffices to restrain

particle energies, spinors, etc. to first order in Lorentz

violation. The particle and antiparticle energies can then be

obtained from the first-order Hamiltonians given by

Eqs. (60) and (64) of [22], respectively. The method of

computing the spinors is presented in Sec. III. A of the

latter paper. In this context, a unitary matrix U is con-

structed to block-diagonalize the Dirac operator, which

decouples positive- and negative-energy states. In the

standard case, the matrix U is given by the product of

two matrices, V and W, with

V ¼ 14 þ γ0γ5ffiffiffi
2

p ; WðpÞ ¼ E0 þmψ þ p · γffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E0ðE0 þmψ Þ

p ; ð3:1Þ

where E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2 þm2

ψ

q
is the standard dispersion relation

for fermions [22]. Note that for certain Lorentz-violating

frameworks such as those based on the a, c, e and m
coefficients, the matrix U that block-diagonalizes the Dirac

operator still has this form, where just the four-momentum

or the particle mass is replaced by a suitable combination

involving the controlling coefficients (for details

cf. Appendix B). This works at all orders in Lorentz

violation. However, constructing U for the b, d, H, and

g coefficients is much more involved, which is why the

result is only known at first order in Lorentz violation:

U ¼
�
14 þ

1

4E0

½γ5; VWγ0Q̂W†V†�
�
VW; ð3:2Þ

where ½•; •� denotes the ordinary commutator of two

matrices [22]. After block diagonalization, the Dirac

equation is brought into the form ðE −HÞUψ ¼ 0, with

the energy E, the Hamiltonian H, and the spinor ψ. This

is an eigenvalue problem for the energies and the eigen-

vectors Uψ . Having these eigenvectors at hand allows for

computing the spinors by multiplying the eigenvectors with

U†. The approach developed is similar to the Foldy-

Wouthuysen procedure [82] in spirit. Note that all compu-

tations will be carried out with the Dirac matrices in the

chiral representation:

γ0 ¼
�

0 12

12 0

�
; γi ¼

�
0 σi

−σi 0

�
;

γ5 ¼
�
−12 0

0 12

�
; ð3:3aÞ

using the Pauli matrices

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −i

i 0

�
; σ3 ¼

�
1 0

0 −1

�
;

ð3:3bÞ

and the identity matrix 12 in two dimensions.

A. General properties of particle

and antiparticle energies

In the standard case and for some Lorentz-violating

frameworks such as those based on the a and c
coefficients, the particle energy is degenerate with respect

to the particle spin, i.e., the energy is the same no matter

in what direction along the quantization axis spin points.

However, the frameworks based on the b, d, H and g
coefficients are nondegenerate with respect to the particle

spin. Therefore, a particle has two possible energy states

that are denoted as E
ð�Þ
> ≡ E

ð�Þ
u , where the ordering of

the energies is chosen along the lines of Appendix B in

[16]. We use a notation for the particle energies similar to

that introduced in [26].

Since there exist two distinct positive energies, there are

two distinct negative ones that will be called E
ð�Þ
< . Based on

the transformation properties of controlling coefficients

under charge conjugation C, the positive energies are

related to the negative ones as follows [26]:

E
ð�Þ
< ðp; dμν…; Hμν…Þ ¼ −E

ð∓Þ
> ð−p;−dμν…;−Hμν…Þ:

ð3:4Þ

Hence, only the d and H coefficients appear with

opposite signs on both sides of the equation where the

signs of the b and g coefficients remain unaffected. This

is due to the fact that the d and H coefficients are odd

under C, whereas the b and g coefficients are even (see

Table P31 in [25]).

The ordering of the energies is reversed as well

according to Appendix B of [16] and Eq. (16) of

[26]. These negative energies are physically meaningless

and they have to be reinterpreted according to Feynman

and Stückelberg. By doing so, the signs of the spatial

momentum components and of the energy, which corre-

sponds to the zeroth four-momentum component, have to

be reversed:

− E
ð∓Þ
> ð−p;−dμν…;−Hμν…Þ ↦ E

ð∓Þ
> ðp;−dμν…;−Hμν…Þ

≡ E
ð∓Þ
v ðpÞ; ð3:5Þ

where we employ the notation of [26] for the antiparticle

energies as well. Hence, ultimately the antiparticles

have the latter positive energy values with both the signs

of the d and H coefficients reversed. As the d and H
coefficients violate C, the particle energies are related to

the antiparticle energies as follows:
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E
ð�Þ
u ðp; dμν…; Hμν…Þ ¼ E

ð∓Þ
u ðp;−dμν…;−Hμν…Þ ¼ E

ð∓Þ
v ðpÞ:
ð3:6Þ

B. Obtaining the spinors

The great advantage of using the method of obtaining the

spinors, which was outlined at the beginning of the current

section, will be explained as follows. First of all, it suffices

to compute such a spinor for one particular nonzero

component coefficient, such as for the minimal coefficient

b
ð3Þ
3
, defining a preferred direction pointing along the third

spatial axis of the coordinate system. Having obtained this

result allows us to generalize it to the pseudovector Â
μ

and even to the appropriate nonminimal frameworks. For

example, with the particle spinors for the coefficient b
ð3Þ
3

at

hand, we can replace b
ð3Þ
3

by −ðdð4Þ
3

− b
ð3Þ
3
Þ≡ −A

ð3Þ
3
;

cf. Eq. (7) in [22], which is the generalization within the

minimal SME. In a further step at first order in Lorentz

violation, the latter A
ð3Þ
3

is promoted to an operator, which

corresponds to generalizing it to the nonminimal SME:

Að3Þ3
↦ Â

3
≡
X

d odd

AðdÞ3α1…αd−3pα1
…pαd−3

: ð3:7Þ

Similarly, this works for the tensor coefficientsH and g. As
a first step, it is reasonable to obtain the spinors for a

particular nonzero H coefficient, such as for H
ð3Þ
01
.

The results are then generalized within the minimal

SME according to Eq. (7) of [22], i.e., we replace H
ð3Þ
01

by −ðgð4Þ
01

−H
ð3Þ
01
Þ≡ −T

ð3Þ
01
. The generalization to the non-

minimal SME amounts to promoting T
ð3Þ
01

to an operator:

T ð3Þ01
↦ T̂

01
≡
X

d odd

T ðdÞ01α1…αd−3pα1
…pαd−3

: ð3:8Þ

So it is wise to start with the simplest component

coefficients in this context, which are the minimal b and

H coefficients and to generalize the spinors obtained

based on the previous description. Note that for the

spinors at first order in Lorentz violation it is sufficient

to replace all additional p0 components in the Lorentz-

violating terms of the particle and antiparticle spinors by

the standard energy E0. It has to be kept in mind, though,

that the simple generalization outlined above only works

at first order in Lorentz violation. The exact spinors are

expected to involve complicated combinations of distinct

coefficients of both the minimal and nonminimal SME

such as b
ð3Þ
3

and d
ð6Þ
3111

.

C. Normalization

The positive-energy spinors (for particles) are denoted

as uðαÞ and the negative-energy spinors (reinterpreted for

antiparticles according to Feynman and Stückelberg) are

denoted as vðαÞ. Additional subscripts E
ð�Þ
u will indicate

whether a spinor is associated with an energy E
ðþÞ
u or E

ð−Þ
u .

This distinction is necessary because of broken spin

degeneracy. For the latter reason, both particle spinors

and the antiparticle spinors are automatically orthogonal

to each other. Furthermore, the spinors should be nor-

malized. We choose a normalization such that the spinors

satisfy

uðαÞ†uðαÞ ¼ 2E
ðαÞ
u ; ð3:9aÞ

vðαÞ†vðαÞ ¼ 2E
ðαÞ
v : ð3:9bÞ

Note that α is not summed over on the left-hand sides.

This normalization has a great advantage when dealing

with the optical theorem. There is then no additional

global adjustment necessary in the optical theorem to

make it work. We will observe this in Sec. IV. Except for a

factor 2=mψ on the right-hand sides of these conditions,

our normalization corresponds to the normalization of

spinors chosen for the minimal SME in [26].

D. Energies and spinors for Â
μ

We start computing the spinors for the pseudovector

operator Â
μ
. All results are understood to be valid for a

positive expansion parameter, i.e., for a positive combina-

tion of Lorentz-violating coefficients and four-momentum

components. If this combination is negative, the labels of

the dispersion relations and the spinor solutions just have to

be switched. We will elaborate on this at the very end

of Sec. IV.

1. Full “isotropic” operator

It is always a good advice to start with an isotropic

framework. First, this is due to practical reasons, since

computations are expected to be much simpler when

there is no direction dependence. Second, from a

phenomenological point of view, controlling coefficients

that are associated with preferred spacelike directions

are often constrained more strictly in comparison to their

isotropic counterparts. The leading-order terms in the

dimensional expansion of the b, d, and g coefficients are

chosen to be isotropic, which will be indicated by the

standard notation of a ring diacritic (cf. Sec. IV. B in

[22]). For the minimal b coefficients, only the zeroth

component of the coefficient (pseudo)vector leads to an

isotropic dispersion relation, i.e., b
∘

≡ bð3Þ0. The minimal

d coefficient matrix has to be chosen as a diagonal

(traceless) matrix with the spatial components equal

to each other, i.e., dð4Þμν ¼ d
∘

× diagð1; 1=3; 1=3; 1=3Þμν,
where d

∘

≡ dð4Þ00. Last but not least, the minimal g
coefficients produce isotropic expressions if all spatial
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coefficients with a totally antisymmetric permutation of

indices are equal modulo the sign of the permutation:

gð4Þijk ¼ g
∘

× εijk, with g
∘

≡ gð4Þ123. There is no isotropic

choice for the minimal H coefficients. Respecting these

leading-order choices, we define the total “isotropic”

operators as follows:

ˆ
A
∘

≡
ˆ

d0
∘

−
ˆ
b
∘

; ð3:10aÞ

ˆ
b
∘

≡
X

d odd

bðdÞ0α1…αd−3pα1
…pαd−3

; ð3:10bÞ

ˆ
d
∘ μ

≡
ˆ
d
∘

× diag

�
1;
1

3
;
1

3
;
1

3

�
μα1

pα1
;

ˆ
d
∘

≡
X

d even

dðdÞ00α2…αd−3pα2
…pαd−3

; ð3:10cÞ

ˆ
g
∘ ij

≡
ˆ
g
∘

× εijkpk;
ˆ
g
∘

≡
X

d even

gðdÞ123α2…αd−3pα2
…pd−3:

ð3:10dÞ

Including the higher-dimensional contributions, these

choices are certainly no longer isotropic. However, they

will still be denoted with a ring diacritic to remind the

reader of the isotropic nature of the leading-order

(minimal) terms. The modified dispersion relations, at

first order in the controlling coefficients, read

E
∘ ð�Þ
u ¼ E0

�
1� jpj

E2
0

�
4

3
E0

ˆ
d
∘

−
ˆ
b
∘

þmψ
ˆ
g
∘

��
: ð3:11Þ

Relying on the second procedure reviewed at the begin-

ning of the current section, the particle spinors at first

order in Lorentz violation are calculated and cast into the

following shape:

u
∘ ð1;2Þj

E
∘ ð�Þ
u

¼ N
∘ ð1;2Þ
u F

∘

�
ˆ
A
∘

−
ˆ
g
∘ p

2

mψ

�
; ð3:12aÞ

F
∘

ðXÞ ¼
 
ϕ
∘

∓

χ
∘

�

!
−

mψ

2E2
0

 
χ
∘

�

−ϕ
∘

∓

!
X; ð3:12bÞ

ϕ
∘

� ¼ ½E0 þmψ � jpj�
�
p3 ∓ jpj
p1 þ ip2

�
; ð3:12cÞ

χ
∘

� ¼ ½E0 þmψ � jpj�
�
p3 � jpj
p1 þ ip2

�
; ð3:12dÞ

with the normalization factors

N
∘ ð1;2Þ
u ¼ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpjðjpj � p3ÞðE0 þmψ Þ

p

×

�
2� jpj

E2
0

�
4

3
E0

ˆ
d
∘

−
ˆ
b
∘

þmψ
ˆ
g
∘

��
: ð3:12eÞ

Disregarding the momentum dependence in the Lorentz-

violating operators, the isotropic spinors only depend on

the magnitude of the momentum, as expected. The

spinors contain a small number of functions dependent

on the energy, momentum, and mass with different

combinations of signs. Thereby, the Lorentz-violating

contribution does not introduce any terms with a different

structure. For vanishing Lorentz violation the spinors do

not reproduce the standard results given in most text-

books. However, two issues must be taken into account

in this context. First, in most textbooks, the spinors

are given for the Dirac representation of the Dirac

matrices, whereas here the chiral representation is used;

cf. Eq. (3.3). Second, the standard method for solving

the Dirac equation with a decomposition into two-

component spinors does not work for the b, d, H, and

g coefficients. Therefore, the structure of these spinors for

vanishing Lorentz violation is more involved than the

structure of the usual spinors obtained for the chiral

representation of Dirac matrices. Nevertheless, the more

complicated standard spinors, deduced from Eq. (3.12a),

satisfy the standard Dirac equation. It is also possible to

transform the spinors from the chiral representation to the

Dirac representation and we will come back to this

point at the very end of the current section. Additionally,

the Lorentz-violating term is suppressed by the ratio of

the fermion mass and the standard particle energy E0. The

combination of mψ=E
2
0
and the Lorentz-violating operators

is dimensionless to make the second summand match the

mass dimension of the first.

Note that the widely used field-theory model by Myers

and Pospelov [83] can be mapped to effective dimension-5

a and dimension-6 g coefficients; cf. Eqs. (27), (156),

and (157) in [22]. Therefore, it is possible to treat this

particular model based on the combined results of [22,38]

and the current article. Choosing a special observer frame,

with a purely timelike preferred direction nμ ¼ ð1; 0; 0; 0Þμ,
allows for identifying the Myers-Pospelov Lagrangian with

a subset of the general isotropic SME fermion sector for

d ¼ 5, 6, which is given by Eqs. (97), (98) of [22]. The

model of [83] is a special case of the latter equations, where

the isotropic effective coefficients a
∘ ð5Þ
0

and g
∘ ð6Þ
1

are non-

vanishing only. Hence, there is a single d ¼ 5 and a single

d ¼ 6 isotropic degree of freedom out of the eight possible

ones for dimension 5 and 6 (see Table III in [22]). The

degree of freedom g
∘ ð6Þ
1

is a combination of the nonvanishing

component coefficients bð5Þ000 ≡ b5 and gð6Þijk00 ≡ εijkg6.
Then, the above energies and spinors are valid with
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ˆ
b
∘

¼ b5E
2
0
;

ˆ
d
∘

¼ 0;
ˆ
g
∘ ¼ g6E

2
0
: ð3:13Þ

2. Anisotropic operator Â
i
with i = f1;2g

After establishing the isotropic result, we intend to

consider anisotropic Lorentz violation in the realm of

the pseudovector Â
μ
. The preferred direction is chosen

to either point along the first or the second spatial axis of

the coordinate system, as both cases can be treated in one

go. The particle spinors are obtained in the same manner as

before, based on the perturbative method reviewed at the

very beginning of the current section. First of all, the

particle dispersion relations at first order in Lorentz

violation are given by

E
ð�Þ
u jÂi ¼ E0

�
1� Θi

E2
0

Â
i

�
; Θi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þm2

ψ

q
: ð3:14Þ

Quantities such as Θi are characteristic for anisotropic

frameworks and they will appear at various places in the

spinors. For all cases that follow, we will only state the first

particle spinor uð1Þ that is connected to the particle energy

E
ðþÞ
u . The remaining spinors can be computed from uð1Þ by

simple transformations; cf. Sec. III D 4. In this context the

spinors for the components Â
1
and Â

2
are closely related to

each other, being expressed in terms of a master function F̆:

uð1ÞjÂ1

E
ðþÞ
u

¼ N̆
ð1Þ
u F̆ðp; Â1;Θ1Þ; ð3:15aÞ

uð1ÞjÂ2

E
ðþÞ
u

¼ N̆
ð1Þ
u

0
BBBBB@

−iF̆1

F̆2

−iF̆3

F̆4

1
CCCCCA
ðp1 ¼ p2; p2 ¼ −p1; p3; Â

2;Θ2Þ;

ð3:15bÞ

F̆ðp; X;ΘiÞ ¼
�
ϕ̆þ

ϕ̆−

�
þ 1

2E2
0

�
δϕ̆þ

δϕ̆−

�
X; ð3:15cÞ

ϕ̆� ¼
�
Ă�

B̆�

�
; δϕ̆� ¼ �ip2

�
Ă�

−B̆�

�
� p3

�
−B̆�

Ă�

�
;

ð3:15dÞ

Ă� ¼ ð�p3 − E0ÞðΘi � p1Þ þmψð�ip2 − ΘiÞ; ð3:15eÞ

B̆� ¼ mψ ðE0 þmψ � p3Þ þ ðp1 þ ip2Þðp1 � ΘiÞ;
ð3:15fÞ

with the normalization factor

N̆
ð1Þ
u ðp; X;ΘiÞ ¼

1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE0 þmψÞΘ2

i − p1p3Θi

q
�
2þ Θi

E2
0

X

�
:

ð3:15gÞ

The structure of the spinors is evidently a bit more involved

in comparison to the “isotropic” case of Sec. III D 1. The

spinors can still be expressed via two different functions

including two sign choices for each. The transformations

p1 ¼ p2, p2 ¼ −p1 have to be applied to the normalization

factor as well, when computing the spinor for T̂
02
.

However, note that the momentum components contained

in the Lorentz-violating operator itself stay unaffected.

3. Anisotropic operator Â
3

For a framework with a nonzero Â
3
, the energies

correspond to Eq. (3.14), where just the Lorentz-

violating operator and the quantity Θ3 have to be adapted

accordingly:

E
ð�Þ
u jÂ3 ¼ E0

�
1� Θ3

E2
0

Â
3

�
; Θ3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3
þm2

ψ

q
:

ð3:16Þ

The spinors for this framework can be expressed in a very

convenient form:

uð1ÞjÂ3

E
ðþÞ
u

¼ N̄
ð1Þ
u F̄ðÂ3Þ; ð3:17aÞ

F̄ðXÞ ¼
�
ϕ̄þ

ϕ̄−

�
þ p1 þ ip2

2E2
0

�
δϕ̄þ

δϕ̄−

�
X; ð3:17bÞ

ϕ̄� ¼
�
Ā�

B̄∓

�
; δϕ̄� ¼ �ε · ϕ̄�

�; ε ¼
�

0 1

−1 0

�
;

ð3:17cÞ

Ā� ¼ ðE0 − Θ3Þðmψ ∓ p3 − Θ3Þ; ð3:17dÞ

B̄� ¼ �ðp1 þ ip2Þðmψ � p3 − Θ3Þ; ð3:17eÞ

with the normalization factor

N̄
ð1Þ
u ¼ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ3ðE0 − Θ3ÞðΘ3 −mψÞ

p
�
2þ Θ3

E2
0

Â
3

�
:

ð3:17fÞ

Here, the asterisk means complex conjugation and ε is

the matrix representation of the two-dimensional Levi-

Civita symbol. Hence, the spinors can again be expressed

completely in terms of two functions, where additional

sign choices must be taken into account. The Lorentz-

violating contribution involves a global ratio of certain
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momentum components over the standard particle energy

squared.

4. Second particle spinor and antiparticle spinors

For the pseudovector operator Â
μ
, both particle spinors

are related to each other by changing the sign of certain

quantities. For the isotropic case, the latter is the magnitude

jpj of the momentum and for the anisotropic cases, these

are the quantities Θi:

E
∘ ð−Þ
u ðjpjÞ ¼ E

∘ ðþÞ
u ð−jpjÞ;

u
∘ ð2Þj

E
∘ ð−Þ
u

ðjpjÞ ¼ u
∘ ð1Þj

E
∘ ðþÞ
u

ð−jpjÞ; ð3:18aÞ

E
ð−Þ
u jÂiðΘiÞ ¼ E

ðþÞ
u jÂið−ΘiÞ;

uð2ÞjÂi

E
ð−Þ
u

ðΘiÞ ¼ uð1ÞjÂi

E
ðþÞ
u

ð−ΘiÞ: ð3:18bÞ

Hence, the objects jpj and Θi are essential as they control

both the particle energies and the spinor types. The

antiparticle spinors can be computed from the particle

spinors by applying the charge conjugation matrix C to

them; cf. Eq. (21) of [26]. Independently of any represen-

tation, the charge-conjugated spinor reads ψc ¼ Cψ̄T ,

where C ¼ Bðγ0ÞT with −ðγμÞ� ¼ B−1γμB. In the chiral

representation, we find that B ¼ iγ2 and thus ψc ¼
iγ2½ðγ0ÞT �2ψ� ¼ iγ2ψ�. Therefore, the charge-conjugated

spinors in the special frameworks considered result in

vð1;2Þj
E
ð�Þ
v

¼

0
BBBBB@

u
ð2;1Þ
4

−u
ð2;1Þ
3

−u
ð2;1Þ
2

u
ð2;1Þ
1

1
CCCCCA

�

ð−dμν…Þ;

N
ð1;2Þ
v ¼ N

ð2;1Þ
u ð−dμν…Þ; ð3:19Þ

where N
ð1;2Þ
v are the spinor normalization constants for the

antiparticle spinors. So the spinor components just have to

be rearranged including additional signs at appropriate

positions (followed by a complex conjugation). Recall

that the signs of the d coefficients have to be reversed

as well, since the latter are odd under charge conjugation;

cf. Table P31 in [25].

E. Energies and spinors for T̂
μν

The second type of frameworks that shall be considered

are based on the two-tensor operator T̂ μν that comprises

both theH and g coefficients. The structure of the spinors is
expected to be more complicated than the previous results

for Â
μ
. We consider only one of the six nonzero compo-

nents of T̂
μν

at a time.

1. Operator T̂
0i
with i = f1;2g

The spinor results for T̂ 0i, with i ¼ f1; 2g, are observed
to be related to each other. Once the first particle spinor for

one of the two operators is known, the spinor for the other is

obtained by rearranging its components and by relabeling

the momentum components. A similar behavior was

observed for the anisotropic Â
1;2

in Sec. III D 2. First,

the modified particle dispersion relations read

E
ð�Þ
u j ˆT 0i ¼ E0

�
1� Φi

E2
0

T̂
0i

�
; Φi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2 − p2

i

q
:

ð3:20Þ

In contrast to the quantities Θi that were defined in the

context of the pseudovector operator Â
μ
, such as in

Eq. (3.14), the current Φi do not depend on the fermion

mass, but only on certain momentum components. The

spinors associated with the particle energy E
ðþÞ
u for both

operators are based on a single master function F̂ and they

are given by

uð1ÞjT̂ 01

E
ðþÞ
u

¼ N̂
ð1Þ
u F̂ðp; T̂ 01;Φ1Þ; ð3:21aÞ

uð1ÞjT̂ 02

E
ðþÞ
u

¼ N̂
ð1Þ
u

0
BBBBB@

−iF̂1

F̂2

−iF̂3

F̂4

1
CCCCCA
ðp1 ¼p2;p2¼−p1;p3; T̂

02;Φ2Þ;

ð3:21bÞ

F̂ðp; X;ΦiÞ ¼
�
ϕ̂þ

ϕ̂−

�
þ 1

2E2
0

�
δϕ̂þ

δϕ̂−

�
X; ð3:21cÞ

ϕ̂� ¼
�
Â∓

B̂�

�
; δϕ̂� ¼ ip1

�
Â�

B̂∓

�
� imψ

�
B̂�

Â∓

�
;

ð3:21dÞ

Â� ¼ iðE0 þmψ Þðp2 −ΦiÞ � p3ðp1 − iΦiÞ; ð3:21eÞ

B̂� ¼ p3ðE0 þmψ � p3Þ � ðp2 − ip1Þðp2 −ΦiÞ;
ð3:21fÞ

with the normalization factor

N̂
ð1Þ
u ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φi þ p2

p2
3
ΦiðE0 þmψÞ

s �
2þ Φi

E2
0

T̂
0i

�
: ð3:21gÞ

Again, the transformation p1 ¼ p2, p2 ¼ −p1 must be

applied to the normalization factor as well, but the
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momentum components within the Lorentz-violating oper-

ator should not be touched; cf. Sec. III D 2. Furthermore,

we have observed that these results are very similar to

the spinors for Â
1;2

in structure. There are the following

correspondences between the parameters that appear in

both spinors:

Â1;2 ¼ iĂ2;1ðp1 ↔ �p2; p3 ↔ �mψÞ; ð3:22aÞ

B̂1;2 ¼ �B̆2;1ðp1 ↦ �p2; p2 ↦∓ p1;

p3 ↦∓ mψ ; mψ ↦ �p3Þ: ð3:22bÞ

2. Operator T̂
03

The particle energies for the operator T̂
03

are given by

Eq. (3.20) with i ¼ 3. The first particle spinor is simpler

than the previous two:

uð1ÞjT̂ 03

E
ðþÞ
u

¼ ~N
ð1Þ
u

~Fðp; T̂ 03;Φ3Þ; ð3:23aÞ

~Fðp; X;Φ3Þ ¼
�

~ϕþ
~ϕ−

�
þ 1

2E2
0

�
δ ~ϕ−

δ ~ϕþ

�
X; ð3:23bÞ

~ϕ� ¼
� ðip1 þ p2Þ ~A�

Φ3
~A∓

�
; δ ~ϕ� ¼

� ðip1 þ p2Þ ~B�

Φ3
~B∓

�
;

ð3:23cÞ

~A� ¼ E0 � iΦ3 ∓ p3 þmψ ; ð3:23dÞ

~B� ¼ ip3ð ~A� −mψÞ þ imψðp3 ∓ ~A∓Þ; ð3:23eÞ

with the normalization constant

~N
ð1Þ
u ¼ 1

4jΦ3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0 þmψ

p
�
2þΦ3

E2
0

T̂
03

�
: ð3:23fÞ

Two functions including sign choices are sufficient to

parametrize the solution of the Dirac equation. Note the

absolute-value bars around Φ3 > 0 in the normalization.

They are stated explicitly to indicate that the normalization

does not change sign for the antiparticle spinors whenΦ3 is

replaced by −Φ3; cf. Sec. III E 5 below. This is also the

only case where a quantity Φi appears outside of a square

root function in the standard part of the normalization

factor.

3. Operator T̂
i3
with i = f1;2g

Last but not least, we want to state the spinor solutions

for the T̂ μν operator with two spatial indices nonvanishing.

The subsequent results are simpler than the previous ones

for T̂ 0i with one timelike index. First of all, the energy

levels at first order in Lorentz violation can be expressed as

before, with anisotropic quantities Ψij that here depend on

the particle mass:

E
ð�Þ
u jT̂ ij ¼ E0

�
1� Ψij

E2
0

T̂
ij

�
; Ψij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þ p2

j þm2
ψ

q
:

ð3:24Þ

The spinors for T̂ 13 and T̂ 23 are again related to each other,

which makes it possible to express them via a single master

function F
¼
. A similar behavior was encountered for Â

1;2
in

Sec. III D 2, and for T̂ 01;02 in Sec. III E 1,

uð1ÞjT̂ 23

E
ðþÞ
u

¼ ¯̄N
ð1Þ
u

¯̄Fðp; T̂ 23;Ψ23Þ; ð3:25aÞ

uð1ÞjT̂ 13

E
ðþÞ
u

¼ ¯̄N
ð1Þ
u

0
BBBBB@

i ¯̄F1

¯̄F2

i ¯̄F3

¯̄F4

1
CCCCCA
ðp1 ¼ −p2; p2 ¼ p1; p3; T̂

13;Ψ13Þ;

ð3:25bÞ

¯̄Fðp; X;ΨijÞ ¼
� ¯̄ϕþ

¯̄ϕ−

�
þ p1

2E2
0

�
−
¯̄ϕ−

¯̄ϕþ

�
X; ð3:25cÞ

¯̄ϕ� ¼ �
�
− ¯̄A�
¯̄B�

�
; ð3:25dÞ

¯̄A ¼ p1p3 þ ðE0 þmψ ÞΨij

E0ðE0 þmψ Þ − p1ðp1 þ ip2Þ
; ð3:25eÞ

¯̄A� ¼ p1 − ip2 � ðE0 þmψ ∓ p3Þ ¯̄A; ð3:25fÞ

¯̄B� ¼ ðp1 þ ip2Þ ¯̄A� ðE0 þmψ � p3Þ; ð3:25gÞ

with the normalization factor

¯̄N
ð1Þ
u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0 þmψ − p1p3=Ψij

p

4ðE0 þmψÞ

�
2þ Ψij

E2
0

T̂
ij

�
: ð3:25hÞ

In contrast to the spinors for T̂ 0i, only two two-dimensional

vectors are sufficient to construct the spinors at first order in

Lorentz violation. The same will be true for T̂
12

below.

4. Operator T̂
12

For the last operator to be considered, the energies are

given by Eq. (3.24) with fi; jg ¼ f1; 2g. The first particle
spinor reads

uð1ÞjT̂ 12

E
ðþÞ
u

¼ Ň
ð1Þ
u F̌ðp; T̂ 12;Ψ12Þ; ð3:26aÞ
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F̌ðp; X;Ψ12Þ ¼
�
ϕ̌þ

ϕ̌−

�
þ p3

2E2
0

�
−ϕ̌−

ϕ̌þ

�
X; ð3:26bÞ

ϕ̌� ¼ �
�
−Ǎ�

B̌�

�
; ð3:26cÞ

Ǎ ¼ ðE0 þmψÞðE0 −Ψ12Þ − p2
3

ðp1 þ ip2Þp3

; ð3:26dÞ

Ǎ� ¼ p1 − ip2 � ðE0 þmψ ∓ p3ÞǍ; ð3:26eÞ

B̌� ¼ ðp1 þ ip2ÞǍ� ðE0 þmψ � p3Þ; ð3:26fÞ

Ň
ð1Þ
u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0 þmψ þ Ψ12 þ E0mψ=Ψ12

p

4ðE0 þmψÞ

�
2þ Ψ12

E2
0

T̂
12

�
:

ð3:26gÞ

Evidently, the form of the spinor is analogous to the results

for T̂
01
and T̂

02
. Furthermore, the parameters Ǎ�, B̌� have

the same form as the previous ¯̄A�,
¯̄B�. However, Ǎ ≠ ¯̄A and

the structure of the normalization factors differs from each

other, too.

5. Second particle spinor and antiparticle spinors

For the tensor operator T̂
μν the first particle spinors

only were given previously. The second particle spinors

can be obtained from the first ones in an easy way in

replacing all quantities Φi or Ψij by their counterparts with

opposite sign:

E
ð−Þ
u jT̂ 0iðΦiÞ ¼ E

ðþÞ
u jT̂ 0ið−ΦiÞ;

E
ð−Þ
u jT̂ ijðΨijÞ ¼ E

ðþÞ
u jT̂ ijð−ΨijÞ; ð3:27aÞ

uð2ÞjT̂ 0i

E
ð−Þ
u

ðΦiÞ ¼ uð1ÞjT̂ 0i

E
ðþÞ
u

ð−ΦiÞ;

uð2ÞjT̂ ij

E
ð−Þ
u

ðΨijÞ ¼ uð1ÞjT̂ ij

E
ðþÞ
u

ð−ΨijÞ: ð3:27bÞ

In analogy to the pseudovector operator, the types of energy

and spinor are controlled by the quantitiesΦi andΨij. Also,

the antiparticle spinors for T̂
μν

are determined completely

by the components of the particle spinors. With the charge-

conjugated spinor ψc ¼ iγ2ψ� in the chiral representation,

we obtain them directly from Eq. (21) of [26]:

vð1;2Þj
E
ð�Þ
v

¼

0
BBBBB@

u
ð2;1Þ
4

−u
ð2;1Þ
3

−u
ð2;1Þ
2

u
ð2;1Þ
1

1
CCCCCA

�

ð−Hμν…Þ;

N
ð1;2Þ
v ¼ N

ð2;1Þ
u ð−Hμν…Þ: ð3:28Þ

The signs of the H coefficients also have to be reversed,

since these are odd under charge conjugation; cf. Table P31

in [25].

F. Additional observations

It is interesting to note that some of the spinors can be

cast into a very simple shape by factoring the Lorentz-

invariant contribution out of each component. This can be

carried out for the “isotropic case,” for each of the spacelike

components of the pseudovector operator Â
μ
, and for the

two-tensor operator components T̂ 03, T̂ 12. For these cases,

it is possible to express each spinor component of the first

particle spinor in the following form:

u
∘ ð1Þ
i j

E
ðþÞ
u

¼
�
ϕ
∘

−

χ
∘

þ

�

i

ð1 − θViÞ; θ ¼ 1

2E2
0

�
ˆ
A
∘

−
ˆ
g
∘ p

2

mψ

�
;

ð3:29aÞ

u
ð1Þ
i jÂ1

E
ðþÞ
u

¼
�
ϕ̆þ

ϕ̆−

�

i

ð1 − ιWiÞ; ι ¼ Â
1

2E0

�
Θ1

E0

p3 þ ip2

�
;

ð3:29bÞ

u
ð1Þ
i jÂ3

E
ðþÞ
u

¼
�
ϕ̄þ

ϕ̄−

�

i

ð1 − κXiÞ; κ ¼ Â
3

2E2
0

; ð3:29cÞ

u
ð1Þ
i jT̂ 03

E
ðþÞ
u

¼
�

~ϕþ
~ϕ−

�

i

ð1 − τWiÞ; τ ¼ T̂
03

2E0

�
Φ3

E0

p3 þ imψ

�
;

ð3:29dÞ

u
ð1Þ
i jT̂ 12

E
ðþÞ
u

¼
�
ϕ̌þ

ϕ̌−

�

i

ð1 − ωWiÞ; ω ¼ T̂
12 Ψ12

2E2
0

p3;

ð3:29eÞ

with the vectors
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V ¼

0
BBB@

jpj þ E0

jpj þ E0

jpj − E0

jpj − E0

1
CCCA; W ¼

0
BBB@

1=ðp3 − E0Þ
1=ðp3 þ E0Þ
1=ðp3 þ E0Þ
1=ðp3 − E0Þ

1
CCCA;

X ¼

0
BBB@

Θ3 þ E0

Θ3 − E0

Θ3 þ E0

Θ3 − E0

1
CCCA: ð3:29fÞ

Note the indices i on both sides of the relations, which

refer to a particular component i of the spinors and

defined vectors, respectively. What is characteristic for

the stated spinors is the exceptionally simple form of the

Lorentz-violating terms. For the second and the fourth of

these spinors only, the Lorentz-violating contribution has

an imaginary part. The spinor for Â
2
can be obtained

from the spinor for Â
1
, cf. Sec. III D 2, whereby it is

discarded here. For the remaining spinors, it was not

possible to obtain results with an analog simplicity,

which is why they are dropped as well. Besides, the

ratios,

Ωu ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u†u − u†ujX̂μ…¼0

u†ujX̂μ…¼0

s
; Ωv ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v†v − v†vjX̂μ…¼0

v†vjX̂μ…¼0

s
;

ð3:30Þ

with a generic Lorentz-violating operator X̂μ…, are addi-

tional interesting quantities. They are measures for how

much the Lorentz-violating part of the spinors is sup-

pressed compared to the Lorentz-invariant part. The

quantities Ωu are simple for all operators considered

and they read

Ω
∘

u ¼
mψ

2E2
0

����
ˆ
A
∘

−
ˆ
g
∘ p

2

mψ

����; ΩujÂ
i ¼ jÂij

2E2
0

Φi; ð3:31aÞ

ΩujT̂
0i ¼ jT̂ 0ij

2E2
0

Θi; ΩujT̂
ij ¼ jT̂ ij

εijkpkj
2E2

0

; ð3:31bÞ

where in the latter equal indices are not summed over.

The quantities Φi and Θi change their roles and the

results for both particle spinors correspond to each other.

Furthermore, Ωv ¼ Ωuð−dμν…;−Hμν…Þ for antiparticles.

The findings tell us that Lorentz-violating effects may be

additionally suppressed for jpj ≪ mψ , i.e., for decreasing

momentum. First of all, all Lorentz-violating operators

have mass dimension 1. As Ωu is dimensionless, the

operator has to be divided by a dimensionful scale, where

for vanishing momentum the only one is the fermion

mass. This holds for the “isotropic case” and the two-

tensor operator with one timelike index. For the

remaining frameworks, there is an additional suppression

factor pi=mψ with the largest momentum component pi.

Finally, another issue related to the spinors shall be

mentioned at this point. There is a matrix transformation

that connects the chiral representation of γ matrices to the

Dirac representation [84]. It can be written in the form

MD ¼ VMchV
−1, where Mch and MD are γ matrices in the

chiral and the Dirac representation, respectively. The matrix

V here corresponds to the matrix V in Eq. (3.1), contained

in the transformation that diagonalizes the Dirac operator

(with γ0 and γ5 themselves in the chiral representation). The

spinors of both representations are then related by

ψD ¼ Vψ ch. Hence, all of the spinors obtained in this

paper can be transformed from the chiral to the Dirac

representation according to this rule. We carried this out

and considered the limits of the spinors for zero Lorentz

violation, where the particle and antiparticle states become

spin-degenerate. It was verified successfully that there exist

proper linear combinations of the particle spinors uðαÞ and
of the antiparticle spinors vðαÞ, such that the standard

solutions of the Dirac equation are obtained:

X

α¼1;2

ς
ðαÞ
s uðαÞ ¼

�
ϕðsÞ

σ · p=ðE0 þmψÞ · ϕðsÞ

�
;

ϕð1Þ ¼
�
1

0

�
; ϕð2Þ ¼

�
0

1

�
; ð3:32aÞ

X

α¼1;2

τ
ðαÞ
s vðαÞ ¼

�
σ · p=ðE0 þmψ Þ · χ ðsÞ

χ ðsÞ

�
;

χ ð1Þ ¼
�
1

0

�
; χ ð2Þ ¼

�
0

1

�
; ð3:32bÞ

with σ ¼ ðσ1; σ2; σ3Þ, where σi are the Pauli matrices. The

parameters ς
ðαÞ
s and τ

ðαÞ
s are chosen appropriately. Last but

not least, the most important of the previous results are

compiled in Table I.

IV. SPINORMATRICES ANDOPTICAL THEOREM

For calculations in high-energy physics that are based on

quantum field theory, the spinors are often not needed

directly. Instead, when computing matrix element squares

spinors are always combined in the form of uū, where the
latter is a 4 × 4 matrix in spinor space. In the Lorentz-

invariant case, it often suffices to calculate unpolarized

cross sections, which means that one has to average over

initial particle spins. As such a scattering or decay process

is a quantum process; the final state is not predictable,

which is why the final particle spins must be summed over

and the phase space has to be integrated out. Hence, in the

standard case the following well-known expressions (with

proper normalization of the spinors) are usually extremely

helpful:
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X

α¼1;2

uðαÞūðαÞ ¼ pþmψ14; ð4:1aÞ

X

α¼1;2

vðαÞv̄ðαÞ ¼ p −mψ14: ð4:1bÞ

For the Lorentz-violating case with broken spin degeneracy,

there are essential differences. First, due to the modified

kinematics in Lorentz-violating frameworks, a small part of

thephase space of otherwise forbidden particle processesmay

open and render them possible. Examples are Cherenkov-

type processes in vacuo and decays of photons into electron-

positron pairs. Since in a theory with broken spin degeneracy

both the particles and antiparticles can have two distinct

energies, such a processmay be allowed only for one of these

energies. Under this circumstance, sums over both particle

spins in the matrix element square do not have to be carried

out as only a single spin state contributes. So what we are

interested in are expressions such as uðαÞūðαÞ or vðαÞv̄ðαÞ, with
a particular α. From now on these matrices will be referred to

as “spinormatrices.”However, for calculational purposes, the

matrices themselves are not that useful. Instead, such amatrix

should be expressed in terms of the 16 Dirac bilinears. The

matrix structure is supposedly more complicated than what

we encountered in Eq. (4.1), where theDiracmatrices and the

unit matrix only appear. For the Lorentz-violating frame-

works considered here, the matrix structure is expected to

include a large number of the 16Dirac bilinears such as for the

propagators; cf. Eqs. (2.6), (2.7).

There are two possibilities of computing the spinor

matrices. The first takes into account the spinors that were

determined in the previous section. The matrices are

calculated directly based on these spinors and they are

expressed in terms of the Dirac bilinears. The resulting

expressions will be valid at first order in Lorentz violation.

The second possibility is to use the optical theorem. The

latter gives a relationship between the imaginary part of a

forward scattering amplitude to the total cross sections of

all processes that are energetically allowed by cutting the

propagators in the diagram representing the forward scat-

tering amplitude. The validity of the optical theorem was

demonstrated at tree level for various sets of Lorentz-

violating frameworks, such as both minimal and non-

minimal modifications of the photon and the fermion sector

[31,32,36–39]. Therefore, it is not expected to lose its

validity for the range of coefficients considered within the

current paper. Nevertheless, a cross check will be carried

out at first order in Lorentz violation using the spinor

matrices obtained from the spinors directly.

To make use of the optical theorem, a particular scattering

process is needed. Thus, we have to introduce an interaction

and we decide to couple the modified fermions to standard

photons. In this context it is reasonable to mention the very

recent paper [85], where nonminimal Lorentz violation in the

fermion sector is constrained by Penning trap experiments.

To do so, fermions areminimally coupled to electromagnetic

fields. This amounts to replacing the particle derivative at

all occurrences by the covariant derivative Dμ ¼ ∂μ − eAμ,

whereAμ is the vector potential and e the elementary charge.

However, in contrast to the partial derivative, the covariant

derivative does not commute, which introduces additional

interactions for the nonminimal terms. In principle, when

computing the cross section or decay rate of a particular

process, all these additional interactions must be taken into

account. Since we are only interested in investigating the

validity and implications of the optical theorem for fermions

and since this calculation will be purely formal, the exact

form of the interaction is not important and we can even

resort to the standard one. The fermion propagator and the

external particles, which are described by spinors, lie in the

center of our considerations.

The particular process to be analyzed is one of the two

possible contributions of Compton scatteringwith an incom-

ing photon and electron scattering and producing another

TABLE I. Collection of modified particle energies and spinors.

Coeff. X E
ð�Þ
u =E0

Spinors Definitions

ð4=3ÞE0

ˆ
d
∘

−
ˆ
b
∘

þmψ
ˆ
g
∘ 1� ðjpj=E2

0
ÞX Eq. (3.12a)

Â
1 1� ðΘi=E

2
0
ÞX Eq. (3.15a)

Θi ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þm2

ψ

q

Â
2 Eq. (3.15b)

Â
3 Eq. (3.17a)

T̂
01 1� ðΦi=E

2
0
ÞX Eq. (3.21a) Φi ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2 − p2

i

p

T̂
02 Eq. (3.21b)

T̂
03 Eq. (3.23a)

T̂
13 1� ðΨij=E

2
0
ÞX Eq. (3.25b)

Ψij ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þ p2

j þm2
ψ

q

T̂
23 Eq. (3.25a)

T̂
12 Eq. (3.26a)
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photon-electron pair; cf. Fig. 1. The second contributionwith

both vertices interchanged is not needed in this formal

analysis. The left-hand side of the equation, presented in

the latter figure, contains the forward scattering amplitude of

this process, where the initial and the final states correspond

to each other. Based on the optical theorem, the imaginary

part of the left-hand side is linked to the total cross sectionof a

photon absorption process shown on the right-hand side. The

left-hand side of the equation contains a propagatorwhere the

right-hand side involves external fermions and, therefore,

spinors that are combined into spinor matrices.

We consider the incoming electron to be in the spin-state

associated with the energy E
ðþÞ
u ; it is then described by the

spinor uð1Þ. The standard Feynman rules for the external

photons and the vertices can be employed for writing up

the matrix element M≡Mðe−γ → e−γÞ of the forward

scattering amplitude (cf. also [81]):

M ¼ −

Z
d4p

ð2πÞ4 δ
ð4Þðk1 þ p1 − pÞe2ūðαÞðp1ÞγνSðpÞ

× γμuðαÞðp1ÞεðλÞμ ðk1Þε�ðλÞν ðk1Þ; ð4:2Þ

where Lorentz violation just sits in the modified fermion

propagator S. Furthermore, εðλÞ is the standard polariza-

tion vector of a photon in the polarization state λ. The δ

function directly behind the integration measure enforces

energy-momentum conservation. The fermion propagator

is either taken from Eq. (2.6) or Eq. (2.7), dependent

on whether Lorentz violation based on Â
μ
or T̂

μν is

considered. However, for this formal calculation, it will

be chosen generically. The Feynman-type propagator

has to be used in the amplitude, which means that an

infinitesimal imaginary part must be added to the

denominator:

1

Δþ iϵ
¼ 1

Zðp0 − E
ðþÞ
u þ iϵÞðp0 − E

ð−Þ
u þ iϵÞðp0 − E

ðþÞ
< − iϵÞðp0 − E

ð−Þ
< − iϵÞ

; ð4:3Þ

with a global prefactor Z that does not depend on p0. The imaginary number iϵ prevents singularities emerging for a

vanishing Δ, which is exactly what produces the imaginary part of the forward scattering amplitude. The denominator has

four roots in p0, which are composed of two positive ones E
ð�Þ
u and two negative ones E

ð�Þ
< . The imaginary parts are added

to the poles such that the two positive poles are shifted to the lower complex half plane and the two negative poles are shifted

to the upper one. In Sec. V, it will be investigated under which circumstances the form of Eq. (4.3) fails to be valid and how

such a case can be treated. Energy-momentum conservation of the process shall allow Δ to vanish for p0 ¼ E
ðþÞ
u only. To

evaluate the expression, the following identity is used:

1

p0 − E
ðþÞ
u þ iϵ

¼ P
1

p0 − E
ðþÞ
u

− iπδðp0 − E
ðþÞ
u Þ; ð4:4Þ

where P is the principle value. The first term is real, i.e., it does not contribute to the imaginary part ofM. The second term

does so only and it forces p0 to be equal to the energy E
ðþÞ
u when evaluating the integral over p0. That corresponds to cutting

the propagator in the Feynman diagram on the left-hand side of Fig. 1 into two lines, which represent on-shell fermions

described by the spinor uð1Þ. The imaginary part of the forward scattering amplitude can then be cast into the form

2ImðMÞ ¼
Z

d3p

ð2πÞ32EðþÞ
u

δð4Þðk1 þ p1 − pÞe2ūðαÞðp1ÞγνCðEð−Þ
u ; E

ðþÞ
< ; E

ð−Þ
< Þj

p0¼E
ðþÞ
u

× ðξ̂μγμ þ Ξ̂þ ϒ̂þ ζ̂μγ5γμ þ ψ̂μνσμνÞjp0¼E
ðþÞ
u

× γμuðαÞðp1ÞεðλÞμ ðk1Þε̄ðλÞν ðk1Þ; ð4:5aÞ

FIG. 1. Forward scattering amplitude of one of the two contributions for Compton scattering that is linked to the total cross section of

photon absorption by an electron.

J. A. A. S. REIS and M. SCHRECK PHYSICAL REVIEW D 95, 075016 (2017)

075016-14



with the generic function

Cða; b; cÞ≡ 2p0

Zðp0 − aÞðp0 − bÞðp0 − cÞ : ð4:5bÞ

The latter function, evaluated at p0 ¼ E
ðþÞ
u , is the remainder of the denominator Δ. The additional factor of 2p0 is

introduced to cancel the factor of twice the particle energy that has been generated in the denominator of the integral

measure. Thus, what remains from the propagator is the scalar function C and the matrix structure, which is expressed in

terms of the Dirac bilinears and which is evaluated at p0 ¼ E
ðþÞ
u .

Due to the validity of the optical theorem, Eq. (4.5a) must be equal to the total cross section σ ≡ σðe−γ → e−Þ of the
process on the right-hand side of Fig. 1. Thereby, the initial electron is in the spin-state associated with the energy E

ðþÞ
u , for

which reason it is described by the spinor uð1Þ. With cM≡Mðe−γ → e−Þ, we obtain

σ ¼
Z

d3p

ð2πÞ32EðþÞ
u

δð4Þðk1 þ p2 − pÞjcMj2

¼
Z

d3p

ð2πÞ32EðþÞ
u

δð4Þðk1 þ p2 − pÞðieūð1ÞðpÞγνuðαÞðp1ÞεðλÞν ðk1ÞÞ
†
ieūð1ÞðpÞγμuðαÞðp1ÞεðλÞμ ðk1Þ

¼
Z

d3p

ð2πÞ32EðþÞ
u

δð4Þðk1 þ p1 − pÞe2ūðαÞðp1Þγν½uð1ÞðpÞūð1ÞðpÞ�γμuðαÞðp1ÞεðλÞμ ðk1Þε̄ðλÞν ðk1Þ: ð4:6Þ

A comparison of the latter final result with Eq. (4.5a) allows for deriving an expression for the spinor matrix formed from

uð1Þ. The whole computation can be performed for an electron in the spin state connected to E
ð−Þ
u in an analogous way

leading to the spinor matrix obtained from uð2Þ. The results will be given below. Similarly, it is possible to derive spinor

matrices for the antiparticle spinor vð1Þ. To do so, the same process is considered with only the electron replaced by a

positron. Then, the forward scattering amplitude M≡Mðeþγ → eþγÞ reads

M ¼
Z

d4p

ð2πÞ4 δ
ð4Þðk1 þ p1 − pÞe2v̄ðαÞðp1ÞγμSð−pÞγνvðαÞðp1ÞεðλÞμ ðk1Þε̄ðλÞν ðk1Þ: ð4:7Þ

The propagator has to be evaluated at the negative of the four-momentum to take into account that the momentum of the

internal line flows in a direction opposite to the arrow on this line. Besides, a global prefactor of −1 has to be considered to

account for the interchange of fermionic operators when applying Wick’s theorem [38]. First of all, we evaluate the

denominator of the propagator for the four-momentum components with their signs reversed:

Δ
Â;Ĥð−pÞ ¼ ð−p0 − E

ðþÞ
u Þð−p0 − E

ð−Þ
u Þð−p0 − E

ðþÞ
< Þð−p0 − E

ð−Þ
< Þj

p↦−p

¼ ðp0 þ E
ðþÞ
u Þðp0 þ E

ð−Þ
u Þðp0 þ E

ðþÞ
< Þðp0 þ E

ð−Þ
< Þj

p↦−p

¼ ½p0 − E
ð−Þ
< ð−dμν…;−Hμν…Þ�½p0 − E

ðþÞ
< ð−dμν…;−Hμν…Þ�ðp0 − E

ð−Þ
v Þðp0 − E

ðþÞ
v Þ: ð4:8aÞ

The result involves the two possible antiparticle energies E
ð�Þ
v and the negative-energy values with the signs of the C-odd

coefficients dμν and Hμν reversed. Based on this decomposition of the denominator, the imaginary part of the forward

scattering amplitude can be cast into the form

2ImðMÞ ¼
Z

d3p

ð2πÞ32EðþÞ
v

δð4Þðk1 þ p1 − pÞe2v̄ðαÞðp1Þγν½−CðEð−Þ
v ; E

ðþÞ
< ð−dμν…;−Hμν…Þ; Eð−Þ

< ð−dμν…;−Hμν…ÞÞ�j
p0¼E

ðþÞ
v

× ðξ̂μγμ þ Ξ̂þ ϒ̂þ ζ̂μγ5γμ þ ψ̂μνσμνÞjp
0¼−E

ðþÞ
v

p↦−p γμvðαÞðp1ÞεðλÞμ ðk1Þε̄ðλÞν ðk1Þ; ð4:9Þ

with the scalar function C defined in Eq. (4.5b). The remainder of the antifermion propagator Sð−pÞ contains the latter

scalar function and the matrix structure of the propagator, which is evaluated at the antiparticle energy E
ðþÞ
v and with all

spatial momentum components replaced by their counterparts with opposite sign. The optical theorem says that Eq. (4.9) is

related to the cross section ~σ ≡ σðeþγ → eþÞ, with the amplitude fM≡Mðeþγ → eþÞ, given as
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~σ ¼
Z

d3p

ð2πÞ32EðþÞ
v

δð4Þðk1 þ p2 − pÞjfMj2

¼
Z

d3p

ð2πÞ32EðþÞ
v

δð4Þðk1 þ p1 − pÞiev̄ðαÞðp1Þγμvð1ÞðpÞεðλÞμ ðk1Þðiev̄ðαÞðp1Þγνvð1ÞðpÞεðλÞν ðk1ÞÞ
†

¼
Z

d3p

ð2πÞ32EðþÞ
v

δð4Þðk1 þ p1 − pÞe2v̄ðαÞðp1Þγμ½vð1ÞðpÞv̄ð1ÞðpÞ�γνvðαÞðp1ÞεðλÞμ ðk1Þε̄ðλÞν ðk1Þ: ð4:10Þ

The calculation can be carried out one-to-one for the antiparticle energy E
ð−Þ
v . With these results at hand, we are able to

simply read the spinor matrices vðαÞv̄ðαÞ off by comparing Eqs. (4.9) and (4.10) directly to each other. It is possible to treat

the frameworks of the pseudovector coefficients Â
μ
and the two-tensor coefficients T̂ μν in one go. The spinor matrices for

particles and antiparticles finally read as follows:

uð1;2Þūð1;2Þj
E
ð�Þ
u

¼ CðEð∓Þ
u ; E

ðþÞ
< ; E

ð−Þ
< Þj

p0¼E
ð�Þ
u
ðξ̂μ

Â;T̂
γμ þ Ξ̂

Â;T̂ þ ϒ̂
Â;T̂ þ ζ̂

μ

Â;T̂
γ5γμ þ ψ̂

μν

Â;T̂
σμνÞjp0¼E

ð�Þ
u
; ð4:11aÞ

vð1;2Þv̄ð1;2Þj
E
ð�Þ
v

¼ −CðEð∓Þ
v ; E

ðþÞ
< ð−dμν…;−Hμν…Þ; Eð−Þ

< ð−dμν…;−Hμν…ÞÞj
p0¼E

ð�Þ
v

× ðξ̂μ
Â;T̂

γμ þ Ξ̂
Â;T̂ þ ϒ̂

Â;T̂ þ ζ̂
μ

Â;T̂
γ5γμ þ ψ̂

μν

Â;T̂
σμνÞjp

0¼−E
ð�Þ
v

p↦−p ; ð4:11bÞ

with the scalar function C of Eq. (4.5b). The matrix

coefficients have to be taken accordingly either from the

propagator for Â
μ
or T̂ μν. Several remarks are in order.

First, since these expressions result from the exact propa-

gators given in Sec. II A, they are valid at all orders in

Lorentz violation. Second, they hold for on-shell particles,

which is why all p0 must be replaced by the appropriate

energies E
ð�Þ
u for particles and E

ð�Þ
v for antiparticles that are

associated with the spinors. Third, the results, as they stand,

are only valid when there are no controlling coefficients

that produce additional time derivatives. How to treat such

cases will be described in the latter Sec. V. Fourth, for

vanishing Lorentz violation, C ↦ 1=ðp2 −m2
ψÞ, and look-

ing at the propagator coefficients of Eqs. (2.6), (2.7) shows

that the standard expressions of Eq. (4.1) are recovered

when Lorentz invariance is reestablished. Fifth, for the

expressions of Eq. (4.11) we checked that

S−1ðpÞðuð1;2Þūð1;2Þj
E
ð�Þ
u
Þ ¼ 0; ð4:12aÞ

S−1ð−pÞðvð1;2Þv̄ð1;2Þj
E
ð�Þ
v
Þ ¼ 0; ð4:12bÞ

with the modified Dirac operator of Eq. (2.4). Sixth, since

the spinors span spinor space and they are orthogonal to

each other according to the orthogonality conditions of

Eq. (3.9), adding up all four spinor matrices, leads to the

completeness relation

X

α¼1;2

�
1

2E
ðαÞ
u

uðαÞūðαÞj
E
ðαÞ
u

þ 1

2E
ðαÞ
v ð−pÞ

vðαÞð−pÞv̄ðαÞð−pÞj
E
ðαÞ
v

�
γ0 ¼ 14: ð4:13Þ

The latter is directly connected to Eq. (23) in [26] and it was

verified to be valid at all orders in Lorentz violation for the

relations of Eq. (4.11). Furthermore, we were able to

demonstrate the validity of Eq. (23) in [26], at first order

in Lorentz violation, employing the spinor results directly.

Finally, note that for the “isotropic” case of Sec. III D 1, the

b and d coefficients have to be treated separately from the g

coefficients, as the first are comprised by Â
μ
and the latter

are contained in T̂
μν
. Besides the general expressions stated

above, several special results at first order in Lorentz

violation will be given in Appendix D to make the behavior

of the spinor matrices more transparent. We will not state

explicit results that are exact in Lorentz violation as they do

not provide any further insight. Once a specific result is

needed for practical purposes, it should be possible to

derive it from the general formulas of Eq. (4.11), with the

help of computer algebra.

At this point, we will make a couple of final statements

on certain conditions for the validity of the previous results.

For the pseudovector operator Â
μ
, the spinors, the spinor

matrices of Eq. (4.11), and the completeness relation of

Eq. (4.13) are valid for controlling coefficients chosen such

that the following conditions are fulfilled:

0 ≤ Â
μ; ð4:14aÞ

0 ≤ Â
μðdμν… ↦ −dμν…Þ; ð4:14bÞ

0 ≤ Â
μðdμν… ↦ −dμν…;p ↦ −pÞ: ð4:14cÞ

The first of those ensures that the particle energies and

spinors are numbered such as indicated throughout the

J. A. A. S. REIS and M. SCHRECK PHYSICAL REVIEW D 95, 075016 (2017)

075016-16



paper. The second grants the same for the antiparticle

energies and spinors. The third applies to the completeness

relation and makes certain that the numbering of the

antiparticle energies and spinors stays consistent. There

exist controlling coefficients and momentum components

such that all three conditions are satisfied. For the two-

tensor operator, there are similar three conditions:

0 ≤ T̂
μν; ð4:15aÞ

0 ≤ T̂
μνðHμν…

↦ −Hμν…Þ; ð4:15bÞ

0 ≤ T̂
μνðHμν…

↦ −Hμν…;p ↦ −pÞ: ð4:15cÞ

The reasons for choosing these conditions are analog to the

reasons outlined for Â
μ
. However, T̂ μν differs from Â

μ

crucially. Although each of the conditions above can be

fulfilled for Â
μ
, this is not possible for T̂

μν
. Either the first

two are true, but not the third or vice versa. The reason for

this is that the g coefficients are contracted with one

additional power of the momentum compared to the H
coefficients. So, once the first two conditions are valid,

changing the signs of the momentum components obscures

the third condition. This does not occur for the pseudo-

vector Â
μ
, since it is the d coefficients that are contracted

with one additional four-momentum relative to the b
coefficients. Hence, once the first two conditions are valid

for Â
μ
, the third is not compromised by changing the signs

of the momentum components. Now let us assume that the

first two conditions for T̂
μν

hold. The consequence is then

that the antiparticle energies have to be switched in the

completeness relation of Eq. (4.13).

V. ADDITIONAL TIME DERIVATIVES

The results established in the previous section with the

help of the optical theorem are only valid in case there are

not any controlling coefficients that introduce additional

time derivatives into the Lagrangian. Such time derivatives

lead to an unconventional time evolution of the physical

states [86]. Furthermore, for the nonminimal SME they

increase the degree of the polynomial in p0 that follows

from the determinant of the Dirac operator. First, this may

lead to additional spurious dispersion relations that do not

have Lorentz-invariant equivalents. Second, the structure of

the denominator Δ in propagators is modified drastically,

which renders the previous proof based on the optical

theorem invalid [37,38].

A. Minimal fermion sector

One possibility of remedying this behavior at least for

the minimal SME was outlined in [86]. The authors of the

latter paper suggest introducing a new spinor χ, which is

linked to the former spinor ψ via a transformation with

an invertible matrix A: ψ ¼ Aχ. The matrix A shall be

constructed such that A†γ0Γ0A ¼ 14. Since Γ
0 is linked to

additional time derivatives in the minimal fermion sector all

such time derivatives can be removed in this way.

The procedure will be exemplified within the

minimal fermion sector with a nonzero coefficient dð4Þ00.
The matrix A is found by solving the matrix equation

A†γ0ðγ0 þ dð4Þ00γ5γ0ÞA ¼ 14. Making the Ansatz of a

diagonal A with real coefficients allows for a convenient

solution of the system and it gives

A ¼ diag

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ dð4Þ00
p ;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dð4Þ00

p ;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − dð4Þ00
p ;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − dð4Þ00

p
�
: ð5:1Þ

Introducing the new spinor χ into the Dirac operator leads

to

L ¼ 1

2
χ̄S0−1χ þ H:c:;

S0−1 ¼ γ0A†γ0ðγμi∂μ −mψ14 þ Q̂ÞA: ð5:2Þ

Note that the dispersion relations are not modified by this

transformation but the propagator is. The new propagator S0

can be shown to be of the following shape where the purely

timelike four-vector λμ ¼ ð1; 0; 0; 0Þμ is introduced for

convenience:

S0 ¼ 1

Δ
ðξ̂0μγμ þ Ξ̂

0
14 þ ϒ̂

0γ5 þ ζ̂0μγ
5γμ þ ψ̂ 0

μνσ
μνÞ; ð5:3aÞ

Ξ̂
0 ¼ ðA11A33Þ−1Ξ̂; ð5:3bÞ

ϒ̂
0 ¼ ðA11A33Þ−1ϒ̂; ð5:3cÞ

ξ̂0μ ¼ ξ̂μ þ 1

27
ðαλμ þ βpμÞ; ð5:3dÞ

ζ̂0μ ¼ ζ̂μ þ 1

9
ðγλμ þ δpμÞ; ð5:3eÞ

ψ̂ 0μν ¼ ðA11A33Þ−1ψ̂μν; ð5:3fÞ

with the helpful quantities

α ¼ 4p0ðdð4Þ00Þ2f8ðdð4Þ00Þ2ðp · λÞ2 þ ½9þ ðdð4Þ00Þ2�p2

þ 9m2
ψg; ð5:3gÞ

β ¼ −ðdð4Þ00Þ2f8½9þ ðdð4Þ00Þ2�ðp · λÞ2 − ½9 − ðdð4Þ00Þ2�p2

þ 9m2
ψg; ð5:3hÞ

γ ¼ 8p0ðdð4Þ00Þ3½4ðp · λÞ2 − p2�; ð5:3iÞ
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δ ¼ −dð4Þ00f16ðdð4Þ00Þ2ðp · λÞ2 þ ½9 − ðdð4Þ00Þ2�p2 − 9m2
ψg:

ð5:3jÞ

Hence, the scalar, pseudoscalar, and the tensor parameters

are just multiplied with a global prefactor, which corre-

sponds to the inverse product of two matrix components.

The modification of the vector and pseudovector parameters

is more involved, though. As expected, the denominator Δ

remains unchanged since it corresponds to the determinant

of the Dirac operator modulo a global prefactor.

As the Dirac operator has changed the spinors will

change as well. The new spinors are given by χ ¼ A−1ψ

where the spinors ψ for particles at first order in Lorentz

violation are stated in Eq. (3.12a) and for antiparticles they

are obtained from Eq. (3.19). Hence, each of the already

known spinors just has to be multiplied with the inverse of

A, which is also a diagonal matrix. Note that the normali-

zation must be adapted as well. Based on these spinors, the

spinor matrices at first order in Lorentz violation are

derived:

uð1;2Þūð1;2Þ ¼ υ�ðξμγμ þ Ξ14 � ζμγ5γμ � ψμνσμνÞjp0¼E0
;

ð5:4aÞ

vð1;2Þv̄ð1;2Þ ¼ υ�ðξμγμ − Ξ14 � ζμγ5γμ ∓ ψμνσμνÞjp0¼E0
;

ð5:4bÞ

ξμ ¼ pμ

2
; ð5:4cÞ

ζ0 ¼ jpj
2
; ζ ¼ E0

jpj
p

2
; ð5:4dÞ

ψ0i ¼ 0; ψ ij ¼ mψ

4jpj ε
ijkpk; ð5:4eÞ

Ξ ¼ mψ

2
; ð5:4fÞ

υ� ¼ 1� 4

3

jpj
E0

dð4Þ00: ð5:4gÞ

Using the results for the modified propagator of Eq. (5.3)

and the previously stated spinor matrices allows for

demonstrating the validity of the optical theorem at first

order in Lorentz violation. A reasonable assumption is that

the optical theorem is valid at all orders in Lorentz

violation; cf. [31,32,36–39]. Then the spinor matrices

are given by Eq. (4.11) based on the modified propagator

quantities stated in Eq. (5.3).

B. Nonminimal fermion sector

In the nonminimal SME, there is an infinite number of

component coefficients that are contracted with additional

time derivatives. This leads to problems similar to the ones

discussed in the previous section. One of the simplest

examples within the scope of the paper is the operator

bð5Þ000ði∂0Þ2 that is contracted with two time derivatives.

Such nonminimal frameworks can have spurious dispersion

relations that do not have equivalents in the standard

theory:

ðp0Þð�Þ ¼ 1

bð5Þ000
� jpj − 1

2
ð2p2 þm2

ψÞbð5Þ000 þ � � � ;

ð5:5aÞ

ðp0Þð�Þ ¼ −
1

bð5Þ000
� jpj þ 1

2
ð2p2 þm2

ψÞbð5Þ000 þ � � � :

ð5:5bÞ

Dispersion relations like these could be interpreted as

Planck-scale effects. However, since the realm of appli-

cability of the SME is expected to be far below the

Planck energy (see also the issues connected to highly

boosted observer frames in [26]) such dispersion rela-

tions are usually discarded in any analysis at tree level

and at energies that lie much below the Planck scale.

Spurious dispersion relations may be crucial for quan-

tum corrections only, i.e., for calculations at higher

order in perturbation theory [87]. These take into

account virtual particles in loops whose four-momentum

components are not constrained by energy-momentum

conservation. Note also that the validity of the optical

theorem is obscured by the occurrence of spurious

dispersion relations [37,38].

In contrast to the minimal fermion sector, contributions

with additional time derivatives in the nonminimal sector

do not modify the matrix structure in spinor space, which is

why the additional time derivatives cannot be simply

removed with a matrix transformation along the lines of

the previous section. One method of dealing with such

terms at least at first order in Lorentz violation was

introduced in [37,38]. It amounts to replacing all zeroth

four-momentum components in the Lorentz-violating terms

of the Dirac operator by the standard dispersion relation

p0 ¼ E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2 þm2

ψ

q
. This does not modify the physical

dispersion relations at first order but it removes the

spurious dispersion relations given by Eq. (5.5). As the

current framework is isotropic the spinor solutions of

Eq. (3.12a) must be taken with all p0 in the Lorentz-

violating terms replaced by E0, which was already

indicated in Sec. III B anyhow. Additionally, the same

should be carried out in the propagator where it has to

be kept in mind that this modified propagator can only

be used in the proof of the optical theorem. In general, a

propagator describes virtual (off-shell) particles, which

is why p0 does not satisfy the dispersion relation in this

context. Based on that simple modification, the validity
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of the optical theorem is again established at first order

in Lorentz violation. Hence, the spinor matrices are

obtained from Eq. (4.11) with p0 ¼ E0 in the Lorentz-

violating contributions. The corresponding explicit

results will be stated in Appendix D. As long as we

work at first order in Lorentz violation and at tree level,

the procedure described before should be justified. In

case there are, indeed, more than four nonspurious poles

in the propagator the proof in Sec. IV is not valid and

must be adapted to that particular situation. However,

this behavior is expected to be very rare and it is

reasonable to treat it concurrently when considering

such a special framework.

VI. CONCLUSIONS

In the current paper, we have examined the fermion

sector of the Standard Model extension for the spin-non-

degenerate Lorentz-violating operators. This concerned the

b, d,H, and g coefficients where the first two are contained

in the pseudovector Â
μ
and the latter two are contained in

the two-tensor T̂ μν. We obtained the modified propagators

for both Â
μ
and T̂

μν. These results are exact in Lorentz

violation and they are valid for coefficients of both the

minimal and the nonminimal SME.

Also, the dispersion relations and solutions of the

modified Dirac equation, i.e., the spinors for particles

and antiparticles, were computed at first order in Lorentz

violation for particular families of both minimal and

nonminimal coefficients in Â
μ
and T̂

μν
. With the optical

theorem, the propagators and the spinors were checked to

be consistent with each other at first order in Lorentz

violation. Under the assumption that the optical theorem is

valid at tree level at all orders in Lorentz violation, which is

reasonable based on earlier investigations, the spinor

matrices uū and vv̄ were extracted from the propagator

at all orders in Lorentz violation.

The expressions obtained are valid for explicit Lorentz

violation only and they will prove useful for both future

theoretical and phenomenological studies. First, the spinor

solutions of the Dirac equation and especially their non-

relativistic limits may be employed for phenomenology in

fermion systems where the electron spin is essential and

cannot be neglected. Second, the spinor matrices and

propagators are needed for computations in high-energy

physics that are carried out in the context of quantum field

theory. Such investigations are currently in progress and the

findings will be reported elsewhere.
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APPENDIX A: EXACT SPINORS FOR

SPECIAL FRAMEWORKS

In this part of the appendix, we demonstrate how to

obtain exact solutions of the modified Dirac equation.

Doing this with computer algebra is unproblematic as long

as there is a single nonzero controlling coefficient only.

However, the complexity of both the modified dispersion

relations and the spinor solutions rises drastically with an

increasing number of coefficients. This is the main reason

why most of the computations were restricted to first order

in Lorentz violation, which allows us to obtain the energies

and spinors for large sets of coefficients—even including

nonminimal ones. For brevity, we will study isotropic cases

here only.

1. Isotropic b coefficients

The first framework shall be characterized by a nonzero

bð3Þ0. The particle dispersion relations are obtained directly
from the determinant of the Dirac operator:

E
ð�Þ
u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2 þm2

ψ ∓ 2bð3Þ0jpj þ ðbð3Þ0Þ2
q

: ðA1Þ

There are two distinct ones, as expected, and they differ

from each other at first order in Lorentz violation. Plugging

these energies into the Dirac equation and solving it leads to

the particle spinor solutions:

uð1;2Þj
E
ð�Þ
u
ðpÞ

¼ N
ð1;2Þ
u

0
BBBBB@

ðp3 � jpjÞðEð�Þ
u −p3 þ bð3Þ0Þ− ðp2

1
þp2

2
Þ

ðp1 þ ip2ÞðEð�Þ
u ∓ jpj þ bð3Þ0Þ

mψ ðp3 � jpjÞ
mψðp1 þ ip2Þ

1
CCCCCA
:

ðA2Þ

The antiparticle spinors are connected to the particle

spinors according to Eq. (3.19). The normalizations for

the particle spinors are chosen such that ðuðαÞÞ†uðβÞ ¼
2E

ðαÞ
u δαβ and in analogy for the antiparticle spinors. This

also requires that spinors for different energies are orthogo-

nal to each other, which is granted by the Hermiticity of the

Dirac operator. Furthermore, such a normalization allows

for a convenient check of the optical theorem, which we

saw in Sec. IV. For this particular case the normalizations

read as follows:
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N
ð1;2Þ
u ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jpjðjpj � p3ÞðEð�Þ
u ∓ jpj þ bð3Þ0Þ

q ;

N
ð1;2Þ
v ¼ N

ð2;1Þ
u : ðA3Þ

2. Isotropic g coefficients

In contrast to theH coefficients, there is an isotropic case

for the g coefficients. It is characterized by a totally

antisymmetric choice of nonzero coefficients: gð4Þijk ≡
εijkg1 where i, j, and k are spatial indices. There are again

two dispersion relations that differ from each other at first

order in Lorentz violation:

E
ð�Þ
u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ g2

1
Þp2 � 2g1mψ jpj þm2

ψ

q
: ðA4Þ

Note that the g coefficients are dimensionless. The particle

spinor solutions can be obtained such as before:

uð1;2Þj
E
ð�Þ
u
ðpÞ

¼ N
ð1;2Þ
u

0
BBBBB@

−½p2
1
þ p2

2
� ðp3 − E

ð�Þ
u Þðjpj � p3Þ�

ðp1 þ ip2ÞðEð�Þ
u ∓ jpjÞ

ðp3 � jpjÞðmψ � g1jpjÞ
ðp1 þ ip2Þðmψ � g1jpjÞ

1
CCCCCA
;

ðA5Þ

and the antiparticle spinor solutions are connected to these

based on Eq. (3.28). The normalization factors are simply

expressed in terms of the particle energies:

N
ð1;2Þ
u ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jpjðjpj � p3ÞðEð�Þ
u ∓ jpjÞ

q ; N
ð1;2Þ
v ¼ N

ð2;1Þ
u :

ðA6Þ

The exact spinors in both subsections were checked to

correspond to the results in Sec. III D 1 at first order in

Lorentz violation.

APPENDIX B: SPINORS FOR

SPIN-DEGENERATE OPERATORS

For completeness, we state the spinors, normalization

factors, and the propagator for the spin-degenerate cases

that are encoded in the scalar operator Ŝ and the vector

operator V̂μ. The Dirac operator can be diagonalized with

the matrix U ¼ V ·W where V and W are given by

Eq. (3.1). In these matrices all E0 have to be replaced

by the exact dispersion relation Eu and all occurrences of

mψ by mψ − Ŝ and pμ by ðpþ V̂Þμ [22]. In the chiral

representation the particle spinors at all orders in Lorentz

violation can be cast into the following form:

1

Nu

uð1ÞjEu
¼ðmψ − ŜÞ

0
BBB@

0

1

0

1

1
CCCAþ

0
BBBBB@

−ðpþ V̂Þ1þ iðpþ V̂Þ2

Euþ V̂0þðpþ V̂Þ3

ðpþ V̂Þ1− iðpþ V̂Þ2

Euþ V̂0
− ðpþ V̂Þ3

1
CCCCCA
;

ðB1aÞ

1

Nu

uð2ÞjEu
¼ðmψ − ŜÞ

0
BBB@

1

0

1

0

1
CCCAþ

0
BBBBB@

Euþ V̂0
− ðpþ V̂Þ3

−ðpþ V̂Þ1− iðpþ V̂Þ2

Euþ V̂0þðpþ V̂Þ3

ðpþ V̂Þ1þ iðpþ V̂Þ2

1
CCCCCA
;

ðB1bÞ

where Eu are the exact particle energies. The antiparticle

spinors are obtained from the particle spinors by charge

conjugation (cf. Sec. III D 4):

vð1;2ÞjEv
¼

0
BBBBB@

u
ð2;1Þ
4

−u
ð2;1Þ
3

−u
ð2;1Þ
2

u
ð2;1Þ
1

1
CCCCCA

�

ð−aμ…;−eμ…Þ;

Ev ¼ Euð−aμ…;−eμ…Þ; ðB2Þ

with the signs of the C-odd a and e coefficients reversed

(see Table P31 in [25]). The normalization factors for

particles and antiparticles read

Nu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eu

ðEu þ V̂0 þmψ − ŜÞ2 þ ðpþ V̂Þ2

s
;

Nv ¼ Nuð−aμ…;−eμ…Þ; ðB3Þ

where V̂ is the spatial part of the vector operator V̂μ. Last

but not least, the propagator can be expressed as follows:

iS ¼ iðpþ V̂ þ ðmψ − ŜÞ14Þ
ðpþ V̂Þ2 − ðmψ − ŜÞ2

: ðB4Þ

APPENDIX C: SPINORS FOR PSEUDOSCALAR

OPERATOR f̂

The spinors for the pseudoscalar operator Q̂ ¼ if̂γ5 with

f̂ ¼ f̂νpν shall be stated as well. We do not consider the

chiral mass term im̂5γ
5, which in principle also adds to the

pseudoscalar operator but can be rotated away by a chiral

transformation in many cases [22]. The operator f̂ has the

peculiarity that its contributions to the dispersion relation are

of quadratic order at least, i.e.,Eu¼E0þf̂2=ð2E0Þ.However,
the spinors contain first-order terms in Lorentz violation:
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1

Nu

uð1ÞjEu
¼
�
σ3ϕ−

ϕþ

�
−

if̂

2E0

�
ϕþ

−σ3ϕ−

�
; ðC1aÞ

1

Nu

uð2ÞjEu
¼
�
−iσ2ϕ�

þ

σ1ϕ�
−

�
−

if̂

2E0

�
σ1ϕ�

−

iσ2ϕ�
þ

�
; ðC1bÞ

ϕ� ¼
�
A�

B

�
; ðC1cÞ

A� ¼ E0 þmψ � p3; ðC1dÞ

B ¼ p1 þ ip2; ðC1eÞ

with the Pauli matrices σi. The antiparticle spinors can be

obtained as usualwhere the signs of theC-odd coefficientsfμ

must be reversed (see Table P31 in [25]):

vð1;2ÞjEv
¼

0
BBBBB@

u
ð2;1Þ
4

−u
ð2;1Þ
3

−u
ð2;1Þ
2

u
ð2;1Þ
1

1
CCCCCA

�

ð−fμ…Þ; Ev ¼ Eu: ðC2Þ

Last but not least, the normalization factors of the particle and

antiparticle spinors read

Nu ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðE0 þmψÞ½1þ f̂2=ð4E2
0
Þ�

q ; Nv ¼ Nuð−fμ…Þ;

ðC3Þ

and the propagator is given by

iS ¼ iðpþmψ14 þ if̂γ5Þ
p2 −m2

ψ − f̂2
: ðC4Þ

In the denominator the square of f̂ appears again demon-

strating that f̂ contributes to the dispersion relation quad-

ratically. The latter result corresponds to Eq. (6.49) in [38].

APPENDIX D: SPECIAL RESULTS FOR

SPINOR MATRICES

Finally, in the current section some explicit results for

spinor matrices uðαÞūðαÞ for particles and vðαÞv̄ðαÞ for

antiparticles shall be presented. They are based on the

general expressions stated in Eq. (4.11) and will be given

for the purpose of illustration. Two cases for the pseudo-

vector operator Â
μ
and one case for the two-tensor operator

T̂
μν

will be under consideration.

1. Pseudovector operator

The first case is characterized by isotropic Lorentz

violation and it was examined in Sec. III D 1. The spinor

matrices for particles and antiparticles are explicitly givenby

uð1;2Þūð1;2Þj
E
ð�Þ
u

¼ ξ
μ
�γμ þ Ξ14 þ ζ

μ
�γ5γμ þ ψ

μν
� σμνjp0¼E

ð�Þ
u
;

ðD1aÞ

vð1;2Þv̄ð1;2Þj
E
ð�Þ
v

¼ ξ
μ
∓γμ − Ξ14 − ζ

μ
∓γ5γμ − ψ

μν
� σμνjp0¼E

ð�Þ
v
;

ðD1bÞ

ξ0� ¼ p0

2
; ξ� ¼ p

2

�
1 ∓

bð3Þ0

jpj

�
; ðD1cÞ

ζ0� ¼ 1

2
ð�jpj − bð3Þ0Þ; ζ� ¼ � p0

2jpjp;

ðD1dÞ

ψ0i
� ¼ 0; ψ

ij
� ¼ � mψ

4jpj ε
ijkpk; ðD1eÞ

Ξ ¼ mψ

2
: ðD1fÞ

Due to isotropy, no momentum component is preferred in

these expressions. Furthermore, all parameter functions

decompose into a vector or tensor part and a scalar part

that depends on the magnitude of the momentum only. Note

that the signs ofΞ for particles and antiparticles are opposite,

as expected.

The second framework is characterized by a nonvanish-

ing Â
3
, which makes it anisotropic; cf. Sec. III D 3. With

the preferred purely spacelike direction λμ ¼ ð0; 0; 0; 1Þμ,
the spinor matrices can be expressed conveniently:

uð1;2Þūð1;2Þj
E
ð�Þ
u

¼ ξ
μ
�γμ þ Ξ�14 þ ζ

μ
�γ5γμ þ ψ

μν
� σμνjp0¼E

ð�Þ
u
;

ðD2aÞ

vð1;2Þv̄ð1;2Þj
E
ð�Þ
v

¼ ξ
μ
∓γμ − Ξ∓14 − ζ

μ
∓γ5γμ − ψ

μν
� σμνjp

0¼E
ð�Þ
v

dμν↦−dμν ;

ðD2bÞ

ξ
μ
� ¼ pμ

2
∓

Â
3

2Θ3

ðp · λÞλμ; ðD2cÞ

ζ
μ
� ¼ 1

2

�
�
�ðp · λÞ2

Θ3

− Θ3

�
− Â

3

�
λμ � p · λ

2Θ3

pμ;

ðD2dÞ

ψ0i
� ¼ � mψ

4Θ3

εij3pj; ψ
ij
� ¼∓

mψp
0

4Θ3

εijkλk;

ðD2eÞ

Ξ� ¼ mψ

2

�
1� Â

3

Θ3

�
: ðD2fÞ
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Since this case is anisotropic with the preferred direction

pointing along the third spatial axis of the coordinate

system the third spatial momentum component is preferred.

This manifests in expressions depending on Θ3 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3
þm2

ψ

q
and the scalar product p · λ. Furthermore,

due to the preferred spatial axis, the quantity Ξ becomes

nondegenerate for the particle and antiparticle spinors,

respectively.

2. Two-tensor operator

As an example for the two-tensor operator T̂
μν
, a

nonzero T̂
01

is considered; cf. Sec. III E 1. For conven-

ience, we introduce the three-dimensional vectors p
ð3Þ ≡

ð0; p2; p3Þ and ~pð3Þ ¼ ε1ijpð3Þj ¼ ð0; p3;−p2Þ. The param-

eters of the spinor matrices can then be written in a handy

form:

uð1;2Þūð1;2Þj
E
ð�Þ
u

¼ ξ
μ
�γμ þ Ξ14 þ ζ

μ
�γ5γμ þ ψ

μν
� σμνjp0¼E

ð�Þ
u
;

ðD3aÞ

vð1;2Þv̄ð1;2Þj
E
ð�Þ
v

¼ ξ
μ
∓γμ − Ξ14 − ζ

μ
∓γ5γμ þ ψ

μν
∓ σμνjp

0¼E
ð�Þ
v

hμν↦−hμν ;

ðD3bÞ

ξ
μ
� ¼ pμ

2
� T̂

01

2Φ1

ð0;pð3ÞÞμ; ðD3cÞ

ζ
μ
� ¼ � mψ

2Φ1

ð0; ~pð3ÞÞμ; ðD3dÞ

ψ01

� ¼ 1

4
ð�Φ1 þ T̂

01Þ; ψ0i
� ¼∓ p

ð3Þi p1

4Φ1

;

ψ
ij
� ¼ �εijk ~pð3Þk p0

4Φ1

; ðD3eÞ

Ξ ¼ mψ

2
; ðD3fÞ

with Φ1 from Eq. (3.20). Note that it is possible to express

the vectors in ξ
μ
� and ζ

μ
� directly in terms of the two-tensor

operator under consideration, i.e.,

ð0; ~pð3ÞÞμ ¼ −

~̂
T

μν
pν

T̂
01

; ð0;pð3ÞÞμ ¼ ε01μν
~̂
T ν

ρ
pρ

T̂
01

: ðD4Þ

This concludes the examples for the spinor matrices that

shall be stated explicitly.
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